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Abstract—Motivated by estimation problems arising in au-
tonomous vehicles and decentralized control of unmanned aerial
vehicles, we consider multi-agent estimation and filtering problems
in which multiple agents generate state estimates based on decen-
tralized information and the objective is to minimize a coupled
mean-squared error which we call team mean-square error. We
call the resulting estimates as minimum team mean-squared error
(MTMSE) estimates. We show that MTMSE estimates are different
from minimum mean-squared error (MMSE) estimates. We derive
closed-form expressions for MTMSE estimates, which are linear
function of the observations where the corresponding gain depends
on the weight matrix that couples the estimation error. We then
consider a filtering problem where a linear stochastic process is
monitored by multiple agents which can share their observations
(with delay) over a communication graph. We derive expressions
to recursively compute the MTMSE estimates. To illustrate the
effectiveness of the proposed scheme we consider an example of
estimating the distances between vehicles in a platoon and show
that MTMSE estimates significantly outperform MMSE estimates
and consensus Kalman filtering estimates.

Index Terms—Least mean square error methods, estimation,
multi-agent systems, networked control systems, decentralized
control.

I. INTRODUCTION

EMERGING applications in autonomous vehicles and de-
centralized control of UAVs (unmanned aerial vehicles)

give rise to estimation problems where multiple agents use local
measurements to estimate the state of the shared environment in
which they are operating and then use these estimates to act in the
environment. In the resulting decentralized estimation problems,
the objective is to minimize the weighted mean-square error
between the true state and the decentralized estimates generated
by all agents. We call such a coupled mean-square error as team
mean-squared error and the resulting estimates as minimum
team mean-squared error (MTMSE) estimates.

For example, consider a platoon of self-driving vehicles where
the estimation objective is to ensure that the position estimates
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of each vehicle are close to the true position of the vehicle and,
at the same time, the difference between the position estimates
of adjacent vehicles are close to the true difference between the
positions. Or consider a fleet of UAVs (unmanned aerial vehi-
cles) where the estimation objective is to ensure that the position
estimates of each UAV are close to the true position of the UAV
and, at the same time, the centroid of the estimates of all UAVs
is close to the true centroid of their positions. A salient feature
of these examples is that there are multiple agents who generate
state estimates based on different information and the objective
is to minimize a weighted mean-squared error between the true
state and the decentralized estimates generated by all agents.

We first start with a simple example to illustrate that MTMSE
estimates are different from the standard MMSE (minimum
mean-squared error) estimates. Consider a system with two
agents, indexed by i ∈ {1, 2}, which observe the state of nature
x ∼ N (0, 1) with noise. In particular, the measurement yi ∈ R

of agent i is

yi = x+ vi, vi ∼ N (0, σ2),

where x, v1, and v2 are independent.
Agent i ∈ {1, 2}generates an estimate ẑi = gi(yi) ∈ Rbased

on its local measurements, where (g1, g2) is any arbitrary esti-
mation strategy. The objective is to ensure that ẑi is close to x
and at the same time the average (ẑ1 + ẑ2)/2 of the estimates is
close to x. Thus, the estimation error J(g1, g2) of the estimation
strategy (g1, g2) is given by

E[(x− ẑ1)
2 + (x− ẑ2)

2] + λE

[(
x− ẑ1 + ẑ2

2

)2
]

= E

⎡
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4
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4
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][
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x− ẑ2

]⎤⎦ , (1)

where λ ∈ R>0. Naively choosing ẑi as the MMSE estimate of
x given yi, i.e., choosing

ẑi = gmmse
i (yi) := E[x | yi] = 1

1 + σ2
yi,

gives an estimation error of

Jmmse=J(gmmse
1 , gmmse

2 ) = 2
( σ2

1 + σ2

)(
1 +

λ

4
· 1 + 2σ2

1 + σ2

)
.

This naive strategy does not minimize the team mean-squared
error given by (1), even within the class of linear estimation
strategies. To see this, we identify the best linear estimation
strategy. Let

ẑi = glini (yi) = Fyi,
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Fig. 1. Comparison of the relative improvement of the best linear MTMSE
estimator over the MMSE estimator as a function of σ for different values of λ.

whereF is same for both agents due to symmetry. The estimation
error for this linear strategy is

J lin = J(glin1 , glin2 ) = (2 + λ)(1− F )2 + 2
(
1 +

λ

4

)
F 2σ2,

which is convex in F . The value of gain F which minimizes this
estimation error is

F =
1

1 + 1+λ/4

1+λ/2
σ2

=
1

1 + ασ2
,

where α = (1 + λ/4)/(1 + λ/2). The corresponding estima-
tion error is

J lin = (2 + λ)
ασ2

1 + ασ2
.

Note that for large λ, α ≈ 1/2 and the relative improvement

Δ :=
Jmmse − J lin

J lin
≈ 1

2
· σ2

(1 + σ2)2
,

is significant for moderate values of σ. For example, for σ = 1,
the relative percentage improvement is 12.5%.

The relative percentage improvement Δ := (Jmmse −
J lin)/J lin × 100 as a function of σ for different values of λ
is shown in Fig. 1. The improvement is significant for higher
values of λ.

This significant improvement over MMSE estimates for a
simple example motivates the central question of this paper:
what are the estimation and filtering strategies that minimize
the team mean-squared error? This question is conceptually
challenging because agents with different partial observations
have to generate estimates in a coordinated manner to minimize
a common system-wide coupled cost. In order to minimize such
a coupled cost, each agent needs to anticipate the estimates
that will be generated by all other agents. The need to antic-
ipate the decisions made by other agents, makes the problem
of minimizing team mean-squared error significantly different
from minimizing mean-squared error. We use tools for team the-
ory [2] to determine such coordinated strategies for estimation
in Section II. Then, we determine such coordinated strategies
for filtering in Section III. We generalize the filtering results to
infinite horizon setup in Section III-F. Finally, we present exam-
ples to illustrate that MTMSE estimates significantly outperform
MMSE and consensus Kalman filtering estimates.

A. Literature Overview

Following the seminal work of Kalman [3] on recursive
MMSE filtering, several variations of single- and multi-agent
MMSE filtering have been investigated in the literature. How-
ever, as far as we are aware, there are only two references which
have investigated estimation or filtering for the MTMSE objec-
tive [4], [5]. Both references investigated multi-agent filtering
of a continuous time linear stochastic process. In [4], each agent
observes a noise corrupted measurement of the state and the
objective is to minimize a specific form of team mean-squared
error. The key idea of [4] is to consider an augmented state and
observation model and formulate the team mean-square error as
the squared norm of an appropriately defined inner product of
these augmented variables. It is shown that team mean-squared
filtering problem can be formulated as a Hilbert space mean-
squared error filtering problem and, therefore, solved using an
appropriate Kalman filter. The model considered in [5] is similar
except that each agent has multiple observation channels and,
at each time, can select which observation channel to use. The
solution approach is similar to [4].

Although [4], [5] are able to transform a MTMSE filtering
problem to a Hilbert space MMSE filtering problem, the ap-
proach has several limitations. First, and most importantly, the
approach of [4], [5] is only applicable to a specific form of
MTMSE cost. The formulation of the team mean-squared error
as a squared norm of an appropriately defined inner product
does not hold for the more general team mean-squared error
considered in this paper. In particular, the form of the team mean-
squared error considered in the practical examples in Section IV
cannot be written as the squared norm of an appropriate inner
product. Second, the size augmented state variables used in [4],
[5] scales linearly with the number of agents. In particular, for
a n-agent MTMSE filtering where the state is of dimension dx,
the augmented state (and therefore the augmented estimate) is of
dimensionn(dx)2 × ndx. Thus the resulting Kalman filter needs
to keep track of n2(dx)

3 × n2(dx)
3 dimensional covariance

matrix. In contrast, the solution that we propose only requires
a Kalman filter with a dx × dx dimensional error covariance.
Finally, [4], [5] did not consider sharing of measurements among
the agents. Such a sharing of measurements is a key feature of
the general filtering model that we consider in this paper.

