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Abstract—We consider a decentralized linear quadratic system
with a major agent and a collection of minor agents. The agents
are coupled in their dynamics as well as cost. In particular, the
dynamics are linear; the state and control action of the major
agent affect the state evolution of all the minor agents but the
state and the control action of the minor agents do not affect
the state evolution of the major or other minor agents. The cost
is an arbitrarily coupled quadratic cost. The system has partial
output feedback with partially nested information structure. In
particular, the major agent perfectly observes its own state while
each minor agent perfectly observes the state of the major agent
and partially observes its own state. It is not assumed that the
noise process has a Gaussian distribution. For this model, we
characterize the structure of the optimal and the best linear
strategies. We show that the optimal control of the major agent
is a linear function of the major agent’s MMSE (minimum mean
squared error) estimate of the system state and the optimal
control of a minor agent is a linear function of the major agent’s
MMSE estimate of the system state and a ‘“‘correction term”
which depends on the difference of the minor agent’s MMSE
estimate of its local state and the major agent’s MMSE estimate of
the minor agent’s local state. The major agent’s MMSE estimate
is a linear function of its observations while the minor agent’s
MMSE estimate is a non-linear function of its observations which
is updated according to the non-linear Bayesian filter. We show
that if we replace the minor agent’s MMSE estimate by its LLMS
(linear least mean square) estimate, then the resultant strategy is
the best linear control strategy. We prove the result using a direct
proof which is based on conditional independence of the states of
the minor agents given the common information, splitting of the
state and control actions based on the common information, and
simplifying the per-step cost based on conditional independence,
orthogonality principle, and completion of squares.

Index Terms—Decentralized stochastic control, decentralized
linear quadratic systems, dynamic team theory, non-Gaussian
noise, separation of estimation and control.

I. INTRODUCTION

In many modern decentralized control systems such as self
driving cars, robotics, unmanned aerial vehicles, and others,
the environment is sensed using vision and Lidar sensors; the
raw sensor observations are filtered through a deep neural
network based object classifier and the classifier outputs are
used as the inputs to the controllers. In such systems the
assumption that the observation noise is Gaussian breaks down.
Therefore, the optimal design of such decentralized systems
requires understanding the structure of optimal controllers when
the observation noise is non-Gaussian.
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For centralized control of linear systems with quadratic per-
step cost, the classical two way separation between estimation
and control continues to hold even when the observation
(and the process noises) are non-Gaussian. In particular, the
optimal control action is a linear function of the MMSE
(minimum mean-squared error) estimator of the state given the
observations and the past actions at the controller. Moreover,
the MMSE estimator does not depend on the choice of the
control strategy. See [1]-[3] for details.

Although the optimal control action is a linear function of the
MMSE estimate, the MMSE estimate is, in general, a non-linear
function of the past observations and actions. Thus, the optimal
control action is a non-linear function of the past observations
and the action. In certain applications, it is desirable to restrict
attention to linear control strategies. The best linear strategy is
similar to the optimal strategy where the MMSE estimate is
replaced by the LLMS (linear least mean squares) estimate.'
Moreover, the LLMS estimate does not depend on the choice
of the control strategy. See [4, section 15.5.3] for details.

In summary, in centralized control of linear quadratic systems
with non-Gaussian noise, there is a two way separation of
estimation and control; the optimal control action is a linear
function of the MMSE estimate of the state given the data at
the controller. The best linear controller has the same structure
except the MMSE estimate of the state is replaced by the
LLMS estimate. Both the MMSE and LLMS estimators can
be computed as functions of sufficient statistics that can be
recursively updated.” In contrast, the current state of the art in
decentralized systems is significantly limited.

In the literature on optimal decentralized control of linear
quadratic systems, most papers assume that the noise processes
are Gaussian. Even with Gaussian noise, non-linear policies
may outperform the best linear policies [5]; linear strategies
are globally optimal only for specific information structures
(e.g., partially nested [6] and its variants). Even for systems
with Gaussian noise and partially nested information structures,
there is no general method to identify sufficient statistics for
the optimal controller; the optimal strategy is known to have a
finite-dimensional sufficient statistic only for specific models
(e.g., the one-step delayed sharing information structure [7], [8];
asymmetric one-step delayed sharing [9]; chain structures [10];
two-agent problem [11]). As far as we are aware, there are no
existing results on sufficient statistics for optimal decentralized

IFor linear models driven by uncorrelated noise, the LLMS estimate is the
best linear unbiased estimator of the state.

2MMSE estimator is the mean of the conditional density, which can be
recursively updated via Bayesian filtering; LLMS estimator can be recursively
updated via recursive least squares filtering.



control of linear quadratic systems with output feedback and
non-Gaussian noise.

If attention is restricted to linear strategies, the problem
of finding the best linear control strategy for a decentralized
linear quadratic system is not convex in general but can be
converted to a convex problem when the controller and the plant
have specific sparsity pattern (funnel causality [12], quadratic
invariance [13], and their variants). Even for such models, the
best linear control strategy may not have a finite dimensional
sufficient statistic [14]; the best linear strategy is known to
have a finite-dimensional sufficient statistic only for specific
models (e.g., poset causality [15], two-agent problem [16]-[23]
and its variants [24]-[26]). A general method for identifying
sufficient statistics for the best linear strategy in linear quadratic
systems with partial history sharing was proposed in [27], but
this method did not provide an efficient algorithm to compute
all the gains at the controllers.

In this paper, we investigate a decentralized control system
with a major agent and a collection of minor agents. The agents
are coupled in their dynamics as well as cost. In particular,
the dynamics are linear; the state and the control actions of
the major agent affect the state evolution of all the minor
agents but the state and control actions of the minor agents
do not affect the state evolution of the major or other minor
agents. The cost is an arbitrarily coupled quadratic cost. The
information structure is partially nested with partial output
feedback. In particular, the major agent perfectly observes its
own state while each minor agent perfectly observes the state
of the major agent and partially observes its own state. We
assume that the process and the observation noises have zero
mean and finite variance but do not impose any restrictions
on the distribution of the noise processes. We are interested in
identifying both the optimal and the best linear control strategy
for this model.

There are two motivations for considering this specific model.

First, such systems arise in certain applications in decentralized
control of unmanned aerial vehicles (UAVs) and for that reason
there has been considerable interest in understanding special
cases of such models [16]-[26]. Variations of this model with
weak coupling between the agents have also been considered
in the literature on mean-field games [28]-[31]. Second, the
information structure may be viewed as a “star network”, where
the major agent is the central hub and the minor agents are
on the periphery. Understanding the optimal design of such
systems is an important intermediate step in understanding
the optimal design of decentralized systems where agents are
connected over a general graph.

Even though the information structure of our model is
partially nested, we cannot use the results of [6] because
the noise processes are not Gaussian. Although there is
information that is commonly known to all agents in our model,
the information structure is not partial history sharing [32]
because the local information at the minor agents is increasing
with time. Hence, we can neither directly use the common
information approach of [32] to obtain a dynamic programming
decompositions nor can we use the method of [27] to identify
sufficient statistics.

When there is only one minor agent, our model is similar

to the two agent problem considered in [11], [16]-[21], [23].
However, none of these results are directly applicable: [16]—
[18] restrict attention to state feedback; [20], [21], [23] consider
output or partial output feedback in continuous time systems but
restrict attention to linear feedback strategies; [11] considers
output feedback but assumes that the noise is Gaussian. A
model similar to ours has been considered in [19], [26]. In [26],
a continuous time system with major and minor agents with
output feedback is considered but it is assumed that there is no
cost coupling between the minor agents, the system dynamics
is stable, and attention is restricted to linear strategies. In [19],
a discrete time system with a major and a single minor agent
is considered but it is assumed that the system dynamics is
stable and attention is restricted to linear strategies.

Our first main result is to show that the qualitative features
of centralized control of linear quadratic control continue to
hold for decentralized control of linear systems with major and
minor agents. In particular, we show that:

o The optimal control action of the major agent is a linear
function of the major agent’s MMSE estimate of the
state of the entire system. The corresponding gains are
determined by the solution of a single “global” Riccati
equation that depends on the dynamics and the cost of
the entire system.

o The optimal control action of the minor agent is a linear
function of the minor agent’s MMSE estimate of its local
state and the major agent’s MMSE estimate of the local
state of the minor agent. The corresponding gains are
determined by the solution of two Riccati equation: a
“global” Riccati equation that depends on the dynamics
and the cost of the entire system and a “local” Riccati
equation that depends on the dynamics and the cost of
the minor agent.

