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Abstract

To extract the frequencies and direction of arrivals
(DOAs) of multiple sources from experimental data col-
lected by a sensor array is a multiple parameter estimation
problem. Some important algorithms for spatial-temporal
processing have been developed in the past decades. A
practical problem, not often considered, is that the differ-
ent sensors in the array affect each other through mutual
coupling. This effect varies with frequencies and degrades
the performance of algorithms. Thus, a separable dimen-
sion subspace method to simultaneously estimate signal fre-
quencies, direction of arrivals (DOAs) and sensor mutual
coupling is proposed in this paper.

1. Introduction

The estimation of the frequencies and direction of ar-
rivals (DOA’s) of multiple signals by using an antenna array
has attractive and important applications in various areas,
such as radar and communication systems. In particular,
for next generation mobile communication systems, due to
an endless quest for increased capacity and improved qual-
ity, frequency and DOA estimation become a requirement.
Many effective algorithms for simultaneously estimating
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the frequencies and DOA of multiple signals have been de-
veloped in the recent past [1, 3, 4]. Most of them assume
that the array response is completely known. However,
many factors, such as mutual coupling among the different
array sensors, will alter the array response in practical ap-
plications. Particularly, in the presence of multiple sources
with different frequencies, the sensor mutual coupling will
vary with frequency and thus severely affect frequency and
DOA estimation accuracy. In Reference {5}, a joint signal
frequencies, DOAs and array model errors estimation algo-
rithm was proposed. Due to simulated annealing process
employed, the proposed algorithm has high computation
cost. In this paper, a separable dimension subspace method

" to simultaneously estimate signal frequencies, DOAs and

mutual coupling parameters of antenna array is presented.
With separable dimension processing, a spatial and tem-
poral estimation problem is separated. i.e, the frequencies
are first estimated by using a subspace method and then the
DOAs and mutual coupling parameters are estimated for the
each estimated frequency. In this way, the computational
complexity of the proposed method is relatively small.

2. Problem Formulation

Consider an array composed of M sensors and each sen-
sor output being fed to a tap-delay-line with m taps. The
delay between adjacent taps is ¢p. Specially, let X;(¢)(I =
1,2,- .., M) denotes the output of the I-th sensor at time ¢,
and let X;(¢) = [zi(t), - -, zi(t — (M — 1)to)]T. Assume



that p narrow-band sources with different frequencies and
directions impinge on the array and the coming signals can
be divided into D groups according to their wavelength, i.e,

D
P=) P
k=1

where py is the number of signals, from different direc-
tions, in the k — th group, which wavelength is A\ (k =
1,2,..-,D).

The I-th sensor (! = 1,2,---, M) output vector may be
defined as:

X (t)

D M ,
= kZ_ZI ;(Cl,i(wk)a(wk)bi(ek))sk (t) + Nu(2);

(D <p) 1

(k=1,2,---,D,i=1,2,---, M)

where

bi(6x) = [exp (—jwiTi(Ok,1)) - exp (—jwaTi(Bk,pi))]
is a 1 x p; spatial steering vector;

a(w) = [1 exp (—jwto) -+~ exp (—jwe(m — L)to)]” is
anm X 1 temporal steering vector; C; ; (wy) is the (,7) — th
_entry in the mutual coupling matrix (MCM) which repre-
sents the mutual coupling effect from other sensors;

Sk(t) = [Sk,1(t) - Sk,p, (t)]T is a pr x 1 signal vec-
tor from the k-th group of narrowband sources and N; =
[Ni(t) -+ Ni(t — (m — 1)to)]” is an m x 1 additive noise
vector for the I-th sensor.

lows:
X(t) = [XTut)XT2(t)---XTm(t)] T
D 3
= kz: (C(wr)B(8r)) ® a(wk)Sk(t) + N(t)
=1
where
b1(0x)
B(6x) = :
b (6)
is a M x p; spatial steering matrix,

N(t) = [NT1(¢) NTo(t) --- NTp(1)]T is Mm x 1
additive white Gaussian noise, Symbol ® denotes Kro-
necker product and C(wg) (k=1,2,---,D)is M x M
mutual coupling matrix. For a uniform linear array or
circular array, C(wyg) is either a Toeplitz matrix or a
circular matrix, respectively [6].

