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Abstract—Optimal transmission policies for a two-user multi-
ple access broadcast channel with binary feedback are investi-
gated. The system is modeled as a dynamic team. Conditioned
on the channel feedback, the past history of buffer states is
redundant to each user. Once this redundant data is removed,
the information structure, although non-classical, satisfies the
sufficient conditions of Mahajan, Nayyar, and Teneketzis, 2008
for a dynamic team problem to be tractable. Using the idea
of a virtual coordinator of Mahajan, Nayyar, and Teneketzis, a
dynamic programming decomposition is presented. This dynamic
program is defined over a countable state space and a finite
action space. When the arrival rates of both users are symmetric,
an optimal policy is identified by solving the dynamic program
analytically. This policy matches the optimal window protocol
proposed by Hluchyj and Gallager, 1981. Thus, this paper
presents the an example of a non-trivial dynamic team with non-
linear dynamics where an exact analytic solution is obtained.

I. INTRODUCTION
A. System Model

Consider a two-user multiple access broadcast system
(MABC) in which two users communicate to a common
receiver over a broadcast medium. Time is slotted. At the
beginning of each time slot, packets arrive stochastically at
each user. The users have a buffer that can store one packet.
If the buffer is empty when a new packet arrives, the packet
is stored in the buffer; if the buffer already has a packet, the
new packet is dropped. (In some applications, the old packet
is dropped and the new packet is stored in the buffer).

After the packet arrival, each user decides whether or
not to transmit. If both users transmit simultaneously, the
transmissions interfere and the receiver cannot decode; if only
one user transmits, the receiver can decode the transmitted
packet. At the end of transmission, the receiver feeds back
whether or not it successfully decoded a packet. In case of a
successful decoding, the transmitting user removes the packet
from her buffer. The above process is repeated at each slot.

The design objective is to choose decentralized transmission
policies at both users to maximize the average throughput over
a finite or infinite horizon.

The salient features of the above model are: (i) Each user
knows its own queue state but has only partial information
about the queue state of the other user; (ii) The queue
dynamics of the two users are coupled due to packet collision.

In this paper we analyze the two-user MABC using dynamic
team theory and provide a dynamic programming decompo-
sition. This dynamic program has countable state space and
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finite action space. When the arrival rates at both users are
symmetric, we provide an analytic solution of the dynamic
program.

B. Literature overview

Dynamic team theory has been used to study MABC as
modeled above and its variants. Schoute [1] and Varaiya and
Walrand [2] investigated MABC under the assumptions that
packet collision incurs a cost rather than retransmission and
that the queue states are shared between the users with a delay.
Grizzle et. al. investigated MABC under the assumption that
queue state and transmission decisions are shared between the
users with one-step delay. In this paper, we do not make any
assumption on delayed sharing of information.

Hluchyj and Gallager [3] investigated the two-user MABC
with symmetric arrivals by restricting attention to window
protocols. Thus, their approach provides a lower bound on
optimal performance. Ooi and Wornell [4] investigated two-
user MABC with symmetric arrivals under the assumption
that queue state and transmission decisions are shared between
the users with some delay. Thus, their approach provides an
upper bound on performance. It turns out that the lower bound
of [3] matches the upper bound of [4]. Hence, for the case of
symmetric arrivals, the optimal policy is known.

For the case of asymmetric arrivals not much is known about
the optimal policy. Various researchers [5]-[8]. have used
MABC as a benchmark problem for the numerical algorithms
for decentralized stochastic control problems. These algo-
rithms are either heuristic and do not provide any optimality
guarantees, or can compute the optimal policy only for small
horizon (usually running out of memory at horizon four or
five). These attempts highlight the difficulty of the seeming
simple two-user MABC.

C. Contributions

The main contributions of this paper are two-fold.

1) We provide a dynamic programming decomposition
of the two-user MABC. The dynamic program has a
countable state space and finite action space. Hence,
the optimal policy can be computed numerically using
the standard methods for solving such dynamic pro-
grams [9]. This is in contrast to the existing attempts to
numerically compute the optimal policies, which either
relied on heuristics or could not handle large horizons.
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2) For the case of symmetric arrival rates, an optimal policy
is obtained by analytically solving the dynamic program.
The previous proof was based on identifying tight upper
and lower bounds.

