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Abstract

This communication studies the quantization effects on the steady-state performance of a fixed-point implementation of
the Least Mean Squares (LMS) adaptive algorithm. Based on experimental observations, we introduce a new intermediate
mode of operation and develop a simplified theoretical approach to explain the behaviour caused by quantization effects in
this mode. We also review the stall mode and provide a new expression that predicts the discontinuous behaviour of the
steady-state mean squared error as a function of the input signal power. Combined with a previous analysis of
quantization effects in stochastic gradient mode, this study provides analytical expressions for the steady-state mean
squared error for the full range of step-size values. We present experimental results that are in a good agreement with

theoretical predictions to validate our model.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The Least Mean Squares (LMS) algorithm [1] is
widely used in adaptive filtering. This algorithm
recursively updates the vector of coefficients w(k) =
[wo(k), wi(k), ...,wy_1(k)]" of an FIR filter accord-
ing to the following equations

e(k) = y(k) — w'(k)x(k), (1a)
wk + 1) = w(k) + pe(k)x(k), (1b)
where k is the discrete time index, e(k) is the
estimation error, x(k) = [x(k),x(k —1),...,x(k —
N + 1] is the input signal vector, y(k) is the
reference signal to be estimated, and u is an
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adaptation parameter. The speed of convergence
of the algorithm towards the optimal Wiener
solution, as well as the power of the residual error
after convergence (i.e., in steady-state) depend on u.
These properties of the LMS are well established for
infinite precision arithmetic (see [2] and references
therein).

When LMS is implemented on a fixed-point
processor, quantization errors affect its perfor-
mance and the mean squared error (MSE), i.e.
E{le(k)|*} where E{-} denotes statistical expectation,
may be significantly higher than the one expected in
infinite precision. Analysis of the quantization
effects on LMS performance goes back to the work
of Gitlin et al. [3] who studied the variations of the
MSE as a function of the step-size in a digitally
implemented LMS. They reported two main
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observations: (a) the MSE after the algorithm
converges is much higher than the one expected
from a quantization of the algorithm variables and
(b) due to quantization effects, the adaptation may
stop and in this case, the MSE may be actually
reduced by increasing the step-size. Caraiscos and
Liu [4] presented an analysis of quantization errors
in steady-state for fixed-point and floating-point
arithmetic. In their analysis, they modelled quanti-
zation errors as white noise and obtained an
analytical expression for the residual error. How-
ever, the error model they used is only valid when
the adaptation is not stopped by quantization
effects—in this situation, the quantization has a
low impact on the steady-state MSE. Alexander [5]
used the same white noise model for quantization
errors to analyse the behaviour of the finite
precision LMS algorithm in the transient regime.

Bermudez and Bershad [6] recognized the draw-
back of the error model used in [4] and [5] and its
non-validity in a situation where adaptation is
stopped by quantization effects. They proposed a
non-linear analytical model for the quantization
function. By using a conditional moment technique,
for a white Gaussian input and a small adaptation
step size, they derived recursive equations which can
be numerically solved to give the MSE in both
transient and steady-state regimes [6]. They inves-
tigated the steady-state behaviour of the quantized
LMS algorithm for small step-size and showed that
the stalling behaviour is indeed a ‘‘slow-down”
phenomenon. Under limiting assumptions, their
model predicts a steady-state MSE that is nearly
independent on the number of bits [7]. In our study,
we observed the steady-state behaviour of the LMS
for all range of values of the adaptation step-size
and noticed a clear difference between our simula-
tion results and the MSE predicted by the model in
[7], as we will show in Section 3.