Based on the available samples {X(¢)}/L,, the problem
is to estimate the frequencies, DOAs and mutual coupling
matrix simultaneously with subspace methods.

Therefore, the array data model can be described as fol-

3 Subspace Method

Assume that the number of signals p and the number of

@

frequency groups, D, are known.
Define
1 M
th =37 2 Elu(t - (b= Dte)X7 ()] @
=1
(h'= 1,2,---,D)
1 m
m=— D Elu(t - (h— Do) YH(t - (b = 1)t0)] (5)
h=1
(l = 1,2,"',17)
where

ui(t = (h—ito) = (Xu(t))n = m(t - (h — )to),
Y(t - (h = 1)) :
= [11(t = (h = Dto)yz(t — (b — 1)to) -+ yar(t = (h — 1)t0)]”

and E(-) denotes statistical expectation.

{r},}£_, and {n}}F_, are frequency vector and direction
vector. Their range spaces spanned by the column of these
vectors which are contained or are equal to the range spaces
of a(w)and B(8), respectively. We have

R(r}) € R(a(w)), R(m}) < R(B(®))

and
R(ry) LR(a(w)), R(m;)LR(B(6))

where R(-) and R(-)denote the range space and null space.
As is well known, the subspace methods are based on the
above geometrical observations.Therefore,we may use cor-
relation processing in spatial and temporal dimension re-
spectively to get the estimates of {r}, }2_, and {n}}?_, and
then compute their null subspaces. Finally, the frequencies,
DOAs and mutual coupling matrix can be finally estimated

with subspace methods by searching corresponding spaces.

4 Separable Dimension Subspace Algorithm

Step 1. Frequency Estimation
(1) Estimate of frequency vectors r}, and ry, :

zi(t — (k- D)X (1)  (6)

M=

F-lyl
"—Mlle

b
1l

1
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[z1(t — (h = 1)to)za(t — (h— 1)to) - - - zar(t — (R — 1)to)]T



T = (F, — 3en)", 0]
where
ep=[0---010---0],
(h—1)
(h: 112""sD)

and 52 is the estimate of the noise variance.

(2) Gram-Schmidt (GS) orthogonalization and formation
of temporal projection matrix P, :

From the vector {Tx}£_,, we can get D orthogonal
vectors, {qx}p.; via GS orthogonalization. Let Q, =
{a1,q2, - -, 9p], then compute the temporal projection ma-
trix P, = I — Q,Q, which spans the null space of
{a(wk) }£=1 ¢

(3) Estimate the unknown frequencies with the temporal
projection matrix P,: ‘

The frequencies {wy }£., are estimated as the D largest
peaks of the function P(w) = (a (w)P,a(w))~!, search-
ing over the frequency sector of interest.

Step 2. Direction and Mutual Coupling Estimation

(1)Estimate of direction vectors, 77; and n;:

m N
it ==Y & 3wl (b-Dt0) Y (t-(h= o) ®)
h=1 t=1

iy = (7 — 3%e))™, ©)

where

e =[0---010---0]
(t-1)
(l=1721"'7p)

(2) Via Gram-Schmit orthogonalization of {7}, }]_,, the p
orthogonal vectors, {¢;}}_; and spatial orthogonal projec-
tion matrix Py = I — QpQ{’ are obtained, where Qq=[(,

C2"'Cp]

(3) For each frequency {wk}kD=1 estimated in Step 1, the
directions 6}, and mutual coupling matrix C(wy) can be es-
timated with following equations iteratively :

(BH¥(8)CH (wi)PyC(wi)B(6))
C(wr) = (G(w) W) (WH G(wy) "tw) !
where G(wg) =

[1,0,--,0]T.

