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Abstract—Among all blind channel estimation problems,
subspace-based algorithms are attractive due to its fast-
converging nature. It primarily exploits the orthogonality struc-
ture of the noise and signal subspaces by applying a signal-noise
space decomposition to the correlation matrix of the received
signal. In practice, the correlation matrix is unknown and
must be estimated through time averaging over multiple time
samples. To this end, the wireless channel must be time-invariant
over a sufficient time interval, which may pose a problem for
wideband applications. We proposed a novel subspace-based
blind channel estimation algorithm with short time averaging
periods, as obtained by exploiting the frequency correlation
among adjacent OFDM subcarriers. In this paper, asymptotic
performance bounds of the proposed algorithm are investigated
by using perturbation analysis. We also present numerical results
of the proposed as well as referenced subspace-based methods,
including Cyclic Prefix and Virtual Carriers approaches. Based
on the asymptotic performance bounds, the proposed scheme is
justified in obtaining a desired correlation matrix efficiently by
reducing the number of the OFDM blocks for time averaging up
to 85%.

I. INTRODUCTION

Multiple Input Multiple Output (MIMO) systems are created
by deploying multiple antennas at both ends of a wireless
link to increase the channel capacity and to mitigate the
adverse effects of the wireless channels. Orthogonal Frequency
Division Multiplexing (OFDM) modulation is created to pro-
vide high spectral efficiency and to eliminate the need for
high-complexity equalization algorithms. Therefore, MIMO-
OFDM, produced by employing multiple transmit and receive
antennas in an OFDM system has becoming a practical alter-
native to single carrier and Single Input Single Output (SISO)
transmission [1].

Among the recent studies of MIMO-OFDM, blind channel
estimation has received great attention and has become a very
vital area of research in recent years. Under multichannel or
multirate models, blind channel estimation by using Second
Order Statistics (SOS) potentially has faster convergence rates
than that by using higher order statistics [2]. Amid these
SOS blind approaches, subspace-based channel estimation is
attractive since channel estimates can often be obtained in
a closed-form from optimizing a quadratic cost function [3].
Without employing any precoding at the transmitter, a noise
subspace-based method is proposed for OFDM systems by
utilizing the redundancy introduced by the Cyclic Prefix (CP)
[4], and it is further extended for MIMO-OFDM systems in
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[5]. Virtual Carriers (VC) are subcarriers that are set to zero
without any information being transmitted. The presence of
VC provides another useful resource that can be used for
channel estimation. Such a scheme is proposed for OFDM
systems [6], and it is further extended for MIMO-OFDM
systems in [7].

The aforementioned approaches primarily exploit the sep-
arability of the noise and signal subspaces by applying the
Eigenvalue Decomposition (EVD) to the correlation matrix of
the received signal. In practice, the correlation matrix can only
be estimated by averaging over multiple time samples, given
the wireless channel is time-invariant during this averaging
period. Since the quadratic cost function is constructed from
the eigenvectors of the noise subspace obtained from the
EVD, the accuracy of the eigenvectors obtained from the
sampled correlation matrix dominates the performance of the
estimation. Hence, the more time samples are averaged, the
better the estimation performance is. However, how many
samples are sufficient to obtain a sampled correlation matrix
meeting a certain level of confidence? A basic rule of thumb
is: the number of the time samples must be larger than or
equal to the order of the correlation matrix so as to make it
full rank or invertible [8][9]. Simulation results have shown
that at least 250 OFDM blocks (or 500 OFDM symbols) are
required in order to achieve a normalized root mean square
error (NRMSE) = 10~2 when we consider an IFFT size of 16
and SNR = 20dB for the subspace-based approaches [7]. If
the size of IFFT were increased to 64, the required OFDM
blocks would increase up to thousands for time averaging
[10], making these subspace-based blind channel estimation
approaches impractical.

We proposed a new subspace-based blind channel estimator
for MIMO-OFDM systems with short time averaging periods
of the correlation matrix [11]. This is achieved by exploiting
the frequency correlation among adjacent OFDM subcarriers
through the concept of subcarrier grouping [12][13]. The
proposed scheme requires only an upper bound of the channel
order, and the ambiguity matrix which is embedded in all
the subspace-based estimation problems can be solved by
optimization. In this paper, asymptotic performance bounds
of the proposed method are derived by using perturbation
analysis. Numerical results are also presented to support our
claims and designs.