Moreover, the MMSE estimate of both the major and the minor
agents do not depend on the choice of the control strategy.
Thus, there is a two-way separation between estimation and
control. See Theorem 2 for a precise statement of these results.
Note that the MMSE estimator of the major agent is a linear
function of the data while the MMSE estimator of the minor
agent is a non-linear function of the data.

Our second main result is to show that the best linear strategy
has the same structure as the optimal strategy where the MMSE
estimate is replaced by the LLMS estimate. Moreover, the
LLMS estimate does not depend on the choice of the control
strategy.

We show that both the MMSE and the LLMS estimates
can be computed as a function of sufficient statistics that
can be updated recursively. In particular, we show that the
MMSE estimate at the minor agent is the mean of the
conditional density of the state of the minor agent given the
past observations. The conditional density can be recursively
updated using (non-linear) Bayesian filtering. The LLMS
estimates at the minor agent can be updated using recursive
least squares filtering. Note that unlike the results of [11],
[23], the recursive update of both the MMSE and the LLMS
estimates do not depend on the Riccati gains.

Finally, we believe that our proof technique might be consid-
ered a contribution in its own right. The two most commonly



used techniques in decentralized control of linear systems are:
(i) time-domain dynamic programming decomposition which is
used to identify optimal strategies; and (ii) frequency domain
decomposition using Youla parameterization which is used
to identify the best linear control strategy. In this paper, we
present a unified approach to identify both the optimal and
the best linear control strategies. Our approach is based on:
(i) conditional independence of the states of the minor agents
given the common information; and (ii) splitting the state
and the control actions based on the common information;
and (iii) simplifying the per-step cost based on conditional
independence, orthogonality principle, and completion of
squares. Our approach side steps the technical difficulties
related to measurability and existence of value functions in
dynamic programming. At the same time, unlike the spectral
factorization methods, it can be used to identify both the optimal
and the best linear control strategy. Given the paucity of positive
results in decentralized control, we believe that a new solution
approach is of interest.

A. Notation

Given a matrix A, A;; denotes its (i, j)-th block element,
AT denotes its transpose, vec(A) denotes the column vector
of A formed by vertically stacking the columns of A. Given
a square matrix A, Tr(A) denotes the sum of its diagonal
elements. [,, denotes an n x n identity matrix. We simply
use I when the dimension is clear for context. Given any
vector valued process {y(¢)}:>1 and any time instances {1,
to such that 7 < to, y(t1:t2) is a short hand notation for
Vec<y<tl>7 y(tl + 1), s ay(t2))'

Given random vectors z, y, and z, [E[x] denotes the mean
of z, E[z|y] denotes the conditional mean of random variable
2 given random variable y, cov(z,y) denotes the covariance
between x and y, and x 1 y|z denotes that z and y are
conditionally independent given z.

Superscript index agents and local, common, and stochastic
components of state and control. Subscripts denote components
of vectors and matrices. The notation Z(t|¢) denotes the
estimate of variable x at time ¢ conditioned on the information
available at agent ¢ at time t.

Given matrices A, B, C, Q, R, X, ¥’, and P of appropriate
dimensions, we use the following operators:

R(P,A,B,Q,R)=Q+ ATPA
— ATPB(R+ BTPB)"'BTPA,
G(P,A,B,R) = (R+ BTPB) 'BTPA.
K(P,A,C, %, %)= (APATCT 4 XCT)
(CAPCTAT + CXC + %),

and

F(P,A,C,2,Y) = APAT + ¥
— K(CAPATCT 4+ C%C 4+ ¥)KT,

where K = K(P,A,C, ¥, %).

II. MODEL AND PROBLEM FORMULATION

A. Problem formulation

Consider a decentralized control system with one major
and n minor agents that evolves in discrete time over a finite
horizon 7. We use index 0 to indicate the major agent and
use index ¢, i € N := {1,...,n}, to indicate a minor agent.
We also define Ny = {0,1,...,n} as the set of all agents.
Let 2;(t) € R% and u;(t) € R% denote the state and control
input of agent ¢ € Nj.

1) System dynamics: All agents have linear dynamics. The
dynamics of the major agent is not affected by the minor agents.
In particular, the initial state of the major agent is given by
x0(1), and for ¢ > 1, the state of the major agent evolves
according to

xo(t + 1) = Agozo(t) + Boouo(t) + wo(t), )]

where {wo(t)}1>1, wo(t) € R%, is a noise process.

In contrast, the dynamics of the minor agents are affected by
the state of the major agent. For agent ¢ € IV, the initial state
is given by x;(1), and for ¢ > 1, the state evolves according to

wi(t+1) = Agiwi (t) + Ajozo(t) + Bisui (t) + Biouo(t) +w;(t),

, 2)
where {w;(t)}+>1, w;(t) € R%, is a noise process. Further-
more, the minor agent ¢ € N generates an output y;(t) € R
given by

yi(t) = C“.’Iﬁl(t) + Ui(t) i € N, 3)

where {v;(t)}i>1, vi(t) € R%, is a noise process.

Assumption 1 We assume that all primitive random variables—
the initial states {xo(1),z1(1),...,z,(1)}, the process
noises {w;(1),...,w;(T)}ien,, and the observation noises
{v;(1),...,v;(T)}ien are independent and have zero mean
and finite variance. We use X7 to denote the variance of the
initial state x;(1), ¥ to denote the variance of the process
noise w;(t) and X¥ to denote the variance of the observation
noise v;(t).

Note that we do not assume that the primitive random variables
have a Gaussian distribution.

Let x(t) = vec(zo(t),...,x,(t)) denote the state of the
system, u(t) = vec(ug(t),...,u,(t)) denote the control
actions of all controllers, and w(t) = vec(wy(t), ..., w,(t))
denote the system disturbance. Then the dynamics (1) and (2)
can be written in vector form as

z(t+1) = Az(t) + Bu(t) + w(t), 4)
where
Ao 0 o - 0
A10 A11 0 s 0
A= Aso 0

AQO 0

A O o0



and
Boo 0 0o --- 0
By Bii 0o --- 0
B=|Bo 0 B --- 0
BnO 0 e 0 Bnn

Note that A and B are sparse block lower triangular matrices.

2) Information structure: The system has partial output
feedback: the major agent observes its own state while minor
agent ¢, © € N, observes the state of the major agent and its
own output. Thus, the information I, (t) available to the major
agent is given by

Io(t) = {wo(1:t),uo(1:t — 1)}, &)

while the information I;(t) available to minor agent i, i € N,
is given by

Li(t) == {xo(1:t), y; (1:t),up(1:t — 1), u;(1:t — 1)}, (6)

3) Admissible control strategies: Attime t, controller i € Ny
chooses control action u;(t) as a function of the information
I;(t) available to it, i.e.,

wi(t) = gi,+(Li(1)),

The function g; ; is called the control law of controller 7, ¢ € N,
at time ¢. The collection g; = (g;1,...,9:7) is called the
control strategy of controller ¢ and (go, ..., gn) is called the
control strategy of the system.

We consider two classes of control strategies. The first, which
we call general control strategies and denote by ¥, is where
gi.+ is a measurable function that maps I;(t) to wu;(t). The
second, which we call affine control strategies and denote by
94, is where g, ; is an affine function that maps I;(¢) to u;(t).

4) System performance and control objective: At time t €
{1,...,T — 1}, the system incurs a per-step cost of

i € Np.

c(x(t),u(t)) = z(t)TQz(t) + u(t)" Ru(t) (7
and at the time 7, the system incurs a terminal cost of
C(z(T)) = 2T(1)Qrz(T). ()

It is assumed that ) and @1 are positive semi-definite and R
is positive definite.
The performance of any strategy (go, . - ., 9gn) is given by
T
J(gor. - gn) = E [Z e (t), u(t)) + C((T))|

t=1

€))

where the expectation is with respect to the joint measure on
all the system variables induced by the choice of the strategy

(QOa"'vgn) S g
We are interested in the following optimization problems.

Problem 1 In the system described above, choose a general
control strategy (go,...,gn) € ¢ to minimize the total
expected cost given by (9).

The information structure of the model is partially nested [6],
but the noise is not Gaussian. So we cannot assert that there is
no loss of optimality in restricting attention to linear strategies.