D
5% B(0:)¥PsB(6) and w =
k=1

5 Computer Simulations

A uniform circular array with 8 sensors is used for the
simulation. Four equal-power narrow-band sources are
located at the far field of the array with the center frequen-
cies and directions: S(011,f1) = (30°,8.5MHz),

S(elz,fl) = (60°,8.5MHZ), 3(021,f2) =
(90°,6.5M Hz), S(f22,f2) = (120°,6.5MHz). Ad-
ditive noise is injected with SNR of 15 dB referenced to the
signal source. 100 snapshots of array data are accumulated.
Fig.1 shows the frequency estimation. For the 2 estimated
frequencies, Fig.2 and Fig.3 show the spatial spectrum
for the DOA estimations with unknown and estimated
MCM, respectively. Fig.4 and Figh show the mean square
error (MSE) of estimated DOA and frequency and their
theoretical low bound. 30 Monte Carlo simulations.are
made for the DOA = 30° and f = 8.56MHz
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Figure 1. Frequency Estimation

Figure 2. Spatial spectrum at the estimated
frequency f = 8.5MH=.

6 Conclusions

In this paper a new algorithm based on separable dimen-
sion subspace method is proposed for joint estimation of
signal frequencies, DOAs and the mutual coupling param-
eters of antenna array. The presented algorithm has been
test by computer simulation studies and has been found to
perform satisfactorily.
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Figure 3. Spatial spectrum at the estimated
frequency f = 6.5M Hz.
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Figure 4. MSE and CRLB for the DOA
estimation,DOA = 30°

7 Appendix: Cramer Rao Low Bound

In this appendix, we derived Cramer Rao Low Bound for
the proposed separable subspace method.
The likelihood function for the data set is given by

L(:Icv(l),x(z),---,X(N)/@)

= I 7wy o (-X () TRTX(7) (19)

where X(j) = é C(wi)B(8x) @ a(wr)Sk(4) + N(j),
& = (8, w, C), and matrix R is

R=E [xx”]

= kil C(wk)B(ek) ® a(wk)Rsk (11)

(Cwi)B(8k) @ a(wi))¥ + 02,1

A,
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Figure 5. MSE and CRLB for the frequency
estimation, f = 8.5MHz

Assuming all sources have signal-noise rate

P = R /o2, then the Cramer Rao low bound is

CRLB(®) = [Jua] ! (12)

where the m, n — th element of the Fisher information ma-
trix are

Jmn = N -tr{R™! . 0R/8%,, - R~! - 0R/0%,,} (13)

7.1 DOA terms

Joo = 2N.- R(tr(As PATR-1APAYR-)
: (14)
+tr(AgPAHR-1A,PAERY))

where A = C B(6) ® a(w) and Ay = C (6B(0)/88) ®
a(w) = C B(0) ® a(w).

7.2 Frequency w terms

Juw =2N - R(tr(A,PAFR-1APAHR)
. . (15)
+tr(A,PARR1A, PAHR™ 1))

where

C(0B(0)/(0w) ® a(w) + CB(6) ® (da(w)/dw)
CB,®a+CB®a,

i

7.3 Mutual coupling terms

Suppose circulant mutual coupling matrix with only a

single coupling coefficient given by

012 = pejf (16)



where ¢ and £ are magnitude and phase of mutual coupling
coefficient. Then, we have

Juu = 2N - R (tr (A, PAFR-TAPAHR-1)
+ tr(A,PAFR-1A,PAFR-T))
Jee = 2N - R (tr (A¢PAH R’lAPAH R™1)
+ tr(APAHR-1A,PAHR! ))

(17)

where A, = (8C/0u)-B®a and A, = (8C/3¢)-BRa
74 Cross terms

The cross terms are derived as

Jow = 2N - R (tr (AgpPAFR-'APAFR-Y)

+ tr(ApPAEFR-1A, PAHR1)) a8

Jou=2N - R (tr (APAFRTIAPASRTY (o)
+ tr(AgPAHR-'A PAHR_I))

Jog = 2N - R (tr (AgPAHR-APAFR™!) 20)
+ tr(AgPAFR~ 1A5PA”R"1))

Jou =2N -8 (tr (A,PATRTAPAJR™)
+ tr(A,PAFR"'A,PAHR! ))

Jug = 2N - R (tr (A,PAHRTAPAFR) 22)
+ tr(AwPAHR“‘AgpAHR—I))

Jue = 2N -R (tr (A,PARR'APAFR™?) 23)

+ tr(A, PA”R“A;PA”R"I))
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