The studies cited above explained and modelled
the LMS behaviour in different conditions but did
not provide an analytical expression of the steady-
state MSE (SS-MSE) for all these conditions. In
particular, the intermediate region between the stal/
mode, where adaptation is stopped, and the
stochastic gradient mode, where the analysis of [4]
is applicable, has not been previously investigated.
In this work, we introduce a new intermediate mode
to characterize the algorithm behaviour in this
region and develop a simplified theoretical model
that provides an analytic expression of the corre-
sponding SS-MSE values for a white stationary

Gaussian input signal. We also review the stall
mode and provide a new expression that predicts the
discontinuous behaviour of the SS-MSE as a
function of the input signal power. Combined with
the analysis of quantization effects in stochastic
gradient mode, this study provides analytical
expressions for the SS-MSE for the complete range
of step-size parameter values. In particular, the
value of step-size corresponding to the onset of the
stall mode can be predicted accurately, so that
stalling can be avoided by judiciously choosing the
step size value.

The outline of the paper is as follows. In Section 2
we present the theoretical analysis and develop-
ments leading to analytical expressions for the SS-
MSE for different operating conditions of the
algorithm. In Section 3 we present experimental
results. A brief conclusion follows in Section 4.

2. Theoretical analysis

In our analysis of the finite precision LMS
algorithm we assume that the input signal x(k) is a
white stationary Gaussian process with zero mean
and variance ¢2, and the reference signal y(k) is
written as

y(k) = wox(k) + n(k), 2

where w, is the optimal vector of coefficients and
n(k) is a white stationary Gaussian noise indepen-
dent of x(k), with zero mean and variance 2. We
assume that signals and filter coefficients are real-
valued but this analysis can be easily generalized to
the complex case.

Under the above assumption on the input signal
x(k), the LMS algorithm converges in the mean
square for values of u in the range [§]

0<p<2/(Na?), 3)

where N is assumed to be large.! The SS-MSE, i.e.
after the algorithm converges, is given by [4]

L 2y Cmin
¢= lim Efle(0)"} = 1 —uNo2/2”°

where &.;, is the MSE of the optimum filter, equal
to o2 if the adaptive filter is long enough to cover the
impulse response to be estimated.

“

"Wariations of this result can be found in the literature (see [2]
and references therein). However, for the model under considera-
tion here (i.e. white stationary Gaussian processes and large N),
the values predicted by (3) are sufficiently accurate and in good
agreement with experimental observations.
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In fixed-point arithmetic, signals, variables, and
parameters used in the algorithm as well as
operation results are quantized to discrete values.
We will use a fractional fixed-point representation
with values lying in the interval [—1,+1). We
assume that addition does not lead to overflow
and that only multiplication induces quantization
errors. We consider a roundoff quantization using b
bits (including sign) and represented by a generic
function Q[-]. We use primed symbols to represent
quantities of the finite precision LMS, which can
then be described by the following equations:

¢(k) = y'(k) — OIW'(k)'x'(k)], (5a)
ow(k) = Qlue ()X (k) (5b)
Wk + 1) = w(k) + Q[sw(k)], (5¢)

where Q-] applied to a vector acts on each of its
components. All three quantizers in (5) are con-
sidered in our analysis.

In (5), the quantization operation Q[-] cannot be
modelled in general by a smooth function and
therefore an analytic expression for the SS-MSE
cannot be easily derived. In the existing literature on
the finite-precision LMS, we can distinguish two
qualitative operating modes of the algorithm. In the
first mode, the components of the updating vector
ow(k) are smaller in absolute value than 4/2, where
A = 2'7" represents the least significant bit, and are
quantized to zero in (5¢). The adaptation is virtually
stopped by quantization effects and the algorithm is
in stall mode [3]. In the second mode, the
components of ow(k) are much larger in absolute
value than 4/2, and their quantization can be
modelled as an additive white noise (i.e. linear noise
model). With fluctuations of the stochastic gradient,
the algorithm continues to adapt as in the infinite
precision case [4]. We refer to this mode as
stochastic gradient mode. In this work, we introduce
a third mode as being intermediate between the stall
and stochastic gradient modes.