In fact, our main result shows that the optimal policy of
Problem 1 is non-linear. In certain applications, it is desirable
to restrict attention to linear strategies. For that reason, we also
consider the following optimization problem.

Problem 2 In the system described above, choose an affine
strategy (9o, - -, 9n) € ¥4 to minimize the total expected cost
given by (9).

B. Roadmap of the solution approach

The rest of the paper is organized as follows. In Section III
we present several preliminary results to simplify the analysis.
These include a common-information based splitting of state
and control actions, a static reduction of the information
structure, and establishing conditional independence of the
various components of the state. We combine these results to
split the per-step cost and then use completion of squares to
rewrite the total cost as sum of three terms: the first depends
on the common component of the state and control action, the
second depends on the local component of the state and control
action, and the third depends on the stochastic component of
the state. A key feature of this decomposition is that the third
term does not depend on the choice of the control strategy. So
we can focus on the first two terms to find the optimal or the
best linear strategy.

Our next step is to use orthogonal projection to simplify the
first two terms. In Section IV, we simplify these terms using
orthogonality blueproperties of the MMSE estimate and the
estimation error; in Section V, we simplify these terms using
orthogonality properties of LLMS estimate and the estimation
error. The final expression of the total cost in both cases is
such that the optimal and best linear strategies can be identified
by inspection.

III. PRELIMINARY RESULTS
A. Common information based state and control splitting

Following [32], we split the information at each agent into
common and local information. The common information is
defined as:

I°(t) = () Li(t) = {mo(L:t), up(1:t — 1)} = Io(t).

1€ Ng

(10)

The local information is the remaining information at each
agent. Thus,

I§(t) = Io(t) \ I°(t) = 0,
IE(t) = Li(t) \ I°(t) = {y;(1:t), us(1:t — 1)}

Thus, although there is common information among the agents,
the system does not have partially history sharing information
structure [32] because the local information at agent ¢ € N is
increasing with time. Hence the approach of [27], [32] cannot
be used directly.

Instead, we combine the idea of common information with
a standard idea in linear systems and split the state and
the control actions into different components based on the

(11a)
(11b)



common information. First, we split the control action into
two components: u(t) = u®(t) + u’(t), where

a(t) = Elu(®)|I°0)],  u’(t) = u(t) — u(t).

We refer to u¢(t) and u’(t) as the common control and the
local control, respectively.

Based on the above splitting of control actions, we split
the state into three components: x(t) = x(t) + x*(t) + z°(t),

12)

where
z°(1) =0, zf(t+ 1) = Az(t) + Bu®(t), (13a)
2% (1) = 0, 2 (t+1) = Az*(t) + Bu(t), (13b)
z*(1) =z(1), x*(t+1)=Az*(t) +w(t). (13¢)

We refer to z¢(t), x‘(t), °(t) as the common, local, and
stochastic components of the state, respectively. Note that the
stochastic component is control free (i.e., does not depend on
the control actions).

Based on the above splitting of state, we split the ob-
servations of agent ¢t € N into three components as well:

yi(t) = yi(t) + i (t) + y; (1), where
y; (t) = Cizi (1), (14a)
v; (t) = Ciiai (1), (14b)
y; (1) = Ciuzi (t) + vi(t). (14c)
We refer to y$(t), y¢(t), and y;(¢) as the common, local, and

stochastic components of the observation, respectively. Note
that since z(t) is control free, so is v (t).

Lemma 1 For any strategy g € ¢ the split components of the
state and the control actions satisfy the following properties:

(P1) ug(t) = 0.
(P2) () = 0.
(P3) E[uc(t)TMu’(t)] = 0, where M is any matrix of

compatible dimensions.
(P4) E[uf(t)|I¢(t)] =0,i€ {1,...,n}.
(P5) E[uf(t)]=0,i€{1,...,n}
(P6) Elze(1)|1°(t)] = 2°(2).
The proof is presented in Appendix A.

B. Static reduction

We define the following information structure which does
not depend on the control strategy.

I5(t) = {5 (1:0)},
I (1) = {25 (1:0), y7 (1)},
We now show that the above information structure may be

viewed as the static reduction of the original information
structure [6], [33].

(15a)

i€ N. (15b)

Lemma 2 For any arbitrary but fixed strategy g € 9,
Ii(t) =1I7(t), i€ Ny,

i.e., both sets generate the same sigma-algebra or, equivalently,
they are functions of each other. Moreover, if g € 94 then I;(t)
and I?(t), i € No, are linear functions of each other.

The proof is presented in Appendix B. In the sequel, we use
Lemma 2 to replace conditioning on I;(¢) by conditioning
on I?(t) and to replace a linear function of I;(¢) by a linear
function of I?(t). As a first implication, we derive the following
additional properties of the split components of the state.

Lemma 3 For any strategy g € ¢, the split components of
the state and the control action satisfy the following additional
properties: for any i € N,

(P7) For any 7 < t, E[uf(7)|I¢(t)] = 0.

(P8) For any T < t, E[zf(T)|I¢(t)] = 0.

For any matrix M of appropriate dimensions:

(P9) E[zf(t)TMzj(t)] = 0.
(P10) E[zf(t)TMazc(t)] = 0.
(P11) E[uf(t)TMz*(t)] = 0.

The proof is presented in Appendix C.

C. Conditional independence and split of per-step cost

Lemma 4 For any strategy g € 4 and any i,j € N, i # j,
we have the following:

D (i (1:t),ui(1:2)) AL (25 (1:t), uy(1:2)) [ 19(2).

2) x3 (1t)iLx (1t)\]0()

3) (e!(1:t),ul(10) L (@ S, uf (1)) | I9(2).

The proof is presented in Appendix D.
For ease of notation, we consider the following combinations
of different components of the state:

() =at(t) (1), (1) = i(t) + 23 ().

Due to the conditional independence of Lemma 4, the per-
step cost simplifies as follows.

(16)

Lemma 5 The per-step cost simplifies as follows:

B[2(t)TQu(t)] = ]E[zc(t)Tch(t)

n

+Zz (0T Quizt (¢ fo(t)@iixf(t)} (17)

and
E[u(t)T Ru(t)] = B[u(t)TRut(t) + 3 uf(t)T Riul(1)].
1EN (18)

The proof is presented in Appendix E.

D. Completion of squares

Lemma 6 For random variables (x,u,w) such that w is zero-
mean and independent of (x,u), and given matrices A, B, R,
and S of appropriate dimensions, we have

E[uTRu + (Az + Bu+ w)7S(Az + Bu + w)]
= B[(u + Lz)TA(u + Lz)] + E[z7Sz] + E[wT Sw],

where A\ = L=A"1BTSA and S = ATSA —

LTAL.

[R+ BTSB,



Proof: Since w is zero mean and independent of (z,u):

E[(Az + Bu+ w)"S(Az + Bu + w)]
= E[(Az + Bu)"S(Az + Bu) + wT Sw).

Now we can show

uT Ru+(Az+Bu)TS(Az+Bu) = (u+Lz)TA(utLz)+2T Sz
by expanding both sides and combining the coefficients. The
proof follows by combining both the equations. ]

Let S¢(1:T) and S¢(1:T") denote the solution to the following
Riccati equations: Initialize S°(T) = Qr and S{(T) = [Qr)is>
i € N. Then, for t € {T' —1,...,1}, recursively define

Sc(t) :R(Sc(t+1)7A’B5Q7 R)? (19)
Define the gains

Le(t) = G(S°(t + 1), A, B, R), 1)

Li(t) = G(S{(t+1), Aii, Bis, Rii), i€N, (22)

=[R+ BTS°(t+1)B],
= [Rii + BJS;(t + 1)By].