The rest of this paper is organized as follows. In section
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I, the system model is described. In section III, the subspace
blind MIMO-OFDM channel estimator [11] will be briefly
reviewed. Asymptotic performance bounds of the proposed
estimator will be studied in section IV by the perturbation
analysis. Numerical results will then be presented in section
V, and conclusions will be drawn in the final section.

The notation used in this paper is as follows: The range
of A, denoted by R(A), is defined by R(A) ={y : y =
Ax for some x}. E[z] denotes the expected value of the
random variable z. ® denotes the Kronecker product. vec (-)
is the Vec operator. tr(A) denotes the trace of a square matrix
A. ||x|lx represents the L1 norm of a vector x, and ||X||
denotes the Frobenius norm of a matrix X. X' denotes the
pseudo-inverse of a matrix X. @ >, X; = diag(X;) denotes
the direct sum of matrices X; [14].

II. SYSTEM MODEL

We consider a MIMO-OFDM system with Np trans-
mit and Np receive antennas, employing Ng subcarriers
as shown in Fig. 1. Let the mth OFDM symbol trans-
mitted over the kth subcarrier be denoted as x™[k] :=
(27 k] @ k] -~ @7 [k]]", where 2™[k] is the symbol
transmitted at the gth transmit antenna. Then the mth OFDM
symbol transmitted over N¢ subcarriers can be written as
xM .= |:Xm[0]T Xm[l]T . Xm[NC _ 1]T
incoming symbol streams span over Ny OFDM symbols at
each epoch, then x = [x!” x2" xNr )T represents
the complete set of transmitted symbols. At the receiver, let
the mth received OFDM symbol over the kth subcarrier be
denoted as y™[k] := [y"[k] y5'[k] --- YN, [kHT where
y,'[k] is the symbol received at the pth receive antenna. Then
the mth OFDM symbol received over N¢ subcarriers can l%e
= [y vy e ymiNe -]
and y = [le y2T .. yNe T}T represents the complete set
of received symbols. In the following, we assume that (1) the
length of the OFDM cyclic prefix is greater than the maximum
excess delay of the channel, (2) the channel is time-invariant
over Ny OFDM symbols, and (3) E[|z]"[k]|*] = 1.

For MIMO-OFDM systems, the signal received at the pth
receive antenna over the kth subcarrier and the mth OFDM
symbol is given by

s Nr,

VNN thq
(1)

where F is the average energy evenly divided across
the transmit antennas and allocated to the kth subcarrier,
ny' [k] represents the zero mean circularly symmetric com-
plex Gaussian (ZMCSCG) noise at the pth receive an-
tenna over the kth subcarrier and the mth OFDM sym-
bol, and h,,[k] represents the equivalent frequency re-
sponse between the pth receive antenna and the qth trans-
mit antenna, over the kth subcarrier and the mth OFDM

symbol. Let n™[k] := [nP[k] nJ'[k] - nﬁR[k]]T

. Assume the

written as y"™

Kl +nm k), p=1,2,-

n" = [nm[o]T n™[1]” nm[Nc—l]T}T, and n =

[an n2” , then the input-output relation of

the MIMO-OFDM systems may be expressed by

nNr T]T

Es
'H -X + n, 2)
where H := Iy, ® (6D ZNC "H][k]), with diagonal blocks
defined as
hialk]  haz[k] hi1,ny (K]
H[kl— h2,?[k} hz.,?[k] h2,1\{T (k] CNweNr
h’NR71 [k] hNR72[k] hNR,NT [k] (3)

III. PROPOSED APPROACH

By assuming the noise n is independent of the transmitted
symbols x, the identification of the channel H can be realized
by first applying the EVD on the autocorrelation matrix
Ry = E [yy”], then optimizing a quadratic cost function
constructed from the eigenvectors of the noise subspace. An
estimate of the correlation matrix can be obtained through time

averaging by
Tu,
- Z y(J @

where y(;) € CNrNeNr denotes the jth epoch of the
received signal y, consisting of Ny OFDM symbols, and T,
is the number of OFDM blocks (or simply the number of
time samples). Although a pilot-based (not blind) subspace
method in the frequency domain was proposed in [15][16],
to our knowledge, a subspace-based blind channel estimation
constructed from (2) has never been considered; since there
are Ny NgrN¢o > NpNgL unknown channel coefficients to be
estimated, where L denotes the channel order. Nevertheless,
the number of unknowns can be reduced by exploiting the
frequency correlation among adjacent OFDM subcarriers with
some loss in the estimation performance; in return, the order of
the correlation matrix and hence the number of time samples
required for time averaging can be reduced significantly. The
details are given below:

Let the frequency span of P adjacent subcarriers reside
inside the coherence bandwidth of the wireless channel and
let S := {0,1,--- ,N¢c — 1} be the index set of the N¢
subcarriers. S is partitioned into P disjoint subsets (assum-
ing (N¢/P) € Z%) with each subset denoted as S, :=

{8p,1:5p.2, "+, Sp,(No/P) }» Where 5, :=p —1+ (i — 1) P,
i = 1,2,---,(Ng/P) for p = 1,2,---,P. Note that
S1USU---USp =S8, and S§;NS; = 0 for i # j, where
(0 denotes the emptyT set. DeﬁneT xp;[x;TngT...XZI)VFT]T7
Yp= [yp yp 'y]]gVF 17, Ilp=[n}1, nf) ---n}],VF |7, where
m m T T
Xt =[x [spa]” X" sy X" [sp,ve/p)] 17
m m T T T
yo = [y [spal ¥ sp2l o Y [spvesp)] 1T
m m T n™ T T
ny' = [n"[spa]" n"[sp2]" - n"[sp (ve/p)) 7.
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Then (2) can be re-written for the pth subset as

Es

NTHP.XP—’_an p:1727"'7P7 (5)
where H, = Iy, ® (@Zkesp H[k]) is assumed to be a
“tall” matrix by choosing N > Np. The identification of H,,
is then based on the autocorrelation matrix Ry, = E [ypyf ),

and can be written as

Ry, = H,Rx, H + Ry, (6)
where Ry, = (Es/Nr) - E[x,x[] is assumed to be of
full rank, and Ry, = E [n,n//] = ¢2 1. Since the channel

coefficients of adjacent P subcarriers are strongly correlated,
the wireless channel can be approximated by denoting H =
Hi = Ho = Hp, and hence an estimate of the
correlation matrix can be obtained by

Z Z Yp J)yp (3)’

jlpl

Ry, = N

PT

where y, ;) € CNrNeNe/P denotes the jth epoch of the
received signal y,,. Therefore, the number of the time samples
required can be significantly reduced since the order of the cor-
relation matrix is reduced by a factor of P, and an averaging
over P subsets, which is equivalent to the frequency averaging,
is applied at each time averaging interval. The parameter P
may be chosen to further reduce the time averaging interval
with more loss in the estimation performance.

By applying the EVD on Ry , (7) can be expressed by:
Ryp = UAU¥, where U is a matrix whose columns are the
orthonormal eigenvectors of Ryp, and can be partitioned as

U:[U5|Un]:[u (8)

The signal subspace can be denoted as span (Uj), while its
orthogonal complement, the noise subspace, can be denoted as
span (U,,), with dy = rank (H) = NyNcNp/P and d,
(Ng — Np)NoNp/P. A is a diagonal matrix consisting
the corresponding eigenvalues of U, and is denoted as A
dlag (/\la)\27"' a)\ds-f-dn) with )\max = )\1 > /\2 > -2
Ad.+d, = Amin > 0. Since H and U, share the same range
space and are orthogonal to the range space of U,,, we can
have the following orthogonality relationship

wH=0, j=d+ 1, ds+dy. )

In order for H to be identifiable, d is chosen so that d, >
Np, and the matrix H needs to be of full column rank, or
rank(H) = Ny NoNg/P.

Although H can be solved from the set of homogeneous
linear equations in (9); due to the limited time averaging
interval, only an estimate of the noise subspace U, is available
ip practice. In this case, we can obtain the channel estimate
H by minimizing a quadratic cost function given by

1 Ug, [Ug 41 Ug,4d, ] -

of

ds+dn

>l H|.

j=dit1

C(H) = (10)
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By partitioning 4, =

into Np equal segments as 1

[G;10j2---0jN,| , we can define a new matrix V,; :=
[l aly---aly ], where w;;, € CYNaNe/P for
i = 1,2,---,Np. In addition, let us define H =
L P ... hgf;;], where h{?) is given as

h((;p) = [h1,q[sp,1] h2glspa] -+ BNgglspa] -

T
h1q[Sp,(Ne/P)] P2.a[8p.(NeyP)) - BNg.alSp(ve ) p)]

for ¢ = 1,2,--- , Np. Then minimizing the quadratic cost
function in (10) is equivalent to minimizing

ds+dn, ds+dn,
cH)Y= Y IHTVIE= Y tr(HTv;vaH*).
j=ds+1 j=ds+1
(11)
Furthermore, let U= > p *Z?j_l V*VT €
CWrNc/P)x(NrNc/P)  and  the eigenvalues of ¥ be

ordered as Ymin = 71 < Y2 < - < Y(NrN¢/P) = Ymax-
Then from the Rayleigh-Ritz theory [14], we can have

wH Tw
~1 = min

T min w?¥w
w#0 W'WwW

wHw=1

Ymin = (12)

for any w € C(NrNe/P)x1 If 1 is a given integer with 1 <
r < NgN¢/P, then
)