2.1. Stall mode

During the adaptation, while the algorithm in (5)
tends to the steady-state, the amplitude of the error
€' (k) decreases with the number of iterations until
the components of ow(k) become smaller than 4/2
in absolute value. Hence, the adaptation of the filter
coefficients stops and the algorithm enters the stall
mode. To evaluate the resulting SS-MSE, we

assume that adaptation stops when the components
of the quantized updating vector Q[ow(k)] in (5¢),
where ow(k) is defined in (5b), become equal to zero
with a high probability, which is expressed as

Pr{|Q[ue (k)X () <4/2] ~ 1, (6)
where the time index /e{k—N+1,...,k}. In
practice, we find that the stall mode is achieved
when the absolute value of Qfue'(k)] becomes
smaller than a certain threshold. Since the quantity
Olue' (k)] takes values which are integer multiples of
A (ie. Qlue' (k)] = £p4, with p € {0,1,2,...}), this
threshold corresponds to a maximum value of p and
is written as p,..4. Assuming that the processes
¢'(k) and x(/) are independent, the condition (6) is
satisfied whenever

Pr{l11€ (k)| < (ppuay + 1/24] = 1, and ©)

Pr{lx' (D] <1/(2pma)] = 1. ()

To calculate the SS-MSE, we have to determine a
value for p,,,, appropriate for use in (7) and (8). For
a signal x(/) with an amplitude much larger than 4
and for a small value of p, .., we can replace x'(/) by
x(/) in (8). For the Gaussian process x(/), we can
argue that (8) is valid for 1/(2p,,.x) =<0y, Where [,
is a number that we can reasonably set to 3 or more
(for I, =3, the probability is 0.997).> The corre-
sponding p,... 1s expressed as

1
Prax = {2 MXJ, ©)

where |x] is the greatest integer smaller than or
equal to x.
In a similar way, (7) will be valid if

(Prax + 1/24 = Ln /€, (10)
where ¢ = E{|¢/(k)|?} is the SS-MSE and /, is a
positive number we can reasonably set to 3 or more.
Replacing p,.« from (9) into (10), the desired SS-
MSE is obtained as

LA 1 1\?
- :WQ%JXJ +5) | v

This result provides a simple expression of the SS-
MSE as a function of the step-size u, the number of
bits (via 4 = 2'?), and the input signal power a2.

While the general behaviour of (11) with respect to
these parameters is consistent with earlier studies

More generally, for any zero-mean random variable x, it
follows from Chebyshev’s inequality that if 1/(2p,,,)=/.0y then
Pr{Ix| <1/Q2pae)]>1 = 1/13.



M. Ghanassi et al. | Signal Processing 87 (2007) 3226-3233 3229

[3], the presence of the floor function in (11) is new.
It allows for a more accurate description of the SS-
MSE versus o, relationship, as clearly evidenced by
the experimental results in Section 3 (see Fig. 4).

2.2. Stochastic gradient mode

In this mode, the algorithm converges before
entering the stall mode. The filter coefficients
continue to adjust in a random way around the
optimal Wiener solution, due to the stochastic
gradient noise. The components of dow(k) in (5)
have an absolute value much larger than 4/2, on
average, and their quantization only introduces a
small error to their values. Thus, we can describe all
quantization errors in the algorithm as additive
white noise. To obtain an analytic expression of the
SS-MSE (needed in the analysis of the intermediate
mode), we use the approach of Caraiscos and Liu
[4], modified to allow for the quantization of the
term pe'(k) in (5b), which is not considered in their
original paper.

The various quantization errors in the finite
precision LMS are defined as follows:

q,(k) = y'(k) = y(k), (12a)
q,(k) = X'(k) — x(k), (12b)
Gy(k) = OIW (k)'x'(K)] — W' (k)'x/(k), (12¢)
(k) = Olpe (k)] — pe'(k), (12d)
45, (k) = Q[ow(k)] — ow(k). (12¢)

The following assumptions are made (see also [2,9]
for a further discussion): the errors g, (k), g,.(k),

and ¢, (k) have zero mean and respective variances
Zi, X2 and 2

- 4> the error vectors q,(k) and q,,,(k)
have independent components of zero mean and
respective variances X2 and X3 ; and finally, the
quantization error of a variable is independent of
that wvariable, of other variables and of their
respective quantization errors.