Lemma 7 For any strategy g € ¢, the total cost may be split
as

J(g) = J(g) + > Jig) + J*,

iEN

(23)

where J¢(g) is given by

T-1

B3 (e

t=1

)+ L) T A W (1) + L ()=<(0)].

and J{(g), i € N, is given by

T-1

B[S (l(t) + LEO0)TAL D) (1) + L)1),

t=1

and J? is given by

{ (1)TS8°(1 +Zmz 1)TS5(1)zi(1)

+Z[ HTS(t + Dw +sz (1T St + 1)w;(t )]
+TZZ[ BT+ 1) (Auowh(t) + 2457(0))]
—TZZ NQu (i ixf(T)[QT]uxf(T)]-

Proof: We start by rewriting the total cost using the result
of Lemma 5. In particular, J(g) can be written as

T-1

E{ch

(7 Q= (1) + (1T Ruc(t) + 2°(1)TQr="(D)]
i AT Quizt0) + (0 R (1)
)T 1Qrlis=(T)]

> (07T Quai (1) — Y al(1)T(Qulul (1)].

w
Il
—
«
Il
-

The dynamics of z¢(t) and z(t) may be written as

2°(t+ 1) = Az°(t) + Bu(t) + w(t),

Z(t+1) = Auz{ (1) + Ao (t) + Biuf(t) + wi(t).
Note that w(t) is zero mean and independent of (z°(t), u°(t))
(because both z¢(t) and u°(t) depend on w(1:t — 1) which is

independent of w(t)). Similarly, w(t) is zero mean and inde-
pendent of (vec(x§(t), z£(t)), ut(t)). The result then follows

»

from recursively applying Lemma 6, (P9) and (P11). [ ]

Remark 1 The term J* is control-free and depends on only
the primitive random variables. Hence minimizing J(g) is
equivalent to minimizing J(g) + >, v J£(9)-

In the next two sections, we simplify J¢(g) + > ,cy J(9)
using orthogonality properties of MMSE/ LLMS estimates and
the corresponding estimation error.

IV. MAIN RESULTS FOR PROBLEM 1
A. Orthogonal Projection

As explained in Remark 1, minimizing J(g) is equivalent
to minimizing J¢(g) + ZleN *(g) defined in Lemma 7. To
simplify J¢(g) + Y, v Ji (9), define

£(tle) = E[°()|1°()],
2 (i) = Blz{ ()| Li(t)] — Blzf (£) Lo (t)].
Define the “estimation errors”
20() = 2°(t) — 2(tle),  Z(t) = 2 (8) — 2 (t]d).

Lemma 8 For any strategy g € ¢, the variables defined above
satisfy the following properties:

(24a)
(24b)

(C1) z¢(t) and 3:(t) are control-free and may be written just
in terms of the primitive random variables.

(C2) E[(D)|I°(t)] = 0.

For any matrix M of appmpriate dimensions:

(C3) E[z¢(t)TM2(tlc)] =
(C4) E[uc(t)TMze(t)] = 0.
(C5) B[z (t)TMZ{(t]i)] =
(C6) Eluf(t)TMZz(t)] = 0.

The proof is presented in Appendix F.



An implication of the above is the following.

Lemma 9 The per-step terms in J(g) and Jf(g) simplify as
follows:

E[(uf(t) + L°(8)2°() TA(t) (u(t) + L(8)2°(1))]
= B[(u(t) + L°(£)2(t|e)) TA"(t) (u(t) + L () (t|c))]
+B[2°()TL(8) TA(t) LA (1) 2°(t) ] (25)
and
E[(uf () + Li ()2 () TAL() (ui (1) + Li (1) (¢))]
= B[ (uj(t) + L () 2 (t10)) TAL (1) (ui (1) + Li (1) % (¢]0))]
+E [ (OTLOTAL) L ()2 (1)), (26)
Proof: Eq. (25) follows from (C2) and is equivalent to

E[u®(t)TA(t)L(t)2°(t)] = 0, 27)
E[2(t[e) ()L ()T A(t) L(£)2°(t)] = 0, (28)
which is the direct result of (C3) and (C4).
Eq. (26) is equivalent to
Blu; () TAL() L (£)2°(1)] = 0, (29)
B[} (1) TLi (1) TAL () L (1) % (t]0)] = (30)
which is a direct result of (C5) and (C6). [ |

An immediate implication of Lemma 9 is the following.

Lemma 10 For any strategy g € 9, the cost J°(t) and J!(t)
defined in Lemma 7 may be further split as

T(g) = J(g) + I, T{(g) = J{(9) + Jf,
where J¢(g) is given by
T-1
B[S (uf(8) + LEO3(1e)TA W) () + L(D)2(¢0))|.
and J¢ is given by
T-1
B[ (Lewz ) AL,
t=1
and Jt(g), i € N, is given by
T-1
B[S (uf(¢) + L@ (00)T ALl (6 + LD 1)),

and jf, i € N, is given by

!

-1

Bl ACEA IS OIAGEAC]

t=1

Remark 2 Property (C1) implies that the terms .J¢ and jf are
control-free and depend only on the primitive random variables.
Combined with Remark 1, this implies that m1n1m121ng J(g)
is equivalent to minimizing J(g) + Y ien J'(9).

Theorem 1 The optimal control strategy of Problem 1 is
unique and is given by

ut(t) = —L(t)2(t|c)
ui(t) = —Li(t) % (t]3)-

(2

(31a)
(31b)

Proof: As argued in Remark 2, minimizing J(g) is
equivalent to minimizing J¢(g) + YieN J(g). By assumption,
R is symmetric and positive definite and therefore so is R;;. It
can be shown recursively that S¢(t) and S!(t) are symmetric
and positive-semidefinite. Hence both A°(t) and Af(t) are
symmetric and positive definite. Therefore

9+ > Jg >0
iEN
with equality if and only if the strategy g is given by (31). W
The optimal control strategy in Theorem 1 is described in terms
of the common and local components of the control. We can

write it in terms of the control actions of the agents as follows.
Let

#(tle) = Elz(t) | 1°()] = Efz(t) [ Li(1)]

denote the major and ¢-th minor agent’s MMSE estimate of
the state. Eq. (16) and (24) imply the following.

and Z(t|7)

Lemma 11 The common and local information based esti-
mates 2(t|c) and #¢(t|i) are related to the major and minor
agents’ MMSE estimates as follows:

2(tle) = (tle) and  Z{(t]i) = 2(t]i) — &:(t]e).

Proof: (P8) implies that Z(t|c) = Z(t|c). Moreover, since
x5 (t) is a function of I°(t) (and, therefore, a function of I;(t)),
we have

&i(t)i) — 2i(tle) = w§(t) + Blzi(t) + 23 (t) | Li(t)]
— a§(t) = Elaf(t) +25(t) | Lo(t)]
= 25(t]i)(¢). |

Let #;(t|c) and Z;(t|i) denote the i-th element of Z(t|c) and
Z(t|i), respectively. Moreover, let f; ; denote the conditional
density of z;(t) given I;(t). Note that &;(¢|i) is the mean
of fi.

For ease of exposition, we assume that the noise variables
w;(t) and v;(t) admit a density, which we denote by ¢; and
v;, respectively. Then, we have the following.

Theorem 2 The optimal control strategy of Problem 1 is
unique and is given by

uo(t) = —L§(t)&(tc), (32a)
and for all 1 € N,
ui(t) = —L{(#)2(t]e) — Li(8)(#:(t]i) — &i(t]e)),  (32b)

where LS(t) denote the i-th row of L°(t). The major agent’s
MMSE estimate can be recursively updated as follows:

#(1]¢) = vec(z1(0),0, ..., 0) and
o(t) uo(t) wo(t)
RPN L] I T I R
Entle) e (¢e) 0
where
wo(t) = wo(t + 1) — Agozo(t) — Booto(?).



Furthermore, the i-th minor agent’s MMSE estimate is given
by

#it]i) = / wa(t) for (e )i (1) (34)

where the conditional density f; ; may be updated using the
following Bayesian filter: for any x;(t),

fia(wa(t))

5i(t)f%( )y
fﬂz f z

o(t) fi—1(zi(t — 1))dx;(t — 1)
Yo(t) fit—1(@i(t — 1))dz;(t — 1)dz;(t)

(35)
where
Bi(t) = vi(yi(t) — Ciwi(t)),
’Yo(t) = SDO (zo(t) — Aool‘o(t — 1) — Boo’ll,o(t — 1)),
Yi(t) = @i (wi(t) — Agizi(t — 1) — Ajozo(t — 1)

— Biiui(t — 1) — Biouo(t — 1)),

Proof: The structure of optimal policies follows from
Lemma 11 and Theorem 1.