Estimation problems with coupling between the estimates
have been considered in the economics literature [6]–[8]. How-
ever, in such models, agents are strategic and want to mini-
mize an individual estimation objective. The solution concept is
identifying estimation strategies which are in Nash equilibrium
which is different from the solution concept of minimizing a
common team estimation error considered here.

There is a rich literature on multi-agent filtering for distributed
sensor fusion [9]–[13] as well as for distributed simultaneous
localization and mapping (SLAM) in robotics [14]–[16]. There
is also a rich literature on multi-agent estimation using consensus
and gossip Kalman filters [17]–[22] (and references therein).
However, all these methods only consider MMSE filtering. As
illustrated by motivating example presented at the beginning,
MTMSE estimates can be significantly different from MMSE
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estimates. So, the vast literature on multi-agent MMSE filtering
is not directly applicable for MTMSE filtering.

B. Contributions of the Paper

The salient feature of the model is that agents are infor-
mationally decentralized and need to cooperate to minimize a
common team estimation objective. Our focus is to identify the
structure of estimation strategies that find MTMSE when the
graph topology, system dynamics, and the noise covariances are
known to all agents.

We consider the problem of minimizing the team mean-
squared error in an estimation problem where the measurements
of the agents may be split into a common measurement and
local measurements.1 Using tools from team theory [2], we show
that the optimal MTMSE estimate is a sum of two terms. The
first term is the MMSE estimate of the state given the common
measurement. The second term is a linear function of the innova-
tion in the local measurement given the common measurement.
Furthermore, the corresponding gains are computed by solving
a system of matrix equation, which can be converted into a linear
system of equations using vectorization.

We then consider the problem of minimizing the sum of team
mean-squared errors over time in a filtering problem where the
agents share their measurements with their neighbors over a
completely connected communication graph. Since the graph is
completely connected, the information available at each agent
can be split into common information and local information. We
show that the structure of the optimal MTMSE estimates identi-
fied in the estimation setup continue to hold for filtering as well.
We setup an appropriate linear system with delayed observation
to derive recursive formulas for the MMSE estimate of the state
based on the common information and the innovation in the local
measurements given the common measurements. We also derive
recursive formulas for computing various covariances needed to
compute the gain which multiplies the innovation term in the
optimal estimates.

Finally, we show that under standard stabilizability and de-
tectability conditions, a time-homogeneous estimation strategy
is optimal for minimizing the long-term average team mean-
squared error.

A preliminary version of this paper appeared in [1], where
the main result for the filtering problem (Theorem 2) was stated.
The proof of Theorem 2 relies heavily on the results for the
estimation problem (Theorem 1) which was not included in [1].
Neither were the generalization to infinite horizon (Theorem 3).
The detailed numerical experiments and the comparison with
MMSE estimate and consensus Kalman filtering (Section IV),
the detailed comparison with [4], [5] (Section I), the relation
between the MTMSE estimates and decentralized control (Sec-
tion V-B), and the trade-off between MTMSE filter complexity
and estimation accuracy (Section V-C) are new as well.

1If no such split is possible, then the common measurement is simply empty.

C. Notation

Let δij denote the Kronecker delta function (which is one
if i = j and zero otherwise). Given a matrix A, Aij denotes
its (i, j)-th element, Ai• denotes its i-th row, A•j denotes its
j-th column, AT denotes its transpose, vec(A) denotes the
column vector of A formed by vertically stacking the columns
of A. Given a vector x, ‖x‖2 denotes xTx. Given matrices A
and B, diag(A,B) denotes the matrix obtained by putting A
and B in diagonal blocks, and A⊗B denotes the Kronecker
product of the two matrices. Given matrices A and B with
the same number of columns, rows(A,B) denotes the matrix
obtained by stacking A on top of B. Given a squared matrix
A, Tr(A) denotes the sum of its diagonal elements. Given a
symmetric matrix A, the notation A > 0 and A ≥ 0 mean that
A is positive definite and semi-definite, respectively. 1n×m is
a n×m matrix with all elements being equal to one. 0n is
a square n× n matrix with all elements being equal to zero.
In is the n× n identity matrix. We omit the subscript from
In when the dimension is clear from context. We sometimes
consider random vectorsX = (x1, . . . , xk) as a set with random
elements {x1, . . . , xk}. In particular, given two random vectors
X = (x1, . . . , xk) and Y = (y1, . . . , ym), we define X

⋂
Y

to mean vec({x1, . . . , xk}
⋂{y1, . . . , ym}). Similarly, we use

X \ Y to mean vec({x1, . . . , xk} \ {y1, . . . , ym}).
Given any vector valued process {y(t)}t≥1 and any time

instances t1, t2 such that t1 ≤ t2, y(t1:t2) is a short hand
notation for vec(y(t1), y(t1 + 1), . . . , y(t2)). Given matri-
ces {A(i)}ni=1 with the same number of rows and vec-
tors {w(i)}ni=1, rows(

⊙n
i=1 A(i)) and vec(

⊙n
i=1 w(i)) denote

rows(A(1), . . . , A(n)) and vec(w(1), . . . , w(n)), respectively.
Given random vectors x and y, E[x] and var(x) denote the

mean and variance of x while cov(x, y) denotes the covariance
between x and y.

II. MINIMUM TEAM MEAN-SQUARED ERROR (MTMSE)
ESTIMATION

A. Model and Problem Formulation

Consider a system with n agents that are indexed by the set
N = {1, . . . , n}. The agents are interested in estimating the
state x ∈ Rdx of nature. Agent i makes a local measurement
yi ∈ Rdi

y , i ∈ N . In addition, all agents observe a common
measurement, which we denote by y0 ∈ Rd0

y . We use N0 to
denote the set {0, 1, . . . , n}.

The variables (x, y0, y1, . . . , yn) are assumed to be jointly
Gaussian zero-mean random variables. For any i, j ∈ N0, let
Θi = cov(x, yi) and Σij = cov(yi, yj).

Agent i ∈ N generates an estimate ẑi ∈ Rdi
z according to

an estimation rule gi, i.e., ẑi = gi(y0, yi). Given weight ma-
trices {Sij}i,j∈N and {Li}i∈N , where Sij ∈ Rdi

z×dj
z and Li ∈

Rdi
z×dx , the performance is measured by the team estimation

error given by:

c(x, ẑ1, . . . , ẑn) =
∑
i∈N

∑
j∈N

(Lix− ẑi)
TSij(Ljx− ẑj). (2)
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Let ẑ = vec(ẑ1, . . . , ẑn) denote the estimate of all agents. The
team estimation error c(x, ẑ) is a weighted quadratic function
of (Lx− ẑ). In particular,

c(x, ẑ) = (Lx− ẑ)TS(Lx− ẑ), (3)

where S and L are given by

S =

⎡
⎢⎢⎣
S11 · · · S1n

...
. . .

...

Sn1 · · · Snn

⎤
⎥⎥⎦ and L =

⎡
⎢⎢⎣
L1

...

Ln

⎤
⎥⎥⎦ . (4)

We assume that the matrix S is positive definite.
We now present a few examples of the estimation error

function of the form (3):
1) Suppose x = vec(x1, . . . , xn), where xi is the local state

of agent i ∈ N . Suppose the agents want to estimate their
own local state, but at the same time, want to make sure
that the average z̄ := 1

n

∑
i∈N ẑi of their estimates is close

to the average x̄ := 1
n

∑
i∈N xi of their local states. In this

case, the team mean-squared error function is

c(x, ẑ) =
∑
i∈N

‖xi − ẑi‖2 + λ‖x̄− z̄‖2, (5)

where λ ∈ R>0. This can be written in the form (3) with
L = I, and

Sij =

(
δij +

λ

n2

)
I.

