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ABSTRACT

In Bayesian short-time spectral amplitude (STSA) estimation

for single channel speech enhancement, the spectral compo-

nents are traditionally assumed to be uncorrelated. However,

this assumption is not exact since some correlation is present

in practice. In this paper, we propose a STSA estimator with

correlated frequency components. Since its closed-form so-

lution is not readily available, we alternatively derive closed-

form expressions for corresponding upper and lower bounds.

Three new speech enhancement estimators are proposed

based on those bounds: one for each bound and one that is

a combination of both. Results of PESQ and informal lis-

tening experiments indicate that the proposed estimators give

better performances than earlier estimators.

Index Terms— Speech enhancement, Bayesian estima-

tion, short-time spectral amplitude

1. INTRODUCTION

Speech enhancement algorithms are used to remove back-

ground noise from a noisy speech [1]. They are present in

many common devices such as cell phones and hearing aids.

In the Bayesian approach for single channel speech enhance-

ment, an estimate of the clean speech is derived by minimiz-

ing the statistical expectation of a cost function that penalizes

errors in the clean speech estimate.

Several Bayesian estimators of the short-time spectral am-

plitude (STSA) of the clean speech have been proposed over

the years [2, 3]. In those approaches, it is always assumed

that the spectral components of the clean speech are uncorre-

lated. This assumption is however not exact as there are two

main causes of correlations between STSA components [4].

Firstly, voiced speech has inherent harmonics that are neces-

sarily correlated. Secondly, the finite dimension of the anal-

ysis window used in short-time processing introduces some

correlation between adjacent frequencies.

This work was supported by a grant from the Natural Sciences and En-

gineering Research Council of Canada.

A Bayesian estimator of the complex spectrum assum-

ing correlated frequency components has been studied in [4].

While the correlation between STSA components has been

noted in some papers, it has not yet been considered in Bayes-

ian STSA estimators, apparently to simplify the estimators’

derivations [2, 5].

In this paper, we first present an estimator that consid-

ers the STSA components to be correlated. Since a closed-

form solution for such an estimator is not readily available,

we alternatively find closed-form expressions for correspond-

ing lower and upper bounds. We propose three new speech

enhancement estimators: one for each bound and a last one

that is the arithmetic mean of the two bounds. We compare

the proposed estimators to the minimum mean-square error

(MMSE) STSA estimator [2], the MMSE estimator of the

complex spectrum and a Wiener estimator. Results show su-

perior performance of the proposed estimators both in terms

of the Perceptual Evaluation of Speech Quality (PESQ) and

informal listening experiments.

The paper is organized as follows. Section 2 presents

the desired STSA estimator with correlated frequency com-

ponents while Section 3 presents the derivation of the bounds

on that estimator. The bounds are characterized by correla-

tion matrices for which an estimation approach is presented

in Section 4. Section 5 presents some experimental results

while Section 6 concludes the work.

2. SPECTRAL AMPLITUDE ESTIMATOR WITH

CORRELATED FREQUENCY COMPONENTS

Let Yi = Xi +Wi be an N -dimensional column vector rep-

resenting the short-time Fourier coefficients of noisy speech

observations for time frame i. Xi and Wi are respectively the

clean speech vector and the noise vector of the correspond-

ing short-time Fourier coefficients. To simplify the notation,

we will usually omit the subscript i and consider the process-

ing of one particular frame. The elements of X are Xk =
Xkejαk , 1 ≤ k ≤ N , where Xk is the positive and real STSA

and α ∈ [−π, π). We also define X = [X1 X2 · · · XN ]T
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and α = [α1 α2 · · · αN ]T . We assume that X and W are

independent, zero-mean and circular Gaussian with pdfs:

fX(X) = π−N det(RX)−1e−X
H

RX
−1

X (1)

fW(W) = π−N det(RW)−1e−W
H

RW
−1

W (2)

where RX = E{XX
H} and RW = E{WW

H} are the

correlation matrices of the clean speech and noise respec-

tively and RW > 0; superscript H indicates the conjugate

transpose and E denotes statistical expectation. Traditional

approaches (e.g. [2]) assume that RX and RW are diago-

nal (i.e. the spectral components are uncorrelated). In this

work, we do not enforce such diagonality constraint. Our

model therefore considers possible frequency correlations in

the clean speech and noise.

We want to evaluate the following estimator:

X̂
o

= argmin
X̂

E{‖X − X̂‖2} (3)

where the minimum is over all possible functions X (Y). We

note that the cost function in (3), i.e. ‖X − X̂‖2, considers

all the frequency components jointly. Using matrix calculus,

we can show that (3) leads to:

X̂
o

= E{X |Y} (4)

i.e. the N -dimensional conditional expectation of X given

the complete vector of observations Y. This estimator will

then be combined with the phase of the noisy speech, for each

frequency, to yield the estimator of X:

X̂ = [X̂ o
1 ej�Y1 , · · · , X̂ o

Nej�YN ]T . (5)

The corresponding time domain estimator can be obtained by

performing an inverse Fourier transform for each frame which

are then combined using the overlap-add method.

Unfortunately and in contrast to the scalar case, a closed-

form expression for (4) is not readily available. In the next

section we approach the problem of finding a realizable so-

lution to (4) by obtaining tractable upper and lower bounds

instead of an elusive exact solution.

3. BOUNDS ON THE N -DIMENSIONAL

CONDITIONAL EXPECTATION

The fact that the X̂k are positive real quantities makes it possi-

ble to approach the problem of finding approximations to (4)

from a bounding perspective. Specifically, we derive below

convenient upper and lower bounds, X̂U,k and X̂L,k respec-

tively, such that X̂L,k < X̂k < X̂U,k.

3.1. Lower bound

Using the triangle inequality for integration [6], we can show

that:

|E{Xk|Y}| ≤ E{Xk|Y}. (6)

As a lower bound on the desired estimator (4), we therefore

propose X̂ o
k,L = |E{Xk|Y}| or equivalently:

X̂
o

L = |E{X|Y}| (7)

where for any vector A = [ak] ∈ C
Nx1 we define |A| =

[|ak|] ∈ R
Nx1. Under the Gaussian statistical model for the

clean speech and noise presented previously, the term

E{X|Y} is the MMSE estimator of X, which is known to

be equal to [4]:

E{X|Y} = X̂MMSE = RX(RX + RW)−1
Y. (8)

A lower bound on the desired estimator is therefore:

X̂
o

L = |X̂MMSE| =
∣∣RX(RX + RW)−1

Y
∣∣. (9)

Note that in the special case of uncorrelated frequency

components (i.e. the traditional framework), RX and RW

are diagonal matrices. Then combining (9) with the phase of

the noisy speech yields:

X̂k =
SX,k

SX,k + SW,k

Yk (10)

where SX,k = [RX]kk = E{|Xk|
2} and SW,k = [RW]kk =

E{|Wk|
2}. The processing of each frequency is therefore de-

coupled and the corresponding operation amounts to a stan-

dard Wiener filter.

3.2. Upper bound

Using Jensen’s inequality [7], we have for a real convex func-

tion ϕ:

ϕ(E{Xk|Y}) ≤ E{ϕ(Xk)|Y}. (11)

If we set ϕ(a) = a2, we have:

E{Xk|Y} ≤
√

E{X 2
k |Y} (12)

since Xk > 0. As an upper bound on the desired estimator (4),

we therefore propose X̂ o
k,U =

√
E{X 2

k |Y} or equivalently:

X̂
o

U =

√
E{X 2|Y} (13)

where we define:

E{X 2|Y} = [E{X 2
1 |Y}, · · · , E{X 2

N |Y}]T (14)

and consider the square root as taken element-wise. We next

derive a closed-form expression for E{X 2
k |Y}.

Using a Bayesian formalism we have:

E{X 2
k |Y} =

∫
· · ·

∫
|Xk|

2fY(Y|X)fX(X)dX∫
· · ·

∫
fY(Y|X)fX(X)dX

. (15)

We observe that:

fY(Y|X) = fW(Y − X). (16)
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Using (1), (2) and (16) in (15) we get (17) (bottom of this

page).

To evaluate (17), we need to transform the multiple inte-

grals into products of single integrals. To do so, we make use

of the following eigenvalue decomposition:

UΛU
H = RW

−1 + RX
−1 (18)

where U is the unitary matrix of eigenvectors, i.e. U
H
U =

I, and Λ is the diagonal matrix containing the correspond-

ing eigenvalues. Furthermore, we also perform the following

change of variables: V = U
H
X. Since U is unitary, the

associated Jacobian is J = 1 and (17) thus becomes:

E{X 2
k |Y} =

∫
· · ·

∫
|UkV|2e{Ỹ

H
V+V

H
Ỹ−V

H
ΛV}dV∫

· · ·
∫

e{ỸHV+VHỸ−VHΛV}dV
(19)

where we define Uk as the kth line of U and

Ỹ � U
H
RW

−1
Y. (20)

Since UkV is a scalar, we have:

UkV =

N∑
r=1

UkrVr (21)

where Ukr is the (k, r)th entry of matrix U and Vr is the rth

entry of vector V. Using (21), we can now write (19) in a

form comprising only scalars:

E{X 2
k |Y}

=

∑N

r=1

∑N

t=1 U∗
ktUkr

∫
· · ·

∫
V ∗

t Vr

∏N

m=1[h(Vm)dVm]∏N

m=1

∫
h(Vm)dVm

(22)

where we define the positive real scalar function h(Vm) =

eỸ ∗

m
Vm+V ∗

m
Ỹm−|Vm|2λm for compactness and λm is the mth

diagonal element of matrix Λ.

Using (6.631.1), (8.411.1) and (9.212.1) from [8], we can

evaluate the integrals in (22) and obtain:

E{X 2
k |Y} =

N∑
r=1

N∑
t=1

U∗
ktUkr

Ỹ ∗
t Ỹr

λtλr

+

N∑
p=1

|Ukp|
2

λp

. (23)

This last equation can also be written as:

E{X 2
k |Y} = UkΛ

−1
ỸỸ

H
Λ

−1
U

H
k + UkΛ

−1
U

H
k . (24)

Defining diag{A} as the column vector containing the diag-

onal elements of matrix A, we can also write:

E{X 2|Y} = diag{UΛ
−1

ỸỸ
H
Λ

−1
U

H + UΛ
−1

U
H}.
(25)

Using (18) and (20) along with the fact that diag{AA
H} =

|A|2, where we consider the absolute value and squaring op-

erators as taken element-wise, we have:

E{X 2|Y} = |(RW
−1 + RX

−1)−1
RW

−1
Y|2

+ diag{(RW
−1 + RX

−1)−1}.
(26)

We notice that the first term in (26) is equal to the squared

magnitude value of X̂MMSE in (8) and the second term can be

simplified in a form similar to X̂MMSE. Finally, using (13),

the desired upper bound is therefore the following simple ex-

pression:

X̂
o

U =

√
|X̂MMSE|2 + diag{RX(RX + RW)−1RW}.

(27)

Since the upper bound includes the lower bound and an addi-

tional positive term, it will obviously be greater than the lower

bound.

The lower and upper bounds on the spectral amplitude es-

timator, i.e. X̂
o

L and X̂
o

U , are then combined with the phase

of the noisy speech, as in (5), resulting in estimators X̂
o
L and

X̂
o
U respectively. Furthermore, we propose another estimator

by simply considering the arithmetic mean of X̂
o
L and X̂

o
U :

X̂
o

LU
= (X̂o

L + X̂
o
U )/2 (28)

We will evaluate those three estimators in Section 5.

4. ESTIMATING RX AND RW

To compute X̂
o

L (9) and X̂
o

U (27), one needs an estimation

of matrices RX and RW. In this work, we use a decision-

directed type of approach similar to [2] to estimate RX. Since

RX = E{XX
H} and RX = RY −RW for uncorrelated X

and W, we have for frame i:

R̂X,i = αX̂i−1X̂
H
i−1 + (1 − α)g(RY,i − RW,i) (29)

where X̂i−1 is given by (5) applied to frame i − 1 and α =
0.98. The terms on the diagonal of RX should be positive,

we therefore define g(RY,i − RW,i) element-wise as:

g(RY,i − RW,i)|(l,m)

=

{
max[(RY,i − RW,i)|(l,m), 0] if l = m
(RY,i − RW,i)|(l,m) else

(30)

E{X 2
k |Y} =

∫
· · ·

∫
|Xk|

2e{Y
H

RW
−1

X+X
H

RW
−1

Y−X
H(RW

−1+RX
−1)X}dX∫

· · ·
∫

e{YHRW
−1X+XHRW

−1Y−XH(RW
−1+RX

−1)X}dX
(17)
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Table 1. Comparative PESQ values for white, pink and cock-

pit noises at several SNRs (10, 15 and 20 dB).

MMSE Wiener X̂MMSE X̂
o

L X̂
o

U X̂
o

LU

STSA [2] (10) (8)

White
10 dB 2.47 2.60 2.63 2.65 2.60 2.64

15 dB 2.82 2.88 2.95 2.98 2.97 2.98

20 dB 3.14 3.19 3.31 3.33 3.31 3.33

Pink
10 dB 2.47 2.57 2.61 2.64 2.63 2.65

15 dB 2.81 2.85 2.92 2.94 2.98 2.98

20 dB 3.13 3.16 3.25 3.27 3.30 3.29

Cockpit
10 dB 2.25 2.20 2.25 2.29 2.31 2.32

15 dB 2.60 2.54 2.60 2.64 2.70 2.69

20 dB 2.96 2.91 2.97 3.00 3.06 3.05

where l and m are the matrix elements indices; the max oper-

ator is therefore applied only on the main diagonal of matrix

RY,i − RW,i.

We also need to estimate RW,i (or equivalently RW if

we omit the frame index i). We first estimate the time-domain

correlation matrix, Rw,i, using a (N − 1)th order predictive

error model [9]. Using the NxN Fourier transform matrix, F,

we then obtain:

RW,i = FRw,iF
H . (31)

RY,i is estimated similarly.

5. EXPERIMENTAL RESULTS

In this section we report PESQ [10] results for the MMSE

STSA [2], Wiener (10), X̂MMSE (8) and the proposed estima-

tors X̂
o
L, X̂

o
U and X̂

o

LU
. We also report informal listening

observations.

Three types of noises from the Noisex database [11] are

used in the experiments: a white noise, a pink noise and an

aircraft cockpit noise (buccaneer-1). Thirty noisy speech sig-

nals [12] were created using ITU-T standard P.56 [13]. All

speech signals were sampled at 16 kHz and a raised-cosine

window was used (512 samples, 32ms) in the STSA compu-

tation. A 75% overlap was used in the overlap-add synthesis

method as in [2]. For value of simplicity, RW was estimated

from the first five frames of the noisy signal which did not

contain any speech signal and its value was kept constant for

all subsequent frames.

As can be observed from the PESQ values in Table 1, ei-

ther X̂
o
L, X̂

o
U or X̂

o

LU
performed better than the other esti-

mators for all cases, with the most significant improvements

being observed for colored noises (i.e. pink and cockpit).

Informal listening experiments were also conducted. On

the one hand, X̂MMSE, X̂
o
L, X̂

o
U and X̂

o

LU
resulted in similar

speech quality that seemed to be more natural than Wiener’s.

On the other hand, Wiener, X̂MMSE and X̂
o
L had less back-

ground noise than X̂
o
U but the noise sounded more musical.

The algorithm based on the mean of the two bounds, i.e. X̂
o

LU
,

offered a good compromise between speech quality, back-

ground noise quantity and whiteness.

6. CONCLUSION

In this paper we propose a Bayesian STSA estimator for

speech enhancement that considers correlated frequency com-

ponents. Since its closed-form solution is not readily avail-

able, we approach the problem of finding approximations to

that estimator from a bounding perspective. We obtain con-

venient upper and lower bounds and propose three new es-

timators derived from those bounds. Results of PESQ and

informal listening experiments indicate that the proposed es-

timators give better performances than earlier estimators. In

particular, X̂
o

LU
offers a good compromise between speech

quality, background noise quantity and whiteness.
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