Thus, this paper presents an example of a non-trivial decen-
tralized control problem with non-linear dynamics where an
exact analytic solution has been obtained.

D. Notation

x; denotes the value of a variable x at time ¢; x1.; denotes
the sequence xi,X3,...,x;. P(-) denotes probability of an
event; IE{-} denotes expectation of a random variable. For any
p €10,1], p denotes 1 — p. IN denotes the set {0,1,2,...}.

II. PROBLEM FORMULATION

For user i, i = 1,2, and time ¢, let a;; € {0,1} denote
the number of new packet arrivals, x;; € {0,1} the number
of packets in the buffer, and u;; € {0,1} the number of
transmitted packets.

The packet arrivals at both users are independent Bernoulli
processes with arrival probability p; and p,. Thus, for i =
1,2,

0 with probability (1 — p;)
a; =
ot 1 with probability p;
and
Xig+1 = (Xiyp — UisZe) V iy

where V denotes binary OR.
Let z; € {0, 1} indicate if the receiver successfully decoded
a packet. Thus,
Zr = Ul DUz, (D

where @ denotes exclusive OR. At the end of the slot z; is
fed back to both users. The users choose their transmission
decisions based on their histories of buffer states and channel
feedback according to a transmission rule g;; as follows

Uiy = it (Xi 1, Wil lt—15 Z1:0—1) 2

such that u; ; < x;;.

At time 7, the system gets a reward r(u1,; @ u2,), where
r > 0 is a normalizing constant. We are interested in the
following optimization problem.

Problem 1: Given the arrival rates p; and p, and a time
horizon 7', choose transmission policies g; := (gi,1....,&i,T)
of the form (2) that maximizes the expected total reward

T

Jr(g1.8) = Egl’gz% Zr(ul,t &) Mz,z)}

=1
or the average expected reward per unit time as 7 — oo

T
_ |
J(g1,82) = Th—I>noo T]Eg"gz{ ; r(ur: @ uz,r)§~
where [E81-82 denotes the expectation taken with respect to the
joint probability measure induced on all the system variables
from the choices of (g;,g>).

We restrict attention to pure policies (also called determinis-
tic policies). Since the optimization problem does not have any
constraints, randomization cannot improve performance [10,
Chapter 8]. Hence, restriction attention to pure policies is
without loss.

III. STRUCTURE OF OPTIMAL TRANSMISSION POLICY

Problem 1 has a non-classical information structure [11]
because both users do not know each other’s buffer state. As
a result, it is hard to compress each user’s data, which is
increasing with time, into an information state whose domain
is not increasing with time. Unless such information states are
identified, systems with non-classical information structure are
intractable.

Sufficient conditions under which non-classical information
structures are tractable were identified in [12]. The model
of Section II does not satisfy these conditions. However, we
show that conditioned on the channel feedback, the history
of buffer states at both users are redundant, and after this
redundant data is removed, the information structure, although
non-classical, satisfies the conditions of [12]. Therefore, a
tractable sequential decomposition is possible.

A. Feedback implies control sharing

Since the control actions are binary and the feedback is the
XOR of the control actions, each user can recover the other
user’s control action from the feedback and its own control.
In particular, user 1 can recover u; ; because u; = uy; Pz,
and user 2 can recover 11, because u;; = us; @ z;. Hence,

(ui,lzz—l,let—l) <~ (ul,l:z—l,uz,l:z—l)-

Consequently, we have the following:
Proposition 1: In problem 1, each user can use a transmis-
sion policy of the form

Wi = it (Xi1i—1, U1, 1:0—1, U2, 1:0—1)- 3)

B. Removing redundant data

Proposition 2: For any transmission policy of user 2 of the
form (3), restriction attention to a transmission policy of the
form

Uty = 81,0 (X1, U1, 1001, U2,1: 1) 4

at user 1 is without loss. By symmetry, the result is also true
if the role of users 1 and 2 is interchanged.

Combining both the cases of the above, we have the
following:

Corollary 1: Restricting attention to transmission policies
of the form

Uir = it (Xig U1 1:0—1, U2, 1:0—1) &)

is without loss

Due to lack of space, we omit the proof of Proposition 2.
Corollary 1 implies that Problem 1 is equivalent to the
following problem.