Using these expressions in (5) and neglecting the
quantization errors terms of order greater than one,
a development similar to the one presented in [4]
(see this reference for details) leads to the following
expression for the SS-MSE for the finite precision

LMS algorithm:

1
&~ W Emin + ||Wo||22)zc
N
+ z§ +22 + ﬂ(aisz + 231 (13)

In expression (7) of [4], replacing the trace of the
correlation matrix (trR) with Noi, which corre-
sponds to our assumption on the input signal x(k),
leads to a result similar to (13). However, in [4],
authors assumed that, as for a particular LMS
implementation in which the step size value is a
power-of-two, the elements of the term Q[ow(k)] in
(5¢) are calculated by first computing the product
¢'(k)x'(k), right shifting the result and then quantiz-
ing. In this case, there is no quantization error
for the product ue'(k) and thus there is no term
corresponding to Zie.

2.3. Intermediate mode

In this analysis of the quantization effects we
emphasize the important role of the step-size p in
the operation of the quantized LMS algorithm.
When all other parameters used in the algorithm are
fixed we can explain all the modes of operation of
the algorithm after convergence in terms of the
choice of the value of u.

For small values of u, the algorithm is in stall
mode and the SS-MSE decreases according to (11)
(i.e., as 1/u?) as u increases. However, this effect
must be limited since the SS-MSE cannot decrease
below a limiting value &j;,, for which the vector of
estimated coefficients becomes equal to a quantized
value of the optimal Wiener solution w,.

A simple expression for &, can be obtained by
substituting w, = QO[w,] — q,, in (2), where q,, is a
vector whose components are independent quanti-
zation errors of zero mean and variance Zi This
results in

(k) = O[w,]'x(k) + n'(k), (14)

where the uncorrelated modelling error is now given
by

n' (k) = n(k) — q x(k). (15)

The limiting SS-MSE, defined as &, = E{|n'(k)|*},

is

élim = imin + NU)ZCZ;ZV- (16)
In a fixed-point context, the best result that can

be aimed for is that the LMS converges to the

quantized value of the optimal vector of coefficients

O[w,]. Accordingly, it is reasonable to replace the
reference signal model (2) by (14) and thus, &,
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should be used in place of &, in the SS-MSE
expressions.”

When the step-size u increases and the SS-MSE
gets closer to the limiting value in (16), the
algorithm leaves the stall mode to enter in the
stochastic gradient mode, where the quantization
errors contribute in the algorithm as additive white
noise. Simulations results of the SS-MSE as a
function of u showed that for a limited range of
values for u, corresponding to a region between the
stall and stochastic gradient modes, SS-MSE values
cannot be explained by expressions (11) or (13),
corresponding to these modes. Based on this, we
introduce an intermediate mode, corresponding to
the transitional region between the stall and the
stochastic gradient modes.

We consider this mode as a modified stochastic
gradient mode where the components of the
updating vector ow(k) (5b) are still small in absolute
value, but may exceed with non-zero probability the
first quantizer decision level A/2. Specifically, to
obtain a simplified expression of the steady-state
MSE in the intermediate mode, we make the
following additional assumptions:

Al. The quantizer in (5c) is operated in the small
input regime. That is, the variance of the
components of dw(k) is of the order of 4%/12.

A2. The uniform quantizer Que'(k)] in (5b) ap-
proximately satisfies the centroid condition for
minimum squared error distortion [9].

All other quantization errors are treated as in the
analysis of the stochastic gradient mode (i.e.,
independent additive noise model).

For a uniform quantizer in the small input
regime, the variance of the quantization error can
be approximated by that of its input.* The Ith
component of the updating vector ow(k) (5b) is
given by

Swi(k) = Que'(k)]x'(k — 1). (17)

Thus, under assumption Al, the variance of the
quantization error in (5¢) can be approximated as

X3, = var{Que' (1Y (k — 1)) = o2 E{Qlue ()T,
(18)

3For the stochastic gradient mode, this modification does not
result in appreciable changes of the SS-MSE values over the
range of interest of u.

“See [10] for a more precise analytical characterization of the
input—output variance relationship.

where the second equality follows from the zero-
mean and independence assumptions.