2) Suppose the agents are moving in a line (e.g., a vehicular
platoon) or in a closed shape (e.g., UAVs flying in a
formation) and want to estimate their local state but, at
the same time, want to ensure that the difference d̂i :=
ẑi − ẑi+1 between their estimates is close to the difference
di := xi − xi+1 of their local states.
For example when agents are moving in a line, the team
mean-squared error function is

c(x, ẑ) =
∑
i∈N

‖xi − ẑi‖2 + λ
∑

i∈N\n
‖di − d̂i‖2, (6)

where λ ∈ R>0. This can be written in the form (3) with
L = I and

Sij =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(1 + 2λ)I, i = j ∈ {2, . . . , n− 1}
(1 + λ)I, i = j ∈ {1, n}
−λI, j ∈ {i+ 1, i− 1}
0, otherwise.

A similar weight matrix can be obtained for the case when
agents are moving in a closed shape.

3) Suppose each agent generates an estimate ẑi ∈ Rdx of the
state x of nature and the objective is to minimize

c(x, ẑ1, . . . , ẑn) =
∑
i∈N

∑
j∈N

(x− ẑi)
TSij(x− ẑj).

This can be written in the form (3) with L = 1n×1 ⊗
Idx×dx

. This cost function is equivalent to the team mean-
squared error considered in [4], [5].

We are interested in the following optimization problem.
Problem 1: Given the covariance matrices {Θi}i∈N0

and
{Σij}i,j∈N0

and weight matrices L and S, choose the estima-
tion strategy g = (g1, . . . , gn) to minimize the expected team

estimation error J(g) given by

J(g) := E[c(x, ẑ)]. (7)

Remark 1: In Problem 1, the system model is common knowl-
edge among all agents. Thus, it may be viewed as a problem
of “centralized planning and decentralized execution.” The key
conceptual difficulty in the problem is that the estimates are
generated using different information (recall that the information
available at agent i is (y0, yi)) with the objective of minimizing a
common coupled team estimation error given by (3). This feature
makes the Problem 1 conceptually different from the standard
estimation problem of minimizing the MMSE error. �

B. Optimal Team Estimation Strategy

We define three auxiliary variables:
� All agents’ common estimate of state x given the common

measurement y0 at all agents. We denote this estimate by
x̂0 and it is equal to E[x|y0].

� All agents’ common estimate of agent i’s measurement
yi given the common measurement y0. We denote this
estimate by ŷi and it is equal to E[yi|y0].

� The innovation in the local measurement of agent i with
respect to the common measurement. We denote this inno-
vation ỹi and it is equal to yi − ŷi.

Let Θ̂i denote the covariance cov(x, ỹi) and Σ̂ij denote the
covariance cov(ỹi, ỹj). From elementary properties of Gaussian
random variables, we have the following:

Lemma 1: The covariance matrices defined above are given
by

1) Θ̂i = Θi −Θ0Σ
−1
00Σ0i.

2) Σ̂ij = Σij − Σi0Σ
−1
00Σ0j .

Therefore, the auxiliary variables defined above are given by
3) x̂0 = Θ0Σ

−1
00 y0.

4) ŷi = ΣijΣ
−1
00 y0.

Furthermore, we have
5) E[xi|y0, yi] = x̂0 + Θ̂iΣ̂

−1
ii ỹi.

6) E[ỹj | y0, yi] = Σ̂jiΣ̂
−1
ii ỹi.

The result follows from elementary properties of Gaussian
random variables. Then, we have the following.

Theorem 1: The estimation strategy that minimizes the team
mean-squared error in Problem 1 is a linear function of the mea-
surements. Specifically, the MTMSE estimate may be written
as

ẑi = Lix̂0 + Fiỹi, ∀i ∈ N, (8)

where the gains {Fi}i∈N satisfy the following system of matrix
equations:∑

j∈N

[
SijFjΣ̂ji − SijLjΘ̂i

]
= 0, ∀i ∈ N. (9)

If Σ̂ii > 0 for all i ∈ N , then (9) has a unique solution which
can be written as

F = Γ−1η, (10)

where F = vec(F1, . . . , Fn),

η = vec(S1•LΘ̂1, . . . , Sn•LΘ̂n),

Γ = [Γij ]i,j∈N , where Γij = Σ̂ij ⊗ Sij .
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Furthermore, the minimum team mean-squared error is given by

J∗ = Tr(LTSLP0)− ηTΓ−1η, (11)

where Si = [Si1, . . . , Sin] and P0 = var(x− x̂0).
The proof of Theorem 1 is presented in Appendix A.
To illustrate this result, consider the two agent example pre-

sented in the introduction. In that model, there is no common
measurement. So x̂0 = 0, ŷi = 0, and therefore ỹi = yi. More-
over, Σ̂ij = 1 + σ2δij and Θ̂i = 1. Therefore,

Γij = SijΣ̂ij =

(
δij +

λ

4

)
(1 + δijσ

2),

ηi = Si1 + Si2 = 1 +
λ

2
.

Thus, the optimal gains are

F = Γ−1η =
1

1 + ασ2

[
1

1

]
,

whereα = (1 + λ/4)/(1 + λ/2) and the minimum team mean-
squared error is

J∗ =

⎛
⎝∑

i,j

Sij

⎞
⎠− ηTF = (2 + λ)

ασ2

1 + ασ2
.

Thus, we recover the results obtained by brute force calculations
in the introduction.

Remark 2: In (8), the first term of the estimate is the MMSE
estimate of the current state given the common measurements.
The second term may be viewed as a “correction” which depends
on the innovation in the local measurement. A salient feature
of the result is that the gains {Fi}i∈N depend on the weight
matrix S.

Remark 3: When S is block diagonal, there is no cost cou-
pling among the agents and Problem 1 reduces to n separate
problems. Thus, the MMSE estimatesLix̂i are also the MTMSE
estimates.

III. MINIMUM TEAM MEAN-SQUARED ERROR (MTMSE)
FILTERING

In this section, we consider the problem of filtering to min-
imize team mean-squared error when agents share information
over a communication graph. We start with a quick overview of
graph theoretic terminology.

A. Overview of Graph Theoretic Terminology

A directed weighted graphG is an ordered set (N,E, τ)where
N is the set of nodes and E ⊂ N ×N is the set of ordered
edges, and τ : E → Rk is a weight function. An edge (i, j) in
E is considered directed from i to j; i is the in-neighbor of j;
j is the out-neighbor of i; and i and j are neighbors. The set of
in-neighbors of i, called the in-neighborhood of i, is denoted by
N−

i ; the set of out-neighbors of i, called the out-neighborhood,
is denoted by N+

i .
In a directed graph, a directed path (v1, v2, . . . , vk) is a

weighted sequence of distinct nodes such that (vi, vi+1) ∈ E.
The length of a path is the weighted number of edges in the
path. The geodesic distance between two nodes i and j, denoted

by �ij , is the shortest weight length of all paths connecting the
two nodes. The weighted diameter of the graph is the largest
weighted geodesic distance between any two nodes. A directed
graph is called strongly connected if for every pair of nodes
i, j ∈ N , there is a directed path from i to j and from j to i.
A directed graph is called complete if for every pair of nodes
i, j ∈ N , there is a directed edge from i to j and from j to i.

B. Model and Problem Formulation

1) Observation Model: Consider a linear stochastic process
{x(t)}t≥1, x(t) ∈ Rdx , where x(1) ∼ N (0,Σx) and for t ≥ 1,

x(t+ 1) = Ax(t) + w(t), (12)

where A is a dx × dx matrix and w(t) ∈ Rdx , w(t) ∼ N (0, Q),
is the process noise. There are n agents, indexed by N =
{1, . . . , n}, which observe the process with noise. At time t,
the measurement yi(t) ∈ Rdi

y of agent i ∈ N is given by

yi(t) = Cix(t) + vi(t), (13)

where Ci is a diy × dx matrix and vi(t) ∈ Rdi
y , vi(t) ∼

N (0, Ri), is the measurement noise. Eq (13) may be written
in vector form as

y(t) = Cx(t) + v(t),

where C = rows(C1, . . . , Cn), y(t) = vec(y1(t), . . . , yn(t)),
and v(t) = vec(v1(t), . . . , vn(t)).

The agents are connected over a communication graph G,
which is a strongly connected weighted directed graph with
vertex set N . For every edge (i, j), the associated weight τij
is a positive integer that denotes the communication delay from
node i to node j.