Problem 2: In Problem 1, determine optimal policies of the
form (5).
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The information structure of Problem 2 is same as Model A
of [12]. Each user’s data consists of two parts: shared ob-
servations (u1,1:7—1,U2,1:+—1) that are increasing with time,
and private observation x;; and x,, that have a fixed size.
So, Problem 2 can be sequentially decomposed using the
methodology of [12].

For that matter, consider a virtual coordinator that observes
the shared observations (u1,1:4—1,42,1:+—1) and chooses how
each user uses her private observations x; ; or x2 ;. Any policy
for the coordinator can be implemented in original problem
and vice versa. Hence, the two problems are equivalent.
The coordinator’s problem, which is centralized, sequentially
decomposes by an appropriate choice of information state.
The corresponding dynamic programming decomposition also
determines optimal transmission policy for Problem 2.

C. Virtual coordinator

Consider the following modified problem. In the model
described in Section II, in addition to the two users, a virtual
coordinator is present. The coordinator has perfect recall, i.e.,
it remembers its past observations and control actions. At time
t, it observes (u1,—1,u2,¢—1) and chooses partial functions

Vie 210,17 {0, 1}

for user i, i = 1,2. Each user then uses its assigned partial
function to generate a transmission decision as follows:

Uir = Vi,t(xi,t)~

Since u;; < X;;, yis is equivalent to ¢;; = y;(1). Hence,
we can write
Uit = QitXigt- (6)

We call (¢1,, ¢2,) the control action of the coordinator. These
are similar to the partial functions defined in [12].

The coordinator chooses the current control action based on
all past observations and past control actions as follows:

(@1,6,02,6) = he (U1 1:0—1, U2, 101, @111, 02,1:0-1)  (7)

The system dynamics and the reward are the same as in the
model described in Section II. Thus, the reward at time ¢ is
r((x1,e91,0) @ (X2,092,4))

In the above formulation, the only decision maker is the
virtual coordinator; the users simply carry out the calculations
prescribed by (6). The virtual coordinator has to solve the
following optimization problem.

Problem 3: Given the arrival rates p; and p, and a time
horizon T', choose coordination policy h := (hy,...,hr) of
the form (7) that maximizes the expected total reward

T

Jr(h) = Eh{ D (i) © (xz,zwz,t))g-

t=1

or the average reward per unit time as 7 — 0o

T
_ o
J(h) = Th—I>noo TEh{ ;r((xl,t%,t) 2] (XZ,t(pZ,t))}-

Problems 2 and 3 are equivalent.

Proposition 3: Any transmission policy (g1, g») for Prob-
lem 2 can be implemented in Problem 3 by a corresponding co-
ordination policy h with identical expected reward. Conversely,
any coordinator policy h for Problem 3 can be implemented
in Problem 2 by a transmission policy (g;, g2) for Problem 2
with identical expected reward.

Proof: We prove the first part of the proposition. The
proof of the second part is similar. Consider a transmission
policy (g1,g>) for Problem 2. To implement this policy in
Problem 3 set a coordination policy h for Problem 3 by
choosing

@ip = Gip(Lu -1, U2,1:0-1)- ®)

Now consider Problem 2 and 3 for a specific realization of
X1,1> X2,1, a1,1:7, and ay j.7. The choice (8) of h implies
that x1 1.7, X2,1:7, U1,1:T> U2,1:T, and zj.7 are identical in
Problems 2 and 3. Thus, any transmission policy (g;, g2) for
Problem 2 can be implemented in Problem 3 by choosing h
according to (8). Furthermore, since the system variables in the
two Problems are identical along all sample paths, the expected
reward of the transmission policy (g1, g,) for Problem 2 is
identical to the expected reward of the coordination policy h
for Problem 3. u

D. Information states at the virtual coordinator

To sequentially decompose Problem 3, we define the fol-
lowing.

Definition 1: Let m;; be the posterior belief of the coordi-
nator that the buffer of user i is full, i.e.,

Ul,1:4—1,U2,1:2—1 ) 9)

g =Pl xip =1
P1,1:t—1, P2,1:—1

Proposition 4: Let A;, i = 1,2, be operators from [0, 1] to
[0, 1] defined for any & € [0, 1], as

Aiwr =1—pim = p; + pim.

Then,
Aln=1-p'n.