For a quantizer satisfying the centroid condition,
the quantizer output is uncorrelated with the
quantization error (see [9, Lemma 6.2.2]). Thus,
invoking (12d) and assumption A2, we obtain

we =20, + E{Qlue (b)) 19)
Combining (18) and (19), we obtain®
o 2 + 25, = wail. (20)

Substituting this result in (13), replacing &, by Eim
(16) and solving for &', we finally obtain the desired
SS-MSE expression:

1
=g im WP I+ I+ 20 @D

1
In practice, the quantity ue'(k) will not be
uniformly distributed between adjacent quantiza-
tion levels, so the uniform quantizer in (5b) will not
exactly satisfy the centroid condition (i.e. the
quantization levels are not optimal) and the result-
ing SS-MSE may exceed that prescribed by (21).

2.4. Summary of modes

Table 1 summarizes the different operating modes
of the fixed-point LMS algorithm with the corre-
sponding expressions for the steady-state MSE. The
step-size values yu; and pu; delimiting the three
regions can be obtained by equating the appropriate
expressions for ¢ and solving for pu.

3. Experimental study

To validate our analysis, we consider an applica-
tion of the fixed-point LMS adaptive filter to the
identification of a linear system. The input signal
x(k) is a stationary white Gaussian process with
zero mean and variance o2 = 0.1. The reference
signal y(k) is obtained via convolution of x(k) with a
vector w, of length N = 100. We used this signal
without additional noise to ensure that the SS-MSE
is only due to quantization effects. In the fixed-point
LMS, the signal x'(k) = Q[x(k)] is obtained by a
uniform quantization of x(k) and the samples with a
value outside the interval [—1,+1) are saturated to

>While this derivation is based on the general LMS imple-
mentation (not a power-of-two step size case), the results can also
be applied to the power-or-two case by setting the variable X, to
zero in (20).
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Table 1

Summary of fixed-point LMS modes and corresponding steady-state MSE values

Mode U Steady-state MSE, &’
Stall RS p A2 1 1\?2
7] +3)
Intermediate <u< 1
s ist T gatimin + WOl + 25+ X1, + Notx)
Stochastic gradient Uy < i

1 ) N
mkmm + w122 + Zf +22 + Z(gisz +22)]
X

+1; the reference signal y'(k) = Q[y(k)] is similarly
obtained. The optimal vector w, was randomly
generated and scaled so that |w,]||> = 0.4.

We developed a set of C routines that emulate
arithmetic operations of a fixed-point DSP [11] with
a number of bits » = 16 and implemented the fixed-
point LMS on a personal computer using these
routines. We also implemented the fixed-point LMS
on a fixed-point DSP emulator software provided
by Texas Instruments and validated the accuracy of
our routines. We performed proper scaling of the
various signals relative to the available dynamic
range so that saturation effects are avoided at initial
stage of operation of the algorithm.

To simulate different modes of operation of the
algorithm, we varied the step-size ¢ and measured
the SS-MSE. Two slightly different implementations
of the error calculation in the fixed-point LMS were
considered:

e Without accumulator: to emphasize the quantiza-
tion effects, the elements of the inner product
w'(k)x(k) were individually quantized and then
added together.

® With accumulator: the individual products were
computed in double-precision, summed and the
final result was quantized.

For all values of u used in our experiment, we
ran simulations for up to several millions samples.
Fig. 1 shows experimental results versus the number
of iterations for the fixed-point LMS with an
intermediate accumulator and for three different u
values of 0.002, 0.075 and 0.16 corresponding,
respectively, to stall, intermediate and stochastic
gradient modes. For all three u values the steady-
state behaviour is clearly reached. As we show in the
inset of Fig. 1 for u=0.002, there is a difference
between our simulations results and the SS-MSE

=40
-10
42
44
@ B0 1
° L u=0002 = O 10 20 30
=
S0F - p=016
O w=o0s 1
0 1 2 3

Iterations (x 10°)

Fig. 1. MSE versus number of iterations for fixed-point LMS
with an intermediate accumulator (b = 16, N = 100). The three
curves are for three different u values corresponding to the three
modes (0.002 for stall, 0.075 for intermediate, and 0.16 for
stochastic gradient). The inset shows MSE for u = 0.002 and for
a larger number of iterations (up to 30 millions) as well as values
obtained using the recursive equations (18) and (26) from [6] (the
smooth curve).

predicted by Bermudez’s model using Egs. (18) and
(26) from [6].