Let Ii(t) denote the information available to agent i at time t.
We assume that agent i knows the history of all its measurements
and τji step delayed information of its in-neighbor j, j ∈ N−

i ,
i.e.,

Ii(t) = {yi(1:t)} 
⎛
⎝⊙

j∈N−
i

{Ij(t− τji)}
⎞
⎠ . (14)

In (14), we implicitly assume that Ii(t) = ∅ for any t ≤ 0.
Let ζi(t) = Ii(t) \ Ii(t− 1) denote the new information that

becomes available to agent i at time t. Then, ζi(1) = yi(1) and
for t > 1,

Ii(t) = vec(yi(t), {ζj(t− τji)}j∈N−
i
).

It is assumed that at each time t, agent j ∈ N , communicates
ζj(t) to all its out-neighbors. This information reaches the out-
neighbor i of agent j at time t+ τji.

Some examples of the communication graph are as follows.
Example 1: Consider a complete graph with τ -step delay

along each edge. The resulting information structure is

Ii(t) = {y(1:t− τ), yi(t− τ + 1:t)},
which is the τ -step delayed sharing information structure [23].

Example 2: Consider a strongly connected graph with unit
delay along each edge. Let τ ∗ = maxi,j∈N �ij , denote the
weighted diameter of the graph and Nk

i = {j ∈ N : �ji = k}
denote the k-hop in-neighbors of iwithN0

i = {i}. The resulting
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information structure is

Ii(t) =
τ ∗⋃

k=0

⋃
j∈Nk

i

{yj(1:t− k)},

which we call the neighborhood sharing information structure.
At time t agent i ∈ N generates an estimate ẑi(t) ∈ Rdi

z of
Lix(t) (where Li is a Rdi

z×dx matrix) according to

ẑi(t) = gi,t(Ii(t)),

where gi,t is a measurable function called the estimation rule
at time t. The collection gi := (gi,1, gi,2, . . . ) is called the es-
timation strategy of agent i and g := (g1, . . . , gn) is the team
estimation strategy profile of all agents.

2) Estimation Cost: Let ẑ(t) = vec(ẑ1(t), . . . , ẑn(t)) de-
note the estimate of all agents. As in Section II, we assume
that the estimation error c(x(t), ẑ(t)) is a weighted quadratic
function of (Lx(t)− ẑ(t)) of the form

c(x(t), ẑ(t)) = (Lx(t)− ẑ(t))TS(Lx(t)− ẑ(t)). (15)

Examples of such estimation error functions were given in
Section II-A.

3) Problem Formulation: It is assumed that the system sat-
isfies the following assumptions.

(A1) The cost matrix S is positive definite.
(A2) The noise covariance matrices {Ri}i∈N are positive

definite and Q and Σx are positive semi-definite.
(A3) The primitive random variables

(x(1), {w(t)}t≥1, {v1(t)}t≥1, . . . , {vn(t)}t≥1) are
independent.

(A4) For any square root D of matrix Q such that DD = Q,
(A,D) is stabilizable.

(A5) (A,C) is detectable.
We are interested in the following optimization problem.
Problem 2 (Finite Horizon): Given matrices A, {Ci}i∈N ,

Σx, Q, {Ri}i∈N , L, S, a communication graph G (and the
corresponding weights τij), and a horizon T , choose a team
estimation strategy profile g to minimize JT (g) given by

JT (g) = Eg

[ T∑
t=1

c(x(t), ẑ(t))

]
. (16)

Problem 3 (Infinite Horizon): Given matrices A, {Ci}i∈N ,
Σx, Q, {Ri}i∈N , and a communication graph G (and the corre-
sponding weights τij), choose a team estimation strategy profile
g to minimize J̄(g) given by

J̄(g) = lim sup
T→∞

1

T
JT (g). (17)

As was the case for the estimation problem presented in
Section II, a salient feature of the model is that the estimates
are generated using different information while the objective is
to minimize a common coupled estimation error given by (16)
or (17). This feature makes the Problems 2 and 3 conceptually
diffferent from the standard filtering problem of minimizing the
MMSE error.

Remark 4: For Problem 2, the assumption that the dynamics,
measurements, and cost are time-homogeneous is made simply
for convenience of notation. As will be evident from the analysis,

the results for Problem 2 generalize to the setting of time-varying
dynamics, measurements, and cost in a natural manner. �

C. Roadmap of the Results

The main idea behind identifying a solution for Problem 2
is as follows. We observe that the choice of the estimates only
affects the instantaneous estimation error but does not affect
the evolution of the system or the estimation error in the fu-
ture. Therefore, the problem of choosing an estimation profile
g = (g1, . . . , gn) to minimize JT (g) is equivalent to solving the
following T separate optimization problems:

min
(g1,t,...,gn,t)

E[c(x(t), ẑ(t))], ∀t ∈ {1, . . . , T}. (18)

Since the communication graph is strongly connected, the in-
formation Ii(t) available at agent i can be written as Icom(t) ∪
I loci (t), where

Icom(t) =
⋂
i∈N

Ii(t) = y(1 : t− τ ∗)

is the common information among all agents (recall that τ ∗ is
the weighted diameter of the communication graph) and

I loci (t) = Ii(t) \ Icom(t)
is the location information at agent i. Thus, we may view Prob-
lem (18) as an estimation problem with n agents where agents
have local and common information and, therefore, use the
results of Section II to derive the MTMSE filtering strategy. To
do so, we define variables which are equivalent to the auxiliary
variables defined in Section II-B:
� All agents’ common estimate of state x(t) given the com-

mon information Icom(t) at all agents. We denote this
estimate by x̂com(t) and it is equal to E[x(t)|Icom(t)].

� All agents’ common estimate of the local information at
agent i given the common information. We denote this
estimate by Î loci (t) and it is equal to E[I loci (t)|Icom(t)].

� The innovation in the local information at agent i with
respect to the common information. We denote this inno-
vation by Ĩi(t) and it is equal to Ii(t)− Îi(t).

Furthermore, we let Θ̂i(t) denote the covariance
cov(x(t), Ĩi(t)) and Σ̂ij(t) denote the covariance
cov(Ĩ loci (t), Ĩ locj (t)).

In order to use the results of Theorem 1, we need to derive
expressions for recursively updating the above variables and
covariances, which we do next.

D. Recursive Expressions for Auxiliary Variables
and Covariances

The information structure of the problem is effectively equal
to τ ∗-step delayed information structure [23]. To derive recursive
expressions for auxiliary variables and covariances, we follow
the central idea of [23] and express the system variables in terms
of delayed state x(t− τ ∗ + 1).

1) Delayed State Estimates and Common Estimates: We de-
fine

x̂(t− τ ∗ + 1) = E[x(t− τ ∗ + 1) | Icom(t)]
= E[x(t− τ ∗ + 1) | y(1:t− τ ∗)] (19)
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as the delayed state estimate of the state and let

x̃(t− τ ∗ + 1) = x(t− τ ∗ + 1)− x̂(t− τ ∗ + 1)

denote the corresponding estimation error and P (t− τ ∗ + 1) =
var(x̃(t− τ ∗ + 1)) denote the estimation error covariance. Note
that x̂(t− τ ∗ + 1) is the one-step prediction estimate in central-
ized Kalman filtering and can be updated as follows. Start with
x̂(1) = 0 and for t ≥ 1, update

x̂(t+ 1) = Ax̂(t) +AK(t)[y(t)− Cx̂(t)], (20)

where

K(t) = P (t)CT[CP (t)CT +R]−1 (21)

is the Kalman gain. Furthermore, the error covariance P (t) can
be pre-computed recursively using the forward Riccati equation:
P (1) = Σx and for t ≥ 1,

P (t+ 1) = AΔ(t)P (t)Δ(t)TAT +AK(t)RK(t)TAT +Q,
(22)

where Δ(t) = I −K(t)C.
Now, observe that we can compute the common estimate

x̂com(t) using a (τ ∗ − 1)-step propagation of the delayed state
estimate x̂(t− τ ∗ + 1) as follows:

x̂com(t) = Aτ ∗−1x̂(t− τ ∗ + 1). (23)