Proof: The proof follows from induction. ]
Proposition 5: The vector (1, mw2,) evolves as follows:

1) When (@1, ¢2,,) = (0,0),
(1,041, T2,041) = (A171,e, Ao ).
2) When (@1, 92,) = (1,0),
(141, T2,041) = (p1, A272).
3) When (@1, ¢2,1) = (0. 1),
(1,41, M2,041) = (A1, P2).
4) When (@1, 2,1) = (1, 1),

(1,1

(p1, p2) otherwise

if X1t = X2t = 1
(T1i41. T2 041) =
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Proof: The result follows directly from the definition of
(71,5 02,1). u
Proposition 6: 1) For any coordination policy of the
form (7), the process {(m1,,72,)} is a controlled
Markov chain with control action (@1, ¢2,), that is

)

=P 41, 20411100 T2, Q125 P2,)

T1,1:,U1,1:—15 P1,1:—1
T2,1:¢, U2,1:6—15 P2,1:¢—1

P (7T1,t+1,7T2,z+1

2) The conditional instantaneous reward may be written as

E %r(ul,t Dusy)

1,108, UL, 16 —15 P1,1:2—1
T2,1:¢5 U2,1:t—15 P2,1:¢—-1

=E{r(ui, ®uz,)|mie. 72, 01,0, 902,1)

Proof:

1) The result follows from the update equation of Proposi-

tion 5.

2) From Definition 1, we have
r(me @1 (1 = m2,002,0) + (1 — 71,001,0)72,002,1)

IP(T[I,H—Ia T2t +1 |7T1,t, 2.t P1,t» wz,z)

1,108, UL,1:6—15 P1,1:2—1
T2,1:¢5 U2,1:t—15 P2,1:—1

P (ﬂ1,1+1,7T2,t+1

E. Main structural result

The above result implies that the vector (w1, 72,) is an
information state for Problem 3. Consequently, we have the
following.

Theorem 1: In Problem 2, restricting attention to coordina-
tion policy of the form

(P16 92,0) = he (10, 702,1) (10)
is with loss. Consequently, in Problem 2, restricting attention
to a transmission policy of the form

Uip = it (Xiyes 1,0, T2,1) (11
is without loss.

Proof: Proposition 6 implies that the coordinator’s opti-
mization problem can be viewed as an MDP in which the
underlying Markov process is (w1, 72,) and the instanta-
neous cost is E{uq; & ua |71, 72s, 91,4, ¢2,¢}. This MDP
formulation implies the result of the theorem. ]

The information state (w1, m2,), exploits the spe-
cial structure of the two-user MABC, and as such
is simpler than the information state P(xj,x2; |
U1,1:0—1, U2, 1:6—15 P1,6—1, P2,1:0—1) proposed in [12]. This sim-
plification of the information state was also reported in [13].

IV. DYNAMIC PROGRAMMING DECOMPOSITION

A. Finite horizon

Since (1, 72,¢) is a controlled Markov process, Problem 3
sequentially decomposes as follows:

Theorem 2: In Problem 3, an optimal policy of the
form (10) is given by the solution of the following dynamic
program. For any 71, 75 € [0, 1],

Vrg1(my,m) =0 (12)

and fort =T7,7T —1,...,1,

Vi (1, m2) = max {Wio (1, 72),
Wor, (1, m2), Wi (1. m2) ) (13)

where W;;,, i,j € {0, 1} denotes the expected future reward
if (¢1,,®2,) is chosen to be (i, j), i.e.,

Wio,t (w1, m2) = rmy + Vig1(p1, A2ma),

Woi,: (w1, m2) = rma + Vi1 (Armr, p2),

Wit (w1, w2) = r(my + w2 — 2mym2) + myma Vg1 (1, 1)
+ (1 = mm2)Vit1(p1, p2)

Proof: The above dynamic program follows from the
MDP formulation presented in the proof of Theorem 1. |

B. Properties of the value function

Proposition 7: The functions Vi, Wios, Wo1,+, and Wiy,
satisfy the following properties: for all ¢

1) Wio: (1, w2) is linear in sy and convex in my.

2) Woi, (1, m2) is convex in 7y and linear in 7.

3) Wii,(m1, m2) is component-wise linear in 7y and 7.
4) Vi(my, mp) is component-wise convex in sy and 75.