+ 7. (P) = le(iQn:Itr (QwQ), (13)

where Q € CWrNc/P)xr ig 3 matrix whose columns are
the orthonormal eigenvectors corresponding to the r smallest
eigenvalues of W.

In our case, r = rank (B >_,cs, H[k]) = NrNc /P and
minimizing of (11) can be re-written by
min C'(H frnantr( h(p))*) , (14)

and hence the channel estimate 'ﬁ[ can be obtained from (13)
as

H = Q*A, (15)

where A € CWNTNe/P)XNt can be seen as an ambiguity
matrix. Note that the ambiguity matrix A can be solved
from (6) by employing the following optimization

Hvec (’T_ x, (T~

- (RYp

A = argmin
A

HQrAa)”
n)f

HQ"A)R

, (16)

assuming f{xp and f{np are obtained from additional estima-
tions [2]. 7! is the invefse of the matrix transformation 7,
which is defined by 7 : H — H'.
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IV. PERTURBATION ANALYSIS
By denoting H,, = H + A'H,, the correlation matrix Ry
in (6) can be re-written as
Ry, = HR, H" + AH, Ry, H”" + HR«
+AM, Ry, AHE + Ry, .
Let Rap, = AM,R,A" + HR,AHT +

AH, RXPAHZI,{ , then the estimate of the correlation
matrix in (7) converges to:

A
(17)

Ry = HRx, H” +Rpp + R as T,y — 00, (18)
N———

=Ry

where Ry (1/P) 25:1 Ray, and R,
(1/P) Zf;:l Rn,. In section III, an identification of H
was obtained by assuming ||AH,|lr — 0, Vp. In the
following, the asymptotic root mean square error (ARMSE)
of the proposed estimator at high signal-to-noise ratio (SNR)
and long time averaging period is studied:

Since the correlation matrix Ry = Ry +Rax +Rp can be
seen as a perturbed data matrix with R;l = Rax + Ry being
the perturbation source, we have the first order perturbation of

the noise subspace [17][18] denoted by
AU, 5 = U, 52 VIR U, 5, (19)

assuming the Singular Value Decomposition (SVD) of Ry is

written as
VH_
s, H
H . (20)
0 } Vn,ﬂ ]

Furthermore, by partitioning the jth column of U, 5 and
AU, 5; into Np equal segments, we can define new

R’F{:[US,H|U7

matrices V; = [Ui ;Un o Urj M and AV; =
[AUJ ! AUj2 . AUJ 7], where U”— and AU]Z

note the ith segment of the jth column of Un R and AUn Ho
respectively. Similar to (11), ¥ := Z i1 Vj V? is then
constructed for an estimate of the Hermitian matrix Q. Let
the SVD of ¥ be written as

-~ Y w vl
\If—[Us,wUn,@][ 0 HV% ey
then we immediately have Q = U,, v [14] and hence
AQ = -U,uE , Viy (A)7Q, (22)

where A® = 37" VXAV + AVIVT + AVIAVT. In
addition, by assuming that ﬂ; = [hgp ) hgp ) ... n? )]
known, the ambiguity matrix A can be denoted by A = (Q*
AQ*)T’HP. Therefore, the channel estimate and its error can
be written as

= (Q"+AQ")(Q"+AQ")'H (23)

and

AR = [1-(Q"+AQ")(Q" +AQ") ] 7, 24)

27

Note that since (Q* + AQ*)(Q* + AQ*)" = Py(q-+aq)
and I — (Q* + AQ")(Q* + AQ*)! = Py(q-+aq+)+. each
column of the estimated channel matrix H can be seen as the
projection of the corresponding column of the channel matrix
H' on the range of (Q* + AQ™) [19][20].