We establish the update of the major agent’s MMSE estimate
in two steps. First note that

Zo(t+ 1lc) = E[zo

because zo(t + 1) is part of I¢(¢t + 1). This proves the zeroth
component of (33). Next, for any 7 € N,

t+ DI+ 1) =20t +1)  (36)

Zi(t+ 1e) = Elz; (t + 1| I°(t + 1))
@ E[Ajoxo(t) + Biouo(t) + Agixi(t) + Biu ()| 1°(t + 1)]

© Asowo(t) + Biouo(t) + E[Ayas(t) + Buyui(t)[I°(1)]

where (a) is because wj;(t) is zero mean and independent of
I¢(t + 1) and (b) follows from the following:
e x0(t) and wug(t) are part of I¢(¢ + 1) so can be taken out
of the expectation,
o I°(t+1) is equivalent to (I°(¢), uo(t), zo(t + 1)) which,
in turn, is equivalent to (1€(¢),uo(t), wo(t)). Now,

E[Aixi(t) + Biiwi()[1°(t), uo(t), wo(t)]
= E[Aul’z(t) + Biiui(t)\lc(t)]

because u((t) can be removed from the conditioning since

it is a function of I°(¢) and wy(t) can be removed from

the conditioning because it is independent of z;(¢) and
This proves the i-th component of (33).

Finally, we consider the update of the conditional density.
With a slight abuse of notation, we use P(y;(t)|z;(t)) to
denote the conditional density of y;(t) given x;(¢) and similar
interpretations hold for other terms. Consider

fi(zi(t)) = P(x;(t)|1;(2))
- / P(as(t), 24(t — DL drilt — 1) (38)

Substituting I;(t) = (I;(t—1),y:(¢), zo(t), u;(t—1), up(t—1))
in (38) and using Bayes rule, we get that f; ,(z;(t)) is equal
to

JP(yi(t), zi(t), wo(t), it — 1), uo(t — 1)|L;(t))dai(t — 1)

JIPCyi(t), i(t), xo (), it — 1), uo(t — 1)
|1;(t))dai (t — 1)da (t)

(39)
Now consider

P(yi(t), (), zo(t), ui(t — 1), uo(t — 1)|1i(2))
= P(yi(t)|x:(1))
X P(a;(t)|xo(t — 1), 2;(t — 1), ug(t — 1), u;(t — 1))
x P(2o(t)|zo(t — 1), uo(t — 1))
X Wui(t —1) = gip—1(Li(E— 1))}
x L{uo(t — 1) = gi,e—1(Lo(t — 1))}
x P(a;(t — )| (t— 1)) (40)
Substitute (40) in (39); cancel the indicator terms
(T{u;(t —1)=---} and 1{up(t — 1) = --- }) from both the

numerator and denominator. This gives the update equation (35).
|

B. Implementation of the optimal control strategy

Based on Theorem 2, the optimal control strategy can be
implemented as follows.

1) Computation of the gains: Before the system starts
running, the agents perform the following computations:

o All agents solve the Riccati equation (19) and compute
the gains L¢(t) using (21). The major agent stores the
row L§(t) while minor agent ¢ stores the row L$(t). For
ease of reference, we repeat the equations here:

Se(t) =R(S°(t+1), A, B,Q, R),
L°(t) = G(S°(t + 1), A, B, R).

Note that these are global equations which depend on the
dynamics and the cost of the complete system.

e Minor agent ¢ solves the Riccati equation (20) and
computes and stores the gains Lf(t) using (22). For ease
of reference, we repeat them here:

Si(t) = R(S;(t + 1), Aii, Bis, Qii, Ris),

Li(t) = G(S;(t + 1), Ais, Bis, Ria)-
Note that these are local equations which depend on the
local dynamics and the cost of the minor agent <.

2) Filtering and tracking of different components of the
state: Once the system is running, the agents keep track of
the following components of the state and their estimates:

o All agents keep track of the major agent’s MMSE
estimate using (33), which we repeat here: Z(1l|c) =

vec(z1(0),0,...,0) and
(1) uo(t) wo(t)
St 4 1]6) = Z1(t|c) u§ (t|c) N 0
En(tle) u (tle) 0



o Agent i keeps track of the density f; ; of x;(t) given I7(?)
using the Bayesian filter (35) and computes the mean
Z;(t]?) of this density. Note that the Bayesian filter (35)
does not depend on the control strategy.

3) Implementation of the control strategies:
agents choose the control actions as follows:

Finally, the

o The major agent chooses ug(t) using (32a), which we
repeat below:
ug(t) = ug(t) = —Lg(t)2(t|c).
o The minor agent chooses u;(t) using (32b), which we
repeat below:

ui(t) = ui(t) + ui(t)

Z(
= —L{(t)&(tle) — Li(t)(&:(t]i) — 2i(t]c)).

C. The special case of state feedback

Consider the special case of the model when each minor
agent observes its state perfectly. This corresponds to Cj; = I
and v;(¢t) = 0. The information structure remains the same
as before. In this case, the result of Theorem 2 simplifies as
follows. The optimal control action of the major agent is

uo(t) = Lg(t)z(tle), (41)
and that of the ¢-th minor agent, ¢ € N, is
ui(t) = Li(0)a(tle) + Li(t)(x:(t) — :(tc)),  (42)

where #(t|c) = E[z(t)|Io(t)]. A similar result for only one
minor agent was derived in [17].
The following remarks are in order:

o The major agent observes its local state and the minor
agents observer their local state and the state of the major
agent. Nonetheless, the optimal control strategy involves
the major agent’s MMSE estimate of the global state.

o As argued before, the major agent’s MMSE estimate of
the state of the system evolves according to a linear filter.
Therefore, the optimal control action is a linear function
of the data.

o In light of the above result, we may view the optimal
solution for partial output feedback as a certainty equiv-
alence solution. In particular, the optimal strategy (32b)
of the minor agent in partial output feedback is the same
as the optimal strategy in state feedback where the state
x;(t) is replaced by the MMSE estimate of the state.

V. MAIN RESULTS FOR PROBLEM 2

The main idea of this section is same as that of Section IV;
however instead of defining 2(|c) and #¢(t[i) in terms of
expectation (which can be nonlinear), we define them in terms
of Hilbert space projections which are linear. We first start
with an overview of basic results for Hilbert space projections.

A. Preliminaries of Hilbert space projections

Given zero mean random variables z and y defined on a
common probability space we use L[z | y| to denote the LLMS
(least linear mean square) estimate of x given y. A standard
result in least square filtering [4, Theorem 3.2.1] is that the
LLMS estimate is the projection of x on the Hilbert space Y,
which is given by

Llz |y] = Ky, where K = cov(x,y)var(y)~*. (43)

When z and y are jointly Gaussian the LLMS estimate L[z | ]
is equal to the MMSE estimate IE[x | y] but, in general, they are
different. Let Y denote the span of y. Immediate implication
of (43) is that for any z € Y,

E[(z — L[z | y])2"] =0 and E[(x — L[z | y])T2] = 0. (44)

Therefore, one can think of IL[z|y] as the projection of z into
Y = span{y}. For this reason, it is convenient to write IL[z|y]
as LL[z|Y]. For any arbitrary but fixed strategy g € ¥4 and
any agent ¢ € Ny, define H;(t) = span{l;(¢)} and H:(t) =
span{I(t)}. Let H;(t) denote the orthogonal component of
H;(t) with respect to Ho(t) and H?(t) denote the orthogonal
component of H?(t) with respect to H(t). Thus,

H;(t) = Ho(t) ® Hi(t) and H(t) = Hi(t) ® H:(t).

Hence, for any random variable v,
Llv | Hi(t)] = L[v | Ho(t)] + Llv | H;(t)].

and similar interpretations holds for projections on H?(t).

Now, define Wy (t) = span{xzo(1), wo(1:t—1)}, and, for any
minor agent i € N, W;(t) = span{x;(1), w;(1:t —1),v;(1:t)}.
An immediate implication of Lemma 2 is the following.

Lemma 12 For any g € 94 and i € No, H;(t) = H?(t),
therefore, H;(t) = H$(t). Furthermore, for all t and i € N,

(45)

1) Ho(t) = Hg(t) = Wo(t).
2) Hi(t) = H;(t) € Wo(t) & Wi(?).
3) Hi(t) = Hi(t) C Wi(t).