Proof: The proof proceeds by induction. The properties
are true at 7'+ 1. Suppose they are also true at ¢t + 1. Then,
1) and 2) follow from the convexity of V;4; and linearity of
Ay and A,, 3) follows from definition, and 5) follows from
the component-wise convexity of Wig;, Wo1,, and Wi1;. R

C. Properties of the optimal policy

Definition 2: Partition the space [0, 1]?> of realization of
(m1,¢, m2,+) into three disjoint regions Rio,, Ro1,s, and Ry
such that R;;, denotes the region where (@1, ¢2,) = (i, )
is optimal, i, j € {0, 1}.

We say that R;j;, i, € {0, 1}, is element-wise convex in
my if for any ny, 7y, w5, A €[0,1] and

= Ay + Axy,

such that (7], m2), (], m2) € Rij,, then (w1, m2) € Ryj;.
Element-wise convexity in w5 is defined in a similar manner.

Proposition 8: For all t, the regions Rjp, and Rjj, are
element-wise convex in s;; the regions Roi, and Ry, are
element-wise convex in .
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Proof: We prove the result for one case. The proof of
other cases is similar. Suppose ({,m2), (77,72) € Rios,
A €[0,1], and 7y = Amwy + Any. Then,

Who,: (1, 2) @ AW, (), m2) + ino,t(ﬂi/, 2)

b _

(2) AWor,¢ (1, m2) + AWor (1. 72)

()

> Wor, (1, 72)
where (a) is true because Wjg, (1, m2) is linear in my; (b)
is true because (my,72), (7], 72) € Rioy; and (c) is true
because Wo1 (71, w2) is convex in 7. By a similar argument,
we can show that Wio,(mw1,m2) > Wiy (m1, w2). Hence,
(1, m2) € Rioy. n

D. Infinite horizon

When T = oo, the sequence of nested functions of
Theorem 2 simplify as follows.

Theorem 3: In Problem 3, when T = oo, the optimal
coordination policy is stationary and given by the solution of
the following fixed point equation.

v(y, m2) + J* = max {wio(my, m2),
wo1 (1, m2), w11 (1. m2)})  (14)

where J* denotes the average reward per unit time, v(7y, 772)
is the differential reward at (mq,72) and w;;, i,j € {0,1}
are the expected differential reward if (¢1, ) is chosen to be
@i, j), ie.,

wio(w1, m2) = rmy + Bu(pr, A2m2),

wo1 (71, m2) = rma + Bu(A171, p2),

w11 (my, w2) = r(my + mp — 2mymp) + BV (1, 1)

+ B(1 — mym2)v(p1, p2)

Proof: Since reward function is bounded, the result
follows from standard dynamic programming arguments.
See [14]. [ |

Similar to Definition 2, let R;; be the region where
(¢1,92) = (i, j) is optimal. Then, Proposition 8 implies that
Ri19 and R;; are element-wise convex in ;r; while Rg; and
R11 are element-wise convex in 75.

E. Reduction to a countable state MDP

The information state (771, 72) takes value in the set [0, 1]2.
However, the reachable set of the information state is count-
able.

Proposition 9: Suppose the system starts in state (pi, p2).
Then, the reachable set of (71, 7r2) is countable and given by

S ={(L1).(p1, D). (1, p2),(p1, p2)}
Al p1, p2). (p1, A3 p2).in € Ny (15)

Proof: This is an immediate consequence of Proposi-
tion 5. ]
The reachable set for p; = p, = 0.4 is shown in Figure 1.
Notice that the reachable set is considerably smaller than

(p1,1)

. . 1,
(p1.2) (1,p2)

(0,0)

Fig. 1. Reachable set of (71, m2) for p; = p> = 0.4.

whole space [0, 1]2. We need to solve the dynamic program
of Theorem 3 only for (71, 72) € S, resulting in considerable
computational savings. The resultant dynamic program has
countable state space and finite action space, and can be solved
using the methods described in [9].

In some applications, in particular sensor networks, it is
reasonable to assume that each user must transmit at least
once within m consecutive time slots, where m is finite. If we
make such an assumption, then the reachable state space is
finite and is given by

Sm = {(1,1), (p1, 1), (1, p2). (p1, P2)}
A pr.p2). (p1. A3 pa) in=1.....m} (16)

In this case, we only need to solve the dynamic program of
Theorem 3 only for (wq,7) € Sp. The resultant dynamic
program has a finite state and action spaces, and can be solved
using standard policy iteration [15].