2) Local Estimates and Local Innovation: To find a conve-
nient expression for local innovation Ĩ loci (t), we express I loci (t)
in terms of the delayed state x(t− τ ∗ + 1). For that matter, for
any t, � ∈ Z>0, define the dx × 1 random vector w(k)(�, t) as
follows:

w(k)(�, t) =

t−�−1∑
s=max{1,t−k}

At−�−s−1w(s), (24)

wherew(k)(�, t) is the weighted accumulated process noise from
time max{1, t− k} to time t− �− 1. Note that w(k)(�, t) = 0
if t ≤ min{k, �+ 1} or � ≥ k. For any t ≥ k, we may write

x(t) = Akx(t− k) + w(k)(0, t), (25)

yi(t) = CiA
kx(t− k) + Ciw

(k)(0, t) + vi(t). (26)

By definition I loci (t) ⊆ y(t− τ ∗ + 1:t). Thus, for any i ∈ N ,
we can identify matrix C loc

i and random vectors wloc
i (t) and

vloci (t) (which are linear functions of w(t− τ ∗ + 1:t− 1) and
vi(t− τ ∗ + 1:t)) such that

I loci (t) = C loc
i x(t− τ ∗ + 1) + wloc

i (t) + vloci (t). (27)

As an example, we write the expressions for
(C loc

i , wloc
i (t), vloci (t)) for the delayed sharing and neigh-

borhood sharing information structures below. For any � ≤ τ ∗,
define

Wi(�, t) = vec(Ciw
(τ ∗−1)(τ ∗ − 1, t), . . . , Ciw

(τ ∗−1)(�, t)),

Ci(�) = rows(Ci, CiA, . . . , CiA
τ ∗−�−1),

Vi(�, t) = vec(vi(t− τ ∗ + 1), . . . , vi(t− �)).

Example 1 (cont.): For the τ -step delayed sharing infor-
mation structure I loci (t) = yi(t− τ + 1:t). Thus,C loc

i = Ci(0),
wloc

i (t) = Wi(0, t), and vloci (t) = Vi(0, t).

Example 2 (cont.): For the neighborhood sharing information
structure, Ii(t) =

⋃τ ∗
k=0

⋃
j∈Nk

i
{yj(1:t− k)}. Thus,

C loc
i = rows

(⊙τ ∗−1
�=0

⊙
j∈N�

i
Cj(�)
)
,

wloc
i (t) = vec

(⊙τ ∗−1
�=0

⊙
j∈N�

i
Wj(�, t)

)
,

vloci (t) = vec
(⊙τ ∗−1

�=0

⊙
j∈N�

i
Vj(�, t)

)
.

Now, a key-result is the following.
Lemma 2: wloc

i (t), vloci (t), x̃(t− τ ∗ + 1), and Icom(t) are
independent.

Proof: Observe that Icom(t) = y(1:t− τ ∗) and
x̃(t− τ ∗ + 1) are functions of the primitive random variables
up to time t− τ ∗, while wloc

i (t) and vloci (t) are functions of
the primitive random variables from time t− τ ∗ + 1 onwards.
Thus, wloc

i (t) and vloci (t) are independent of x̃(t− τ ∗ + 1) and
Icom(t). Furthermore, (A3) implies that wloc

i (t) and vloci (t)
are independent of each other. Note that x̃(t− τ ∗ + 1) is the
estimation error when estimating x(t− τ ∗ + 1) given Icom(t)
and is, therefore, uncorrelated with Icom(t). Since all random
variables are Gaussian, x̃(t− τ ∗ + 1) and Icom(t) being
uncorrelated also means that they are independent.

Combining Lemma 2 with (27), we get

Î loci (t) = E[I loci (t)|Icom(t)] = C loc
i x̂(t− τ ∗ + 1). (28)

Combining this with (27), we get,

Ĩ loci (t) = I loci (t)− Î loci (t)

= C loc
i x̃(t− τ ∗ + 1) + wloc

i (t) + vloci (t).
(29)

3) Covariances: Let Pw
ij (t) denote cov(wloc

i (t), wloc
j (t))

and P v
ij(t) denote cov(vloci (t), vlocj (t)). Note that these can be

computed from he expressions of wloc
i (t) and vloci (t), which

were derived earlier based on the communication graph.
Eq. (29) and Lemma 2 imply that

Σ̂ij(t) = cov(Ĩ loci (t), Ĩ locj (t))

= C loc
i P (t− τ ∗ + 1)C loc

j
T
+ Pw

ij (t) + P v
ij(t),

(30)

where P (t) is computed using (22).
Furthermore, Eqs. (25) and (29) and Lemma 2 imply that

Θ̂i(t) = cov(x(t), Ĩ loci (t))

= Aτ ∗−1P (t− τ ∗ + 1)C loc
i

T
+ P σ

i (t),
(31)

where P σ
i (t) = cov(w(τ ∗−1)(0, t), wloc

i (t)) and P (t) is com-
puted using (22).

E. Main Result for Problem 2

As mentioned in Section III-C, the problem of choosing
the MTMSE estimation strategy g = (g1, . . . , gT ) to minimize
JT (g) is equivalent to solving T separate estimation sub-
problems given by (18). Based on Theorem 1, the MTMSE
estimate of each of these sub-problems is given as follows.

Theorem 2: Under assumptions (A1)–(A3), the filtering
strategy which minimizes the team mean-squared error in
Problem 2 is a linear function of the measurements. Specifically,
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the MTMSE estimates at time t may be written as

ẑi(t) = Lix̂
com(t) + Fi(t)Ĩ

loc
i (t) (32)

where x̂com(t) and Ĩ loci (t) are computed using (22) and (29).
The gains {Fi(t)}i∈N satisfy the following system of matrix
equations∑

j∈N

[
SijFj(t)Σ̂ji(t)− SijLjΘ̂i(t)

]
= 0, ∀i ∈ N, (33)

where Σ̂ij(t) and Θ̂i(t) are computed using (30) and (31).
Eq (33) has a unique solution which can be written as

F (t) = Γ(t)−1η(t), (34)

where

F (t) = vec(F1(t), . . . , Fn(t)),

η(t) = vec(S1•LΘ̂1(t), . . . , Sn•LΘ̂n(t)),

Γ(t) = [Γij(t)]i,j∈N , where Γij(t) = Σ̂ij(t)⊗ Sij .

Furthermore, the minimum team mean-squared error is given
by

J∗
T =

T∑
t=1

[
Tr(LTSLP0(t))− η(t)TΓ(t)−1η(t)

]
, (35)

where P0(t) = var(x(t)− x̂com(t)) and is given by

P0(t) = Aτ ∗−1P (t− τ + 1)(Aτ ∗−1)T +Σw(t), (36)

and Σw(t) = var(w(τ ∗−1)(0, t)).
Proof: The expressions for the MTMSE estimates (32)

and the corresponding gains (33) follow immediately from
Theorem 1. Now, since Rii is positive definite (which is part
of (A2)), standard results from Kalman filtering [24, Section
3.4] imply that P (t) is positive definite. Using this fact in (30)
implies that Σ̂ii(t) is positive definite. Therefore, the vectorized
formula (34) follows from Lemma 5.

The expression for the minimum team mean-squared er-
ror follow from an argument similar to that in the proof of
Theorem 1. The expression forP0(t) follows from (22) and (25).

Remark 5: Remark 2 about the structure of the MTMSE
estimates continues to hold for filtering setup as well. The first
term in the MTMSE estimate (32) is the MMSE estimate of
the current state based on the common information. The second
term is a “correction” which depends on the innovation in the
local measurements.

Remark 6: As in the estimation setup, the gains which multi-
ply the innovation in (32) are coupled and depend on the weight
matrix S.

Remark 7: Since we have assumed that the dynamics
are time-homogeneous, the processes {w(τ ∗−1)(0, t)}t≥τ ∗ ,
{wloc

i (t)}t≥τ ∗ , and {vloci (t)}t≥τ∗ are stationary. Hence, for t ≥
τ ∗, the covariance matricesΣw(t),P σ

i (t),P
w
ij (t), andP v

ij(t) are
constant.

Remark 8: Note that Σ̂ij ⊗ Sij = 0 when Sij = 0. There-
fore, when the weight matrix S is sparse, as is the case for the
cost (6), Σ̂ij (and, therefore,Pw

ij (t) andP v
ij(t)) need to computed

only for those i, j ∈ N for which Sij �= 0.

F. Main Result for Problem 3

Now, we consider the infinite horizon MTMSE filtering intro-
duced in Problem 3, which can be thought of as a “steady-state”
version of Section III-E. We first state a standard result from
centralized Kalman filtering [24].

Lemma 3: Under (A2)–(A5), for any initial covariance Σx ≥
0, the sequence {P (t)}t≥1 given by (21) is weakly increasing
and bounded (in the sense of positive semi-definiteness). Thus
it has a limit, which we denote by P̄ . Furthermore,

1) P̄ does not depend on Σx.
2) P̄ is positive semi-definite.
3) P̄ is the unique solution to the following algebraic Riccati

equation.

P̄ = AΔP̄ΔTAT +AK̄RK̄TAT +Q, (37)

where K̄ = P̄CT[CP̄CT +R]−1 and Δ = I − K̄C.
4) The matrix (A− K̄C) is asymptotically stable.
Recall from Remark 7 that Σw(t), P σ

i (t), P
w
ij (t) and P v

ij(t)
are constants for t ≥ τ ∗. We denote the corresponding values
for t ≥ τ ∗ as Σ̄w, P̄ σ

i , P̄
w
ij , and P̄ v

ij . Now define:

P̄0 = Aτ ∗−1P̄ (Aτ ∗−1)T + Σ̄w, (38)

Σ̄ij = C loc
i P̄C loc

j

T
+ P̄w

ij + P̄ v
ij , (39)

Θ̄i = Aτ ∗−1P̄C loc
i

T
+ P̄ σ

i . (40)

Lemma 4: Under (A2)–(A5), we have the following:
1) limt→∞ P0(t) = P̄0.
2) limt→∞ Σ̂ij(t) = Σ̄ij .
3) limt→∞ Θ̂i(t) = Θ̄i.
Proof: All relations follow immediately from Lemma 3 and

Remark 7. �
Theorem 3: Under (A1)–(A5), the following time-

homogeneous filtering strategy minimizes the team
mean-squared error for Problem 3:

ẑi(t) = Lix̂
com(t) + F̄iĨ

loc
i (t), (41)

where x̂com(t) = Aτ ∗−1x̂(t− τ ∗ + 1) (which is same as (22)),
x̂(t) is updated using the steady state version of (20) given by

x̂(t+ 1) = Ax̂(t) +AK̄[y(t)− Cx̂(t)], (42)

and the gains {F̄i}i∈N satisfy the following system of matrix
equations:∑

j∈N

[
SijF̄jΣ̄ji − SijLjΘ̄i

]
= 0, ∀i ∈ N, (43)

where Σ̄ij and Θ̄i are given by (39) and (40). Eq. (43) has a
unique solution and can be written more compactly as

F̄ = Γ̄−1η̄, (44)

where

F̄ = vec(F̄1, . . . , F̄n),

η̄ = vec(S1•LΘ̄1, . . . , Sn•LΘ̄n),

Γ̄(t) = [Γ̄ij ]i,j∈N , where Γ̄ij = Σ̄ij ⊗ Sij .

Furthermore, the optimal performance is given by

J∗ = Tr(LTSLP̄0)− η̄TΓ̄−1η̄, (45)

where P̄0 is given by (38).
The proof of Theorem 3 is presented in Appendix C.

Authorized licensed use limited to: McGill University. Downloaded on September 25,2021 at 18:17:37 UTC from IEEE Xplore.  Restrictions apply. 



5214 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 69, 2021

Fig. 2. A four agent UAV formation. The arrows indicate communication links
between the agents. Each link has delay 2.

IV. SOME ILLUSTRATIVE EXAMPLES

In this section, we present a few examples to illustrate the
details of the main results.

A. Team Mean-Squared Estimation in a UAV Formation

Consider a UAV formation with n agents as shown in Fig. 2.
Let N = {1, . . . , n} and xi(t) denote the state of agent i ∈ N .
For the ease of exposition, we assume that xi(t) ∈ R, which
could correspond to say the altitude of the UAV. Let x(t) =
vec(x1(t), . . . , xn(t)) denote the state of the system, which
evolves as

x(t+ 1) = Ax(t) + w(t),

where A is a known n× n matrix and w(t) ∼ N (0, Q). The
agent i observes the state with noise, i.e.,

yi(t) = Cix(t) + vi(t), i ∈ N,

where vi(t) ∼ N (0, Ri).
The communication graph is as shown in Fig. 2, where each

link is assumed to have delay 2. Thus, the information structure
is given by

Ii(t) = {y(1:t− 2), yi(t− 1:t)}.
The objective is to determine the MTMSE filtering for per-step
estimation error given by (5), i.e., the agents want to estimate
their local state and ensure that the average of the local state
estimates is close to the average of their actual states.

We first show the computations of the MTMSE estimates.
Observe that Icom(t) = y(1:t− 2) and

I loci (t) = {yi(t− 1), yi(t)}.
Thus, C loc

i = rows(Ci, CiA), and

wloc
i (t) = vec(0, Ciw(t− 1)), vloci (t)

= vec(vi(t− 1), vi(t)).

As argued in Remark 7, the covariance matrices Σw(t), P σ
i (t),

Pw
ij (t), andP v

ij(t) are constant for t ≥ τ ∗. Thus, we only need to
compute these for t = 1 and t ≥ 2. Note that the weight matrix
S is dense, so we do not get the computational savings described
in Remark 8.

We have the following:
� Σw(1) = 0 and for t ≥ 2, Σw(t) = Q.
� P σ

i (1) =
[
04×1 04×1

]
and for t ≥ 2, P σ

i (t) =[
04×1 QCT

]
.

� Pw
ij (1) = diag(0, 0) and for t ≥ 2, Pw

ij (t) =

diag(0, CiQCT
j ).

� P v
ii(1) = diag(0, Ri) and P v

ii(t) = diag(Ri, Ri).
� P v

ij(t) = diag(0, 0) for j �= i and all t.

Substituting these, we get that Σ̂ij(1) = δijdiag(0, Ri) and
for t ≥ 2,

Σ̂ij(t) =

[
Ci

CiA

]
P (t− 1)

[
Cj

CjA

]T

+

[
δijRi 0

0 Qij + δijRi

]
.

Substituting these in (33) or (34) gives us the optimal gains. The
MTMSE estimates can then be computed using (32) as described
in Section V-A.

We compare the performance of MTMSE filtering strategy
with two baselines. The first is MMSE strategy where, each
agent ignores the cost coupling and simply generates the MMSE
estimates using

ẑmmse
i (t) = LiE[x(t)|Ii(t)]. (46)

It can be shown that performance of the MMSE strategy is

Jmmse
T = Tr(LTSLP0(t)) +

∑
i∈N

Tr

(
Ki(t)

TLT
i

∑
j∈N

SijLj

[
Kj(t)Σ̂ji(t)− 2Θ̂i(t)

])
.

(47)

Recall that for this particular example we have L = I.
The second is a consensus based Kalman filter as described

in [17]. We do not have a closed form expression for the weighted
mean square error of the consensus Kalman filter, so we evaluate
the performance JCKF

T using Monte Carlo evaluation averaged
over 1000 sample paths.

For the numerical experiments we pick

Aij =

{
0.65, i = j

0.1, elsewhere

C1 = 2× 11×n, and for i �= 1, Ci = 0.1ei, where ei is a vector
with only the ith element equal to one and the rest zero, Q =
I, R = 0.1I, and T = 100.

The relative improvements

Δmmse
T =

Jmmse
T − J∗

T

J∗
T

and ΔCKF
T =

JCKF
T − J∗

T

J∗
T

of the MTMSE strategy compared to MMSE strategy and con-
sensus Kalman filtering as a function of λ are shown in Fig. 3.
These plots show that the MTMSE strategy outperforms the
MMSE and consensus Kalman filtering strategies by up to a
factor of 4 and 600 in the relative improvements for n = 10 and
λ
n2 = 10. This improvement in performance will increase with
the number of agents.

B. Team Mean-Squared Estimation in a Vehicular Platoon

Now we consider a vehicular platoon with four agents shown
in Fig. 4. As before, let xi(t) ∈ R denote the position of the
platoon. We assume that the dynamics and the observation model
are similar to that described in Section IV-A (but with different
A and C matrices).
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Fig. 3. Relative improvement of MTMSE filtering compared to (a) MMSE
strategy for 4 and 10 number of agents, and (b) consensus Kalman filtering
(shown on a log scale) for UAV formation.

Fig. 4. A four agent vehicular platoon. The arrows indicate communication
links between the agents.

The communication graph is as shown in Fig. 4. Thus, the
information structure is given by

I1(t) = {y1(1:t), y2(1:t− 1), y3(1:t− 2), y4(1:t− 3)},
I2(t) = {y1(1:t− 1), y2(1:t), y3(1:t− 1), y4(1:t− 2)},
I3(t) = {y1(1:t− 2), y2(1:t− 1), y3(1:t), y4(1:t− 1)},
I4(t) = {y1(1:t− 3), y2(1:t− 2), y3(1:t− 1), y4(1:t)}.

The objective is to determine the MTMSE filtering for per-step
estimation error given by (6), i.e., the agents want to estimate
their local states and ensure that the difference between the
estimates of adjacent agents is close to difference between their
actual states.

We first show the computations of the MTMSE estimates.
Observe that Icom(t) = y(1:t− 3) and

I loc1 (t) = {y1(t− 2:t), y2(t− 2:t− 1), y3(t− 2)},
I loc2 (t) = {y1(t− 2:t− 1), y2(t− 2:t), y3(t− 2:t− 1),

y4(t− 2)},
I loc3 (t) = {y1(t− 2), y2(t− 2:t− 1), y3(t− 2:t),

y4(t− 2:t− 1)},
I loc4 (t) = {y2(t− 2), y3(t− 2:t− 1), y4(t− 2:t)}.

Similar to the previous example, the covariance matrices
Σw(t), P σ

i (t), P
w
ij (t), and P v

ij(t) are constant for t ≥ τ ∗. Thus,
we need to compute these for t = 1, t = 2, and t ≥ 3. In addition,
since the cost matrixS is sparse, we only need to computePw

ij (t)
and P v

ij(t) for j ∈ {i− 1, i, i+ 1} ∩N (see Remark 8). The

details for computing Σ̂ij are similar to the previous section and
are omitted due to space limitations. The MTMSE estimates can
be computed using (32) as described in Section V-A.

We compare the performance of MTMSE filtering strategy
with the MMSE strategy and the consensus Kalman filtering as
before.

For the numerical experiment in this part, we pick

A =

⎡
⎢⎢⎢⎣
0.9 0 0 0

0.7 0.9 0 0

0.7 0.7 0.9 0

0.5 0.7 0.7 0.9

⎤
⎥⎥⎥⎦ ,

Ci = In, Q = I, R = 0.1I, and T = 100.
The relative improvements as a function of λ are shown in

Fig. 5. These plots show that the MTMSE strategy outperforms
the MMSE and consensus Kalman filtering strategies by up to
a factor of 2 and 800. Again, this improvement in performance
will increase with the number of agents.

V. DISCUSSION OF THE RESULTS

A. Implementation of MTMSE Filtering Strategy

In this section, we provide the details about implementing
the MTMSE filtering strategies for both the finite and infinite
horizon setups.

1) Implementation of Finite Horizon MTMSE Filtering Strat-
egy: Based on Theorem 2, the MTMSE filtering strategy can be
implemented as follows.

a) Computing the gains: The gains {F (t)}Tt=1 are computed
offline as follows. First the variance {P (t)}Tt=1 are computed
using the forward Riccati equation (22). Then, the covariances
{Σ̂ij(t)}Tt=1 and {Θ̂i(t)}Tt=1 are computed for all i, j ∈ N .
Thereafter, the gains {K(t)}Tt=1 are computed using (21) and
the gains {F (t)}Tt=1 are computed using (34).

Finally, the gains {K(t)}Tt=1 and {Fi(t)}Tt=1 are stored in
agent i.

b) Computing the MTMSE estimates: Agent i ∈ N carries out
the following computations to generate ẑi(t). First, it computes
the delayed centralized estimate x̂(t− τ ∗ + 1) using (20). Then,
it uses x̂(t− τ ∗ + 1) to compute x̂com(t) and Î loci (t) using (22)
and (28), respectively. Then, it uses x̂com(t) and I loci (t) to
generate the MTMSE estimate as follows

ẑi(t) = Lix̂
com(t) + Fi(t)(I

loc
i (t)− Î loci (t)).
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Fig. 5. Relative improvement of MTMSE filtering compared to (a) MMSE
strategy and (b) consensus Kalman filtering (shown on a log scale) for vehicular
platoon.

2) Implementation of Infinite Horizon MTMSE Filtering
Strategy: Based on Theorem 3, the MTMSE filtering strategy
can be implemented as follows.

a) Computing the gains: The gains {F̄i} are computed offline
as follows. First the variance P̄ is computed using the forward
algebraic Riccati equation (37). Then, the covariances P̄0, Σ̄ij ,
and Θ̄i are computed for all i, j ∈ N using (38)–(40). Thereafter,
the gain K̄ is computed using Lemma 3 and the gain F̄ is
computed using (44). Finally, the gains K̄ and F̄ are stored
in agent i.

b) Computing the MTMSE estimates: Agent i ∈ N carries out
the following computations to generate ẑi(t). First, it computes
the delayed centralized estimate x̂(t− τ ∗ + 1) using (42). Then,
it uses x̂(t− τ ∗ + 1) to compute x̂com(t) and Î loci (t) using (22)
and (28), respectively. Then, it uses x̂com(t) and I loci (t) to
generate the MTMSE estimate as follows

ẑi(t) = Lix̂
com(t) + F̄i(I

loc
i (t)− Î loci (t)).

B. Connection to Decentralized Stochastic Control

One of the most celebrated results in centralized stochastic
control of linear systems with quadratic cost and Gaussian
disturbance (so-called LQG setup) is the separation of estimation
and control. In particular, the optimal control action is equal to a

gain multiplied by the current state estimate. The computation of
the gain matrix and the estimate are separated from each other.
The gain matrix is computed based on the solution of a backward
Riccati equation where the state estimates are updated based
on the Kalman filtering equation (which is a forward Riccati
equation). The forward and the backward Riccati equations are
decoupled and can be solved separately.

These simplifications do not hold for decentralized control of
LQG systems. In general, non-linear strategies may outperform
the best linear strategies. Linear strategies are known to be
optimal only for specific models [25]–[30]. But in these cases
there is no separation of estimation and control.

The results of this paper shed light on the lack of separation
in decentralized control of LQG systems. We explain this in
Appendix D using the example of decentralized stochastic con-
trol with one-step delayed information structure [26], [31], [32].
For this model, we show that the decentralized control problem
is equivalent to a MTMSE filtering problem, where the weight
matrix depends on the solution of a backward Riccati equation.
As shown in Theorem 2, the gains for MTMSE filtering depends
on the weight matrix S in the cost function. That is the reason
that the computation of the state estimate is not separated from
the computation of the controller gains.

C. Trade-Off Between Filter Complexity and Estimation
Accuracy

For graphs with neighborhood sharing information structure,
the dimension of Ĩ loci (t) and Fi(t) are proportional to the di-
ameter τ ∗ of the graph. It is possible to trade-off the imple-
mentation complexity with the filtering accuracy by “shedding”
information at each agent. We explain this via the example of
Section IV-B.

We consider two approximate information structures for this
example, which we denote by {I(1)i (t)}i∈N and {I(2)i (t)}i∈N .
For both these information structures, the common information
is the same as before, i.e.,

Icom,(m)(t) :=
⋂
i∈N

I
(m)
i (t) = y(1:t− 3), m ∈ {1, 2}.

But the local information I
loc,(m)
i (t) := I

(m)
i (t) \ Icom,(m)(t)

is a subset of the original I loci (t). In particular, we assume the
following.

1) IS1: In the first approximation, each agent just uses the
measurements from a time window of size two to “correct”
the common information based estimate, i.e.,

I
loc,(1)
1 (t) = {y1(t− 1:t), y2(t− 1)},
I
loc,(1)
2 (t) = {y1(t− 1), y2(t− 1:t), y3(t− 1)},
I
loc,(1)
3 (t) = {y2(t− 1), y3(t− 1:t), y4(t− 1)},
I
loc,(1)
4 (t) = {y3(t− 1), y4(t− 1:t)},

2) IS2: In the second approximation, each agent justs uses its
local measurements to “correct” the common information
based estimate, i.e.,

I
loc,(2)
i (t) = yi(t− 2:t).
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TABLE I
COMPARISON OF THE SIZE AND PERFORMANCE OF THE THREE INFORMATION

STRUCTURES FOR THE VALUES OF PARAMETERS OF

SECTION IV-B AND λ = 100

For completeness, we refer to the original information struc-
ture as IS0. Note that I loc,(m)

i (t) ⊂ I loci (t), therefore any fil-
tering strategy based on the approximate information structure
{I(m)

i (t)}i∈N can be implemented in the original information
structure {Ii(t)}i∈N . The size of I loci (t) (and therefore Ĩ loci (t))
for the different information structures is shown in Table I.

To compare the peformance of these three information struc-
tures, we note that the structure of the weight matrix S implies
that limλ→∞ J∗

T /λ is a constant. So, we evaluate J∗
T /λ for large

value of λ (λ = 100) and compare the performance of the three
information structures. The results are also shown in Table I.

This example shows that it is possible to trade-off the com-
plexity of the MTMSE filter with the estimation accuracy. Note
that although the two approximate information structures are
almost of the same size, IS1 has better performance than IS2.
This is because IS1 uses some local infomration from the neigh-
borhood nodes, while IS2 does not. This suggested that it is better
to have some information from many agents rather than a lot of
information from a few agents but a more detailed investigation
is needed to quantify such a comparison.

VI. CONCLUSION

In this paper, we investigate multi-agent estimation and fil-
tering to minimize team mean-square error. We show that the
MTMSE estimates are given by

ẑi(t) = Lix̂
com(t) + Fi(t)(I

loc
i (t)− Î loci (t)).

The first term of the estimate is the conditional mean of the
current state given the common information. The second term
may be viewed as a “correction” which depends on the “innova-
tion” in the local measurements. A salient feature of this result
is that the gains {Fi(t)}i∈N depend on the weight matrix S.
Using illustrative examples, we show that the MTMSE estimates
significantly smaller team mean-squared error as compared to
MMSE strategy and consensus Kalman filtering.

The results were derived under the assumptions that the
state process {x(t)}t≥1 is a linear stochastic process and the
observation channels are linear and additive Gaussian noise.
In future, we plan to investigate team estimation of general
stochastic processes over general measurement channels, which
will give rise to non-linear filtering equations.

Finally, our focus in this paper was to establish the structure
of MTMSE filtering and filtering strategies. Having identified
this structure, it is possible to implement the policy efficiently

in a distributed manner. For example, for the infinite horizon
setup, it is possible to use a consensus Kalman filter [17]–[22] to
keep track of the delayed state estimate x̂(t− τ ∗ + 1) and use
distributed algorithms to solve the linear system of equations
Γ̄F̄ = η̄ using distributed algorithms [33]–[35].

APPENDIX A
PROOF OF THEOREM 1

A. A Preliminary Result

In order to compute the gains and the performance, we need
to compute Θ̂i = cov(x, ỹi) and Σ̂ij = cov(ỹi, ỹj).

Lemma 5: For any {Sij}i,j∈N , {Pij}i,j∈N and {Li}i∈N of
compatible dimensions, the following matrix equation∑

j∈N
[SijFjPji − SijLjPii] = 0, ∀i ∈ N. (48)

for unknown {Fi}i∈N of compatible dimensions can be written
in vectorized form as

ΓF = η, (49)

where F , η, and Γ are as defined in Theorem 1. Furthermore,
defineS = [Sij ]i,j∈N andP = [Pij ]i,j∈N . IfS > 0,P ≥ 0, and
Pii > 0, i ∈ N , then Γ > 0 and thus invertible. Then, Eq. (48)
has a unique solution that is given by

F = Γ−1η. (50)

The proof of Lemma 5 is presented in Appendix B.

B. Proof of Theorem 1

The key observation behind the proof is that Problem 1 may
be viewed as a MTMSE filtering problem [2], where agents
observe different information and want to minimize a common
estimation cost. For the ease of notation, for a given agent i, we
let (gi, g−i) and (ẑi, ẑ−i) denote the strategy and estimates of all
agents. Pick an agent i ∈ N , and fix the strategy g−i of all the
other agents. Then the expected cost from the point of view of
agent i is given by

E
g−i [c(x, ẑi, ẑ−i)|y0, yi],

where the superscript g−i in the expectation indicates that the
cost depends on the strategy of agents other than i.

A necessary condition for optimality is that agent i is playing
a best response to the strategy of all other players, i.e.,

∂

∂ẑi
E

g−i [c(x, ẑi, ẑ−i)|y0, yi] = 0, ∀i ∈ N. (51)

It is shown in [2, Theorem 4], that when c(x, ẑ) is convex, (51)
is also a sufficient condition for optimality.

From the dominated convergence theorem, we can inter-
change the order of derivative and expectation to get

LHS of(50) = E
g−i

[
∂

∂ẑi
c(x, ẑi, ẑ−i)

∣∣∣∣ y0, yi
]

= E
g−i

[
∂

∂ẑi

∑
k∈N

∑
j∈N

(Lkx− ẑk)
TSkj(Ljx− ẑj)

∣∣∣∣ y0, yi
]

= 2E
g−i

[∑
j∈N

Sij(Ljx− ẑj)

∣∣∣∣ y0, yi
]
.
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Substituting the above in (51), we get that a necessary and
sufficient condition for a strategy (gi, g−i) to be team optimal is∑
j∈N

[
SijE

gj [ẑj | y0, yi]− SijLjE[x | y0, yi]
]
= 0, ∀i ∈ N.

(52)
Note here that the superscript gj inE

gj [ẑj | y0, yi] highlights that
the expectation depends on the choice of gj . There is no such
dependence in E[x | y0, yi]. Thus, the strategy g given by (8) is
optimal if and only if∑

j∈N

[
SijE
[
Fj(yj − ŷj) + Lj x̂0

∣∣y0, yi]

− SijLjE
[
x
∣∣y0, yi]] = 0, ∀i ∈ N, (53)

or equivalently∑
j∈N

[
SijFjE

[
ỹj |y0, yi

]

− SijLjE
[
x− x̂0

∣∣y0, yi]
]
= 0. ∀i ∈ N. (54)

Note that from Lemma 1, we have

E[x− x̂0|y0, yi] = Θ̂iΣ̂
−1
ii ỹi.

Substituting the above and the expression for E[ỹj |y0, yi] from
Lemma 1 in (54), we get that the strategy given by (8) is optimal
if and only if, for all i ∈ N ,∑

j∈N

[
SijFjΣ̂jiΣ̂

−1
ii − SijLjΘ̂iΣ̂

−1
ii

]
ỹi = 0.

Since the above should hold for all ỹi ∈ Rdi
y , the coefficient of

ỹi must be identically zero. Thus, the strategy given by (8) is
optimal if and only if∑

j∈N

[
SijFjΣ̂jiΣ̂

−1
ii − SijLjΘ̂iΣ̂

−1
ii

]
= 0, ∀i ∈ N. (55)

Furthermore, Lemma 5 implies that when Σ̂ii > 0, then (55)
has a unique solution given by (10).

Now for the minimum