Proof: By construction, z§(t) € Wy(t) and, it is easy
to show that wo(t — 1) € H*(t). Hence, H{(t) = Wy(t).
Similarly, by construction, y{(t) € Wy(t) & W;(t). Hence,
H:(t) C Wy(t) @ W;(t). Finally, consider any vector b; €
H(t). Then b; € W (t) as each elements of H? is a specific
linear function of W;(t) due to linear dynamics of the system.

|

Theorem 3 For any strategy g € G4,
ut(t) = Elui(t) | 1°()] € Hp (D),
uf () = u;(t) — us(t) € H ().
Proof: For any strategy g € 9, u;(t) € Hi(t) = H(t) =
H ()@ H(t ). Hence there exist unique vectors a;(t) € H(t)

and b;(t) € H(t), such that u;(t) = a;(t) + b;(t).
We have

Elus(t) | 19(£)] £

Ela;(t) + bi(t) [ I°(1)]



where (a) uses the unique orthogonal decomposition wu;(t) =
a;(t) + b;(t), (b) uses E[b;(t) | I°(t)] = 0 from Lemma 12,
Part 3, and (c) uses Ela;(t) | I°(t)] = a;(t) from Lemma 12,
Part 2. Hence, u(t) = a;(t) € H(t). Moreover, uf(t) =

u(t) — u(t) = u(t) — ai(t) = bi(t) € H3 (1). n

Lemma 13 For any g € 94, we have the following:

(S1) For any T < t, u®(t) € Ho(7) C Hp(t).

(S2) For any T <t, z°(7) € Hy(t).

(S3) For any 7 < t, z(7) € Hy(t).
Proof: Using (13) we have,

(S1) From the results of Theorem 3, for any 7 < ¢, u®(7) €
Hy(7) where Hy(7) C Ho(t).

(S2) For any 7 < t, by construction 2¢(7) is a linear function of
u®(1:7 — 1). Hence by (S1) °(1) € Ho(T — 1) C Hy(¢).

(S3) For any 7 < t, by construction x¢(7) is a linear function

of u!(1:7 — 1). Hence it belongs to H;(t) by Theorem 3.

B. Orthogonal projection

We use the same notation as in Section IV with the
understanding that the terms are defined differently. We do not
use any result from Section IV here, so the overlap of notation
should not cause any confusion.

As explained in Remark 1, minimizing J(g) is equivalent
to minimizing J¢(g) + >, x J{(g) defined in Lemma 7. To
simplify J°(g) + Y_,cn Jf(g), define

A(tle) = L[z°(t)| Ho(t)], (46)

Z(t]i) = Llz{ ()| Hi(t)] = Lz (1) Ho(t)]. (47
Equation (45) and (47) imply that

2 (t]) = Llz{ ()| Hi(1)]. (48)

Define the estimation errors

2(t) = 2°(t) — 2(tle),  Z(t) = 2 (t) — £(t]i)-

3

Lemma 14 For any strategy g € G4 the properties (C1) and
(C3)—(C6) hold for 2(t|c), 2¢(t|i), 2°(t), and Z:(t) defined
above.

The proof is presented in Appendix G. An implication of the
above is the following.

Lemma 15 For any strategy g € 94, the results of Lemma 9,
holds with 2(t|c) and #¢(t|i) defined by (46) and (47).

Proof: As mentioned in the proof of Lemma 9, (25)
follows from (C3) and (C4) and is equivalent to (27) and (28).
Eq. (26) follows from (CS) and (C6) and is equivalent to (29)
and (30). [ |
An immediate implication of Lemma 15 is the following.

Lemma 16 For any strategy g € Ga, the results of Lemma 10
holds with 2(t|c) and 3¢(t|i) defined by (46) and (47).

Remark 3 The terms .J¢ and J¢ are control-free and depend
only on the primitive random variables. Combined with
Remark 1, this implies that minimizing J(g) is equivalent
to minimizing J¢(g) + D ieN Ji(g).

C. Main results
Theorem 4 The optimal control strategy of Problem 2 is
unique and is given by

u®(t) = —=L°(t)2(t|c)
ug (t) = —Li(t)% (¢]0)-

7

(49a)
(49b)

Proof: The proof relies on symmetric property and positive
definiteness of both A¢(¢) and A%(¢) and is same as that of
Theorem 1. [ ]
Now let

#(tle) = Llx(t) | I°()] and  &(t]i) = Lle(t) | L(1)]

denote the major and the i-th minor agent’s LLMS estimate
of the state. Let &;(t|c) and Z;(¢|¢) denote the i-th element of
Z(t|c) and 2(t|¢), respectively. Eq. (16), (46), and (47) imply
the following.

Lemma 17 The common and local information based esti-
mates 2(t|c) and Z¢(t]i) are related to the major and minor
agents’ LLMS estimates as follows:

A(tle) = @(tle) and EL(t]i) = di(t]i) — 2:(t]c).

Proof: First observe that (P8) implies 2 (t|c) = 2(t|c) €
Hy(t). Now consider that

where (a) follows from (S2) and (b) uses (45). [ |

Theorem 5 The optimal control strategy of Problem 2 is
unique and is given by

ug(t) = —L§(t)Z(t]c), (50a)
and for all 1 € N,
ui(t) = —L{(#)2(t]e) — Li(8)(#:(t]i) — &i(t]c)),  (50b)

where LS(t) denote the i-th row of L¢(t). The major agent’s
LLMS estimate follow the same recursive update rule (33) as
the major agent’s MMSE estimate. Furthermore, the i-th minor
agent’s LLMS estimate is given as follows: ;(t|0) = 0 and
fort > 1:

f?i(tli) = Aiii'i(t - 1|Z) + Aiomo(f — 1)
+ Bijui(t — 1) + Biouo(t — 1) + Ki(t)7:(t), (51)
where
Cii (Aio.ro(t — 1) + Aiii‘i(t — lll)
+ Biouo(t — 1) + B”ul(t — 1))

gi(t) = yi(t) —

and K;(t) is computed by the following standard recursive
least square equations: K;(1) =0, and for t > 1,

Ki(t) = K(Pi(t — 1), Ay, Cyi, 3, 7). (52)



Finally in the above equation, P;(t) = var(xz;(t) —&;(t]i)) and
can be recursively updated as follows. P;(1) = X%, and for
t>1,

Pi(t) = F(P;(t — 1), Ay, Cii, ¥, X7,

Proof: The structure of optimal policies for the major
agent follows from Lemma 17 and Theorem 4.

The update of the major agent’s MMSE estimate in Theo-
rem 2 is linear. Hence, the major agent’s LLMS estimate is
same as the MMSE estimate and follows the same recursive
equations.

To prove the update of the i-th agent’s LLMS estimate,
we split the state of agent ¢ into two components: x;(t) =
2 (t) + z (t), where

l‘f (t + 1) = A”l‘zg (t) + Aioxo(t) + Biiui (t) + Biouo(t),
P (t+1) = Azl (t) + w;i(t).
Based on this splitting of state, we split the observation of agent

i € N into two components as follows: y;(t) = v () + y¥ (¢),
where

yl (t) = Cyuzi(t), and y(t) = Ciuz(t) + vi(t).

Observe that z}’(t) and y}’(¢) do not depend on the control
actions at agent ¢ € N. Now we have

&4(1]i) = Lz (OI1(6)] 2 2f(8) + L (6)| L, (1))

D 29(8) + Lz ()2 (1:1), 5 (1:0)]
D2 (t) + Ll (0)]y (1:8)],

where (a) follows from the state split to x7(¢) and z}(t),
(b) follows from static reduction argument similar to the one
presented in Lemma 2, and (c) follows from Assumption 1.

Let us define Z}(¢t|i) = Lz¥(¢)|y¥(1:t)]. Observe that
2% (t|7) can be recursively updated using the standard LLMS
updates [4] as follows

TP (t) = Aud (t — 1]3) + K;(¢)

—~
=

(53)

ui’(t), (54)

where
gi' (t) = y;"(t) — Cia A (t — 1]d)
and K;(t) is given by (52) where P;(t) = var(az¥(t) —
W (t7)) = var(z,;(t) — ;(t|¢)), which follows from (53). Note
that (53) also implies that
gi'(t) = yi(t) — v (t) — Ciz Ay (t — 1]4)
= i(t)
where we use the dynamics of z7(¢) and (53) to simplify the
last step.
Finally, to show the recursive form of #;(¢|¢), substitute (54)
in (53), to get
i(tli) = 2] (t) + 27 (t]i)
= A”xf(t — 1) + Aioxo(t — 1) + B,‘iui(t — 1)
+ Biguo(t — 1) + Az’ (t — 1]i) + Ki()g;" ()
+ Biouo(t — 1) + Ki(t)g;" (¢).

(55)

The result then follows from substituting (55) in the above
equation. [ |

Remark 4 The best linear strategies derived in Theorem 5
have a similar structure to the best linear strategies derived
in [19] using spectral factorization techniques for a model with
only one minor agent and stable A.

D. Implementation of the optimal control strategy

Remarkably, the implementation of the best linear control
strategy is exactly same as that of the optimal strategy with
one difference: the minor agents use a recursive least squares
filter instead of a Bayesian filter to update the estimate &;(¢|7).
The rest of the implementation is the same as described in
Sec. IV-B.

VI. DISCUSSION AND CONCLUSION

We consider a decentralized linear quadratic system with a
major agent and a collection of minor agents with a partially
nested information structure and partial output feedback. The
key feature of our model is that we do not assume that the noise
has a Gaussian distribution. Therefore, the optimal strategy is
not necessarily linear. Nonetheless, we show that the optimal
strategy has an elegant structure and the following salient
features:

o The common component u¢(¢) of the control actions is a
linear function of the major agent’s MMSE estimate Z(|c)
of the system state. The MMSE estimate Z(t|c) can
be updated using a linear filter and the corresponding
gains L¢(t) are computed from the solution of a “global”
Riccati equation.

o The local component u(t) of the control action at minor
agent ¢ is a linear function of offset between the minor
agent’s MMSE estimate #;(¢|¢) of the minor agent’s state
and the major agent’s estimate Z;(¢|c) of the minor agent’s
state. The corresponding gains Lf(t) are computed from
the solution of a “local” Riccati equation.

o The minor agent’s MMSE estimate &;(t|¢) is, in general,
a non-linear function of the data I;(t). Thus, the optimal
strategy of the minor agent is a non-linear function of
its data. Nonetheless, the update (35) of the conditional
density does not depend on the control strategy. Thus,
there is a two-way separation between estimation and
control.

Interestingly, the optimal strategy is closely related to the
best linear strategy. The best linear strategy has the following
salient features:

o Since the major agents” MMSE estimate Z(t|c) is a linear
function of the data, the major agent’s LLMS estimate is
the same as the MMSE estimate. Therefore, the common
component u¢(t) of the control actions remains the same
as the optimal controller.

o The minor agent’s LLMS estimate Z;(t|¢) is updated
according to the recursive least squares filter rather than
the Bayesian filter used for updating MMSE estimates.

e Therefore, the structure of the best linear controller is
the same as the structure of the optimal control with the



exception that the minor agent’s MMSE estimate of its
local state are replaced by its LLMS estimates!

In light of the results presented in this paper, a natural
question is whether these salient features are specific to the
model presented in this paper or they continued to hold for
more general models with delayed sharing of information and
coupling between minor agents as well. We hope to be able to
address these questions in the future.

APPENDIX A
PROOF OF LEMMA 1
We prove each property separately.
(P1) wp(t) is a function of I(¢) which, by (10), equals I°(¢).
Thus, u§(t) = u(t) and hence u}(t) = 0.
This follows from (P1) and the fact that A and B matrices
are block lower triangular.

(P2)

(P3) This follows from the orthogonality principle of mean-

squared estimation (the mean-squared estimate is orthog-
onal to the error).

(P4)
(P5)

This follows from the definition of u(t).

This follows from (P4) and the smoothing property of
conditional expectation.

(P6) By construction, z¢(t) is a function of u¢(1:t—1), which,

by definition, is a function of I¢(t).

APPENDIX B
PROOF OF LEMMA 2

For notational convenience, we use S4 <~ Sp to denote that
set S4 is a function of set Sp. Note that the relation « is
transitive.

We consider the cases i = 0 and ¢ # 0 separately. For both
cases, we will show that I;(t) « I?(t) and IF(t) « I; ().

For 7 = 0, first note that (P2) implies

xo(t) = x5(t) + zg(2).

By construction u§(t) < ug(1:t — 1) C Io(t). Thus, x§(t) =
xo(t) — x§(t), both of which are functions of Iy(t). Hence,
I5(t) e Io(t).

We prove the reverse implication by induction. Note that
x0(1) = 2§(1). Thus, Iy(1) « I(1). This forms the basis of
induction. Now assume that Iy(t) « I3(t) and consider Io(t +
1) = {Io(t),zo(t+1),uo(t)}. Since ug(t) « Ip(t) and, by the
induction hypothesis, Io(t) « I§(t), we have ug(t) « I5(1).
Moreover, by (56), 2¢(t) = x(t) —z{(t) and, therefore, by the
induction hypothesis, x°(t) « I§(t). Since both ug(t) « I§(t)
and z°(t) « I5(t), we have x§(t + 1) « I§(t) and hence
x§(t+1) e~ In(s). By (56), zo(t+1) = a§(t+ 1)+ z5(t+1).
Hence xo(t + 1) « I5(t + 1). Thus, we have shown that each
components of Io(t+1) = {Iy(t), zo(t+1),uo(t)} e I§(t+1).
Thus, by induction, Io(t) «~ I5(t).

We have thus shown that I§(t) « Io(t) and Io(t) « I5(t).
This proves that Io(s) = I§(t).

Now consider i # 0. By construction, z$(t) + x¢(t) «
{uo(1:t = 1), us(1:t — 1)} C I;(t). Thus, y§(t) +y¢(t) «~ Li(t)
and, hence y3(t) = yi(t) — y$(t) — yi(t) is a function of

(56)

I;(t). We have already shown that z{(1:t) « zo(1:t). Thus,
13(t) ~ Li(t)

We prove the reverse implication by induction. Note that
y£(1) = yf(1) = 0. Thus, y;(1) = y(1) and, as shown before
x0(1) = z§(1). Thus, I;(1) « If(1). This forms the basis of
induction. Now assume that I;(t) «~ I7(t) and consider I;(t +
1) = {Li(t), zo(t+1),uo(t), yi(t+1), u;(t)}. We have already
shwon that (¢ 4+ 1) and ug(¢) are functions of I§(t + 1) C
I?(t 4+ 1). For u;(t), observe that u;(t) « I;(¢) and therefore,
by the induction hypothesis , u;(t) < I7(t). As was the case
for i = 0, we can argue that z$(t + 1) + 2f(t + 1) « I5(t)
and therefore y(t + 1) 4+ y£(t + 1) « I$(t). Thus, from (14),
yi(t + 1) e I#(t + 1). Thus, by induction I;(t) « If(1).

We have thus shown that I7(t) « I;(t) and I;(t) « IZ(2).
This proves that I;(s) = IF (t).

Finally, if g € ¥4, all the relationships « in the above
argument are linear functions. Thus, [;(¢) and I7(¢) are linear
functions of each other.

APPENDIX C
PROOF OF LEMMA 3
We prove each property separately.

(P7) For 7 = t, the result is same as (P4). Now consider
7 < t. Recall that I¢(t) = Iy(t). Thus, by Lemma 2,

Euf (6)|1°(t)] = Elu; (t) |15 (¢)]-
Now observe that,

I;(t) = {x3(1:t)} = {z5(1:7), wo(r:t — 1)}
= {I§(7),wo(r:t — 1)}.

Thus,
B[l (r)|I(1)] = Blu (7)1 (r), wo(r:t — 1)]
Y Bt (1)1 (1)] Y Bl (L) Lo,

7

where (a) holds because u§(7) is independent of future

noise wo(7:t — 1), (b) uses Lemma 2, and (c) follows
from (P4).

(P8) Combining (13b) and (P1), we get

T—1

zi(r) = Z A% Bl (T — o).

o=1
Hence, the result follows from (P7).

(P9) By the smoothing property of conditional expectation,

we have

E[(27 (1) M (t)] = E[E[(2} (1)) Mg (t)| 15 (1)]
@ B[B{(!(0)7I15 (1)) Mat (0)]
@,

where (a) follows because x§(t) is part of I§(¢) and (b)

follows from Lemma 2 and (PS8).



(P10) By the smoothing property of conditional expectation,
we have

E[(2; ()T Ma*(t)] = B[E[(x](£))T Ma“ (1) I°(t)]]

W B [E[(2!(£)T1I°(t)] Ma®(¢)]

where (a) follows because z°(t) is a function of I¢(t)
and (b) follows from (P8).

(P11) By the smoothing property of conditional expectation,

we have

B[ (ug (1)) T Mg ()] = B[B[(u; (1)) T Mg ()| 1°(1)]]

(@) c s

= E[B[(u (t))TI°(t)] Maj(t)]
@,

where (a) follows because z{(¢) is in I§(¢) and therefore
a function of 7¢(¢) and (b) follows from (P4).

APPENDIX D
PROOF OF LEMMA 4

We prove each part separately.

1) For ease of representation, we assume that the distri-
butions of the noise variables w;(t) and v;(¢) admit a
density, which we denote by ¢; and v;, respectively.
We also assume that the joint distribution of the system
variables x(1:t), y(1:t), w(1:t) admits a density which
we denote by f. For any strategy ¢ and realization x(1:t),

y(1:t), u(1:t), define:
a;i(t) = T{u;(t) = i (Ii(t)}, i€ No,
Bi(t) = vi(yi(t) — Ciizi(t)), i€ N.
Y0(t) = @o(wo(t) — Aowo(t — 1) — Boouo(t — 1)),
Yi(t) = @i (2 (t) — Ayzi(t — 1) — Ajowo(t — 1)
— Bju;(t — 1) — Biouo(t — 1)), i€ N,
Then, by the law of total probability, we have
f(a(1:t),y(1:t), u(1:t))
= [T [IT estmtrnan]ao(rho(r). - 7
r=1 ieN

Marginalizing over y(1:t) and observing that only a;(7)
depends on y;(7), we have

f@ (l't) u(l:t)) =
HHw )| [ astmisirianun] Hao o(r

Furthermore, by the law of total probability, we have

Flwo(1:t),uo(1:t)) = T] ao()r0(r). (59
T=1

Dividing (58) by (59), we get

f({zi(1:t), Ui(l't)}ieN | wo(1:t), ug(1:1))

=11 H% [/ )Bi(r)dyi (1:1) | (60)

€N T=1

Marginalizing (60) over all j # i, we get
f@i(Let), ui(L:t) | o(1:t), uo(1:1))

lj )] [ astrprdnin)]. o1

The result follows from (60) and (61).

2) We prove this by induction. For ¢t = 1, 25(1) = z;(1)
and I5(1) = {z5(1)} = {x0(1)}. By Assumption 1,
z;(1) L x;(1) L 2¢(1). Thus, z7(1) L z35(1) | z5(1).
This forms the basis of induction. Now assume that
xj(1:t) 1L x5(1:t) | I5(t). From the dynamics (13c), we
have

;Cf(t + 1) = Aiil‘f(t) + Aiol‘g(t) +w;(t), i€ N.
By Assumption 1, wo(t) AL w;(t) AL w;(t). This,
combined with the induction hypothesis implies that
oi(Lit +1) 1L 25(1:t + 1) | I5(t + 1). Hence, the result
holds by induction.

3) Recall that xf(t) = 2;(t) — 25(t) — 25(t) and uf(t) =
u;(t) — uf(t). Since x5(t) and uf(t) are functions of
I¢(t), the result follows from the result of the previous
two parts.

APPENDIX E
PROOF OF LEMMA 5

First consider (17). Since z(t) = 2°(t) + z*(t), we have
E[2(t)TQa(t)] = B[=°(1)7Q="(t) + «'(1)7Qa" (1)

+22¢ (t)Tch(t)} . (62)
Now from (P2) and Lemma 4 we have
Elz‘(t)TQx" ()] = Y Elz{(t)TQuzt(t).  (63)
iEN
From (P10), we have
E[z*(t)TQ=°(t)] = Elz*(t )TQIS(tH
=Y B ®)TQuzi(1)],  (64)

1€EN
where the last equality follows from (P2), (P9), and Lemma 4.
Substituting (63) and (64) in (62) and completing the squares,
we get (17).
Now consider (18). From (P3), we get

E[u(t)TRu(t)] = Blu(t)TRu’(t) + u‘()TRu‘(t)]. (65)
From (P1) and Lemma 4, we get
Efu(t)TRu (t)] = Y Eluf(t)T Riuf(t)].  (66)

i€EN
Substituting (66) in (65), we get (18).



APPENDIX F
PROOF OF LEMMA 8

We prove each property separately.

(ChH

(C2)

(C3)

(C4)

(C5)

For z¢(t), observe that

2(tle) = Blz®()+a° () 1°(1)] = «°(t)+ B> (£)[ 5 (1)]-

where the second equality uses (P6) and Lemma 2. Thus,
26(t) = 25(t) — 2(tle) = 2°(t) — Bz (1) 15 (1)),

which is control-free and depends only on the primitive
random variables.
For Z{(t), observe that

% (i) = Blz; ()| Li(t )] E[z; (t)|1o(t)]
@i (1) + Bz () L(1)]
= Blzi(6)|1o(t)] - Elz} ()| 1o(?)]

@t (8) + Bl (1) 13 ()] - Bla

where (a) uses Lemma 2 and (P8). Thus,
Z () = 2 (1) — £(t]0)
= 27 () = B3 (6)| 17 (6)] + Bl (0) 15 ()],

which is control-free and depends only on the primitive
random variables.

(D115 ()],

Observe that (CD)

E[z¢()[1°(t)] Z(tle)[e(#)] = 0.

This follows immediately from the fact that error of a
mean-squared estimator is orthogonal to the estimate.

= E[z°(t) —

Using the smoothing property we have,
Eluc(t) Mz°(t)] = E[E[u®(t)M2°(t)[1°(t)]
(@ o ®)

Elu® () ME[Z“()[I°(1)] = 0.
where (a) uses the fact that «°(¢) is measurable with
respect to the common information and (b) uses (C2).
For ease of notation, define

di(t) = E[={ ()| L:(1)],
da(t) = B[ (t)|To(1)],

So, we can write

2Ht) = di(t) + dy(t)
2 (t)i) = dy(t)

— da(t), (C3)
Z(t) = 2{(t) — di(t) + da(t) = di (t) + da(t).
From the orthogonality principle, d1(t) L di(¢) and (€4

d2( ) L do(t). Since Io(t) is a subset of I;(t), dy(t) L
da(t). Then we have

3 R . A (CS5)
E[(Z/(t)) T2 (t]6)] = B[(d1(t) + d2(t))T(d1(t) — da(t))]
:E@ww@@—}@n (C6)
= E[d2(t)T(d2(t) — di(1))]
—0. (67)

(C6) Recall the definitions of dl( ) and da(t) from the proof

of (C5). Since Z(t) = di (t) + da(t), we have

g ()T ME (t)] = Bluf (8)TMd, () +E[uf (1) T Mds(1)).
Now, we show that both terms are zero. Consider
HOBO) FOTMd(t) | 1(1)]
{OTME[ () | L(1)]]

B — B

Efu = E[E[u
Elu

where (a) follows because u(t) is a function of I;(t) and
(b) follows from the definition of d;(¢). Now consider

BEluj (t)TMdy ()] = E[E[uf (1) TMdy(t) | Io(t)]
i ()T | Lo(t)] Mda(t)]

where (c) follows from the definition of dy(t) and (d)
follows from (P4).

APPENDIX G
PROOF OF LEMMA 14

We prove each property separately.

For 2¢(t), observe that
2(tle) = Llz®(t)+=° ()| Ho(t)] = °(t)[Hg (1))

where the second equality uses (S2) and Remark 12.
Thus,

26(t) = 2°() — 2(tle) = () — L[z ()| Hg ()],

which is control-free and depends only on the primitive
random variables.
For #¢(t), observe that

z°(t)+L[z

—L 2 (t)lﬁz(t)]

— L[zf(t) +

:xxo—mu(ﬂﬁﬁﬂ
L[} (t)|H (1),

where (a) uses (S3) and (b) uses Remark 12. Thus, z{(t)
is control-free and depends only on the primitive random
variables.

i (8)| Hi(t)]

By definition, M 2(t|c) is a linear function of I°(t).
Hence, E[Z(£)7 ME(t]o)] = 0 by (44)

MTuc(t) is a linear function of u¢(¢) and hence by (S1)
belongs to Hy(¢). Hence, E[2¢(¢t)T M Tu(t)] = 0 by (44).
Therefore E[u®(t)TMz°(t )] =0.

Again by definition, M2{(t|i) is a linear function of
I;(t). Hence, E[2! ()TM%(H )] =0 by (44).

MTub(t) is a linear function of u{(¢) which belongs to
H;(t) by Theorem 3, and hence is a linear function of
I;(t). Therefore B[z{(t)TMTul(t)] = 0 by (44) which
results in E[uf(t)TMZz¢(t)] = 0.
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