The root mean square error (RMSE) of the estimated
channel coefficients, concerning all the P subsets, can then
be written as

RMSE = , (25)

Z I -

and the channel average bias (CAB) of the estimated channel
coefficients, concerning all the P subsets, can then be written
as

NTNRNC

CAB =
NTNRNC

z Jvee (7, = 7)),

V. NUMERICAL RESULTS

(26)

Numerical results of the proposed as well as the referenced
subspace-based methods, including CP and VC approaches
for MIMO-OFDM systems are presented in this section. We
consider MIMO-OFDM systems with 2 transmit (Np = 2)
and 3 receive antennas (N = 3). The number of subcarriers
used in the OFDM systems is 256 (N¢ = 256). For each time
epoch, the incoming symbol streams, which are independent
and identically distributed (i.i.d) QPSK symbols, span over 2
OFDM symbols (Ngp = 2). Note that part of the results are
drawn from [11].

In order to include the subspace-based methods [5][7] for
comparisons, we consider a 2-tap delay-line scenario where
both the real and imaginary parts of the tap coefficients are
ii.d. Gaussian random variables with zero mean and unit
variance. Under these circumstances, there are 10 subcarriers
residing inside the coherence bandwidth (P = 10) if the
coherence bandwidth is defined as the bandwidth over which
the frequency correlation function is above 0.9, while there
are 100 subcarriers residing inside the coherence bandwidth
(P = 100) if the definition is relaxed so that the frequency
correlation function is above 0.5. For the purpose of evaluating
the estimation performance, the ambiguity matrices for all the
methods are resolved by assuming the channel responses are
known.

Fig. 2 and 3 show the RMSE measure of the proposed
and referenced subspace-based methods, which is a function
of the number of the OFDM blocks (each OFDM block is
consitituted of 2 OFDM symbols) employed for obtaining
a sampled correlation matrix when the SNR = 20dB. As
expected, the estimation performance of all the methods is
improved when the number of the OFDM blocks is increased
for time averaging. For the referenced methods, we consider
a fixed degree of freedom equals to 8 and 16, respectively.
For the proposed methods, we consider P = 2, 8, 32, and 64.
We note that the proposed methods outperform the referenced
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methods with any degrees of freedom, within the given time
averaging period. From the comparison of the orders of
correlation matrices listed in Table I, we also find that the
minimum number of the time samples required (i.e., the order
of the correlation matrix) is reduced when P is large, while
the estimation performance is also reduced due to the channel
approximations over P adjacent subcarriers. On the contrary,
the number of the time samples required is increased when
P is small, while the estimation performace is also improved.
To achieve the best tradeoff, we note that PP should be chosen
to have the frequency spans of these P subcarriers residing
around the coherence bandwidth, with the definition of the
correlation function above 0.9.

By letting T}, = 3000 and SNR = 40dB in (18), we calculate
the asymptotic performance bounds of the proposed scheme
for different values of P. When SNR = 20dB, the required
OFDM blocks for P = 8 and 2 are T, = 50 and T,, > 210
(not shown in the figure), respectively, in order to reach their
asymptotic performance. Since the accuracy of the asymptotic
performance bounds relies on ||[AH,||r — 0, Vp, bounds
of P = 32 and 64 can only serve as an indication showing
that whether the proposed scheme has met a certain level
of confidence for a given time averaging interval or SNR.
Therefore, we can conclude that when SNR = 20dB, the
required OFDM blocks for P = 32 and 64 are 7Ty, = 10 in
order to reach their asymptotic performance. Note that because
frequency averaging is also included in (7), the required time
samples of the proposed scheme can be less than the order of
the corresponding correlation matrix.

Fig. 4 and 5 show the corresponding CAB measure, and
we can reach the same conlusions from similar observations.
It should be noted that the error floors of the estimation
performance come from the fact that ||AH,|r # 0, Vp.
However, the effects can be alleviated by increasing the value
of N¢ (i.e., the number of FFT/IFFT size) or simply letting
P=1.

VI. CONCLUSION

Traditional subspace-based blind methods suffer from an
extremely slow convergence rate, making them impractical
[11]. Therefore, we proposed a novel subspace-based estima-
tion method with a faster convergence rate, mainly by ex-
ploiting the frequency correlation among adjacent subcarriers
through the concept of subcarrier grouping. In this paper,
we investigated the asymptotic performance bounds of the
proposed scheme by perturbation analysis. Within reasonable
time averaging periods, the numerical results were shown
to support the proposed method by achieving both a higher
convergence rate and a better estimation accuracy.
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