V. SYMMETRIC ARRIVAL RATES

In this section, we focus on the infinite horizon case for
symmetric arrival rates, i.e., py = p» = p. For this case,
A1 = Aj, so we denote both operators by A. An immediate
consequence of symmetric arrival rates is that the optimal
policy is symmetric: for any 7y, 72 € [0, 1]

h(JT1,7T2) = ]’l(]‘[z, 7'[1).

A. Optimal policies

We exploit the symmetry of the optimal policy to analyti-
cally solve the dynamic program of Theorem 3 and identify
an optimal policy. For that matter, we define the following.

Definition 3: Let for n € IN

i) =14+ (1 =x)%=C+x)(1—x)"t

and s, denote the root of f,(x) that is between [0, 1]. The
function f(n) is negative for x € [0,s,] and positive in x €
[sn,1]. Thus, s, is a decreasing sequence. Moreover, sg =
0.70711 and s &~ 0.34729. Let t be the root of x = (1 —x)?
that lies in [0, 1]. Observe that s; < T < s¢ and t ~ 0.38196.
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Theorem 4: An optimal policy for Problem 3 is: For p > t,

(1,0) if]'[l > Ty,
h*(my, m2) = 1(0,1) if 71 < 7o, a7
(1,0) or (0,1) if my = ms.

For p <7, let m € IN be such that s,,+1 < p < sp,. Then,

(1,1) if m;p <A™ p,my < A" p,
h* (1, m2) = (1.0) ?f 71 > 7z, > A%p
0,1) if 1y < 7,1 > A"p
(1,0) or (0,1) if 1y =mp = 1.
(18)
The average reward per unit time is
1-(2p>-1)/D if p <s1,
g+ )rell=@p* = 1/D(p)] if p =51 (19)

r(l=p?)

where D(p) := 1+ p? + p3.
See Appendix A for proof.

if 51 < p;

B. Qualitative properties

Although the optimal policy looks complicated, with dif-
ferent behavior depending on the value of p, essentially
it has only two modes of operation. When p > s, the
states {(p, Ap), (Ap, p)} are absorbing and form a recur-
rence class in S. Within this recurrence class, the optimal
policy is a round-robin policy. When p < s, the states
{(1,1),(p, p),(Ap, p), (p, Ap)} are absorbing and form a
recurrence class in .S. Within this recurrence class, the optimal
policy is identical for all p < s;. Each user transmits if it has a
packet. If a collision occurs, both users know that both of them
have a packet. So, they simply empty their buffer one-by-one,
and then go back to “transmit if you have a packet”.

Thus, for both p > s; and p < s1, the optimal policy
restricted to the recurrent states is a window protocol [3] and
identical to the one proposed by Hluchyj and Gallager.

According to the optimal policy, irrespective of the value of
p each user gets a transmission opportunity (i.e., w;; = 1) at
least once in two consecutive time slots. This property enforces
a two-step delayed state sharing information structure. So, if
we could establish this property beforehand, we could use
the dynamic programming decomposition for delayed state
sharing information structure [16]. In fact, Schoute [1] and
Varaiya and Walrand [2] assumed this property while deriving
structural properties for their model. However, we could find
a direct way of proving this property.

VI. CONCLUSION

We presented a dynamic programming decomposition for
finding optimal decentralized transmission policies for two-
user MABC. This dynamic program has a countable state
space and a finite action space. When both users have
symmetric arrival rates, we find an analytic solution to the
dynamic program, thereby identifying an optimal policies. Our
approach differs from existing approaches in the literature,
which have focused on either a restriction of the model, or

a relaxation of the model, or on heuristic approximations. In
contrast, in this paper we provide a direct and explicit solution.
The model of this paper is an example of a dynamic team
problem in which the search of an optimal solution is tractable.
The insights provided by this example may also be useful for
understanding general dynamic team problems.
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APPENDIX A
PROOF OF THEOREM 4

The proof of the theorem is purely algebraic. We simply
guess the differential reward functions and show that they
satisfy the dynamic programming equations of Theorem 3. At
some places, the proof exploits a recursive property of f;(x),
namely.