Figs. 2 (without accumulator) and 3 (with
accumulator) show the theoretical SS-MSE versus
u for the stall, intermediate, and stochastic gradient
modes, as well as the limiting SS-MSE, defined,
respectively, in (11), (21), (13), and (16). In the
evaluation of these SS-MSE expressions, we use
N=X=x=2,=2,=4/12, and X =
¢ A%/12 where ¢ = N in the implementation without
accumulator and ¢ = 1 in the one with accumulator.

The results in Figs. 2 and 3 show the different
modes of operation of the algorithm. For small
values of u, the algorithm operates in the stall mode
and the SS-MSE decreases with increasing p. As
shown in the figures, the decrease in the SS-MSE in
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Fig. 2. Steady-state MSE versus u for fixed-point LMS without
an intermediate accumulator (b = 16, N = 100). The three solid
curves are for the three modes (stall, intermediate, and stochastic
gradient). The circles show the experimental results. The
horizontal line is the limiting SS-MSE &;;,.

105 | \ :

Stoch. Grad. modew‘

]

10° | Stall mode

a ’
<) /’
o |
»n 107 | - 3 ]
S 4#-"
08 | .'/,f“ Inter. mode |
10° - , ,,,,,,, 3
10 102 107
Step-Size

Fig. 3. Steady-state MSE versus u for fixed-point LMS with an
intermediate accumulator (b =16, N = 100). The three solid
curves are for the three modes (stall, intermediate, and stochastic
gradient). The circles show the experimental results. The
horizontal line is the limiting SS-MSE ¢,

the stall mode is well described by a 1/u? function,
such as that given by (11) with /, = 3.2 and [, = 4.5.

As the step size u increases, the SS-MSE decreases
to reach a minimum value corresponding to the
boundary point u; between the stall and intermedi-
ate modes; as u is increased beyond this limit, the
SS-MSE starts increasing and the algorithm leaves
the stall mode to enter the intermediate mode.
Increasing p further leads to the stochastic gradient
mode.

Fig. 4 shows experimental results of the SS-MSE
in stall mode as a function of the variance o2 of the

]0-5 L
o 10°
Z
84
wn [P PY
>
]0-7 L
'_._.T.
108 : : :
103 102 107!

Input signal variance

Fig. 4. Steady-state MSE in stall mode versus the input signal
variance, for b =16, N = 100, u = 0.02. The solid line is from
(11). The circles are experimental points.

input signal x(k). We have a good agreement with
the expression of (11) with parameters /. = 3.2 and
[, =4.5. In particular, the presence of the floor
function in (11), not present in earlier analysis of the
stall mode, enables a good prediction of the stair
case behaviour of the SS-MSE as a function of the
input signal variance.

In the intermediate and stochastic gradient
modes, the SS-MSE increases with u. Experimental
results of the SS-MSE for these modes are in a very
good agreement with theoretical results of (13)
and (21).

4. Conclusion

In this paper, we studied the impact of quantiza-
tion effects on the steady-state behaviour of the
LMS algorithm. We introduced a new intermediate
mode to characterize the algorithm behaviour for a
specific range of step-size parameter values and
developed a simplified theoretical model that
provides an analytic expression of the correspond-
ing steady-state MSE values for a white stationary
Gaussian input signal. We also reviewed the stall
mode and provided a new expression that predicts
the discontinuous behaviour of the steady-state
MSE as a function of the input signal power.
Combined to the analysis of quantization effects in
stochastic gradient mode, our study provides uni-
fying set of analytic expressions for the steady-state
MSE for the complete range of step-size parameter
values. Experimental results show good agreement
with our theoretical analysis.
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