Lemma 1: For any n € IN

Jas1(x) = (1= x) fu(x) = p(1 + p?)

The rest is simply elementary (but tedious) algebra.
We prove the cases, p > 7, T > p > s1, 51 > P > $p, etc.
separately.
A. Case l: p>1
For this case, the differential reward functions are
v(p.A"p) =v(A"p.p) =r(1—p"*),
v(ip.1) =v(l,p)=r.
(1, 1) =r(l 4 p?),
v(p,p) =rp

n>1

To show that &* is optimal, we need to show two things.
First

wor(p, A" p) = r(1 — ") + v(Ap, p) = v(p, A" p) + J*,
wor(p.1) =r +v(Ap,p) =v(p. 1)+ J*,
wo1(1,1) =7 +v(l, p) =v(l,1) + J*,
wo1(p. p) =rp +v(p, Ap) = v(p.p) +J".

which is easy to verify.
Next we show that if 71 < 5,

wo1 (1, m2) = max{wio(wy, 72), wi1 (w1, 72)}

We show this on a case-by-case basis:
1) For (71, m2) = (p, A" p), we have

wo1(p, A" p) —wio(p, A" p) = rpp(1 = p*) > 0
Furthermore,
wor(p. Ap) —wi1(p. Ap) = rp?*[1+ p(1— 2+ p)p")]
Observe that

1-Q2+p)p* =1+ p)(p—p>).
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Thus, for p > t, this term is positive. Hence, for n > 2,
1-Q2+p)p">=1-@2+ p)p>=0.

For n = 1, the term in the square brackets is —p3 +
5p? —6p + 1 which is positive for p > 0.19806. Hence,
h* is optimal at (p, A" p) and (A" p, p), n > 1.

2) For (mq,m2) = (p, 1), we have

wo1(p, 1) —wio(p, 1) =rp >0
and
wor(p. 1) —wii1(p. 1) =rp>(1+ p) =0

Hence, h™* is optimal at (p, 1) and (1, p)
3) For (my,mp) = (1, 1), we have

wo1(1,1) —wio(1,1) =0
and
wor(1,1) —wii (1, 1) =rp(1+p) =0
Hence, h* is optimal at (1, 1).
4) For (71, m2) = (p, p), we have
wo1(p, p) — wio(p, p) =0

and

wot(p. p) — wir(p. p) = rp*(p — p°)

which is positive for p € [0,1] such that p > p2 or
p > t. Hence, h* is optimal at (1, 1).
Thus, we have proved that 4* is optimal for p > t.

B. Case2: s1 <p=<rt
For this case, the differential reward functions are
v(p. A"p) =v(A"p.p) =r(1—p""").n>1
v(p. ) =v(l.p)=r,
o(1,1) =r(1 4 p?),
v(p, p) =rp?
As before, it is easy to verify that
wor(p. A"p) =r(1—p") + v(Ap.p) = v(p.A"p) + J",
wor(p. 1) =r +v(Ap, p) =v(p, 1) + J7,
wor(1, 1) =r +v(l, p) =v(1,1) + J*,
wi1(p, p) = 2rpp + p*v(p, p) + (1 =2p?)u(1, 1)
=v(p,p)+J".
Next, we will show that for m; < 7o, and 71 = 7, = 1,
woy (1, w2) > max{wio (w1, w2), wi1(mwy, 72)}
while for 7y = 7y = p,
wi1(p, p) = max{wor(p. p). wio(p. p)}
As before, we show this on a case-by-case basis:

1) For (71, m2) = (p, A" p), we have
wo1(p. A" p) —wio(p. A" p) = rpp(1 = p") = 0

Furthermore,

wo1(p, Ap) —wn(p, Ap) =r(1 — 2152 - PﬁnH)

=rlfa(p) =371 = p"7)]
which is positive for p > s;. Hence, h* is optimal at

(p,A"p) and (A" p, p).
2) For (1, m2) = (p, 1)

wor(p, 1) —wio(p, 1) =rp >0

Furthermore,

wo1(p, 1) —wi1(p, 1) = —rfo(p)

which is positive if p < s¢, or equivalently, p > 1 —sy.
Since p > 51 > 1 — 59, wo1(p,1) — wyi1(p,1) > 0.
Hence, h* is optimal at (p, 1) and (1, p).

3) For (m1,m3) = (1, 1), the calculations are the same as
for p > 7.

4) For (71, m2) = (p, p),

wor(p, p) — wio(p, p) = wi1(p, p) — wor(p, p)
=r(p>—p)
which is positive if p < p2, or equivalently, p < T.
Hence, h* is optimal at (p, p).

Thus, we have proved that 2* is optimal for s;1 < p < 7.

C. General case: Spyy1 < p < Sm, m € N

For this case,

J* =rp[l = fo(p)/D(p)]

where D(p) := 1+ p?+ p3. The differential reward functions
are

v(p, 1) =v(l,p)=J",
v(l,1) =r,
v(p, p) =rfi(p)/D(p).

cx(n) ifn <m,

v(A"p, p) = v(p,A"p) = JR

ifn >m

where

culn) = %(1 — I+ =i+ o(p, p),
)y =r(1—p"" + () —J*

The functions ¢, and ¢* satisfy the following property.
Lemma 2: For any n € IN,

(i + 1) —cx(m) = pp"* fo(p)/D(p).
t(n+1)—c*(n) = pp"*!

which follow from elementary algebra. Using the above recur-
sion, we can express c«(n) and ¢*(n) in terms of ¢4 (1) and

c*(1).
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To show that &* is optimal, we need to show two things.
First

wi1(p, Ap) =r(p+ Ap + pAp) + pApv(1.1)
+ (1 = pAp)v(p. p) = v(p. Ap) + J,
wo1(p, A" p) = rA"p +v(Ap, p) = v(p, A"p) + J,
wor(p, 1) =r +v(4p, p) = v(p, 1) + J*,
wor1(1,1) =r +v(, p) =v(,1)+ J*,
wii(p. p) =2rpp + p*v(1. 1) + (1 - p*)v(p. p)
v(p,p)+ J*.

which is easy to verify. Second, when 73 < A”p and m, <
A" p,

n>1

w11 (71, 2) = max{wig(my, 72), o1 (w1, m2)}
otherwise when 71 > 5,
wo1 (1, m2) = max{wio (w1, 72), wi1 (w1, 72)}

We show these on a case-by-case basis.
1) For (my,m) = (p, A" p), n < m, we have

wii(p. A" p)—wio(p. A" p) = —rp(1-p"*") fo(p)/ D(p)

which is positive since p < t < §¢. Furthermore,

wi1(p, A" p) — woi (p. A" p) = —rp* fu(p)/D(p)

which is positive for p < s,. Since n < m, S, > Sp,.
By assumption p < sp,. Thus, p < s, and hence h* is
optimal at (p, A" p) and (A" p, p), n < m.

2) For (mq,m2) = (p, A" p), n > m, we have

Jo(p) _ —n+l]

wo1(p. A" p) —wio(p. A"p) = rp [_ D(p)

- |:—fo(P) _]
ZP| (o P
D(p)
— [—pfl (p)]
D(p)
which is positive for p € [0, s1]. Furthermore,

wo1(p, A" p) — wi1(p. A" p) = rp® fu(p)/ D(p)

which is positive when p > s,. Since n > m + 1,
Sm+1 > Sp. By assumption, p > sp,41. Thus, p > s,
and h* is optimal at (p, A" p), (A" p, p) for n > m.

3) For (my,m) = (p, 1), we have

wo1(p. 1) —wio(p,. 1) =rp >0
Furthermore,
wor(p. 1) —wii(p. 1) = rp*(1 + p*)/D(p) = 0

Hence h* is optimal at (p, 1) and (1, p)
4) For (71, m2) = (1, 1), we have

w01(1, 1) - wlo(l, 1) =0.
Furthermore,

wor (1, 1) —wi (1, 1) = rp(1 + p)(1 + p*)/D(p) = 0.

Hence, h* is optimal at (1, 1).
5) For (mq,m2) = (p, p), we have

wi1(p, p) — wor(p. p) = rp*(1=2p*)/D(p)
which is positive since p < so. Furthermore, by symme-

try wio(p, p) = woi(p, p), s0 w11 (p, p)—wor(p, p) =
0. Hence, 7™ is optimal at (p, p).

Thus, we have proved that 2* is optimal for s;;,41 < p < $m,
m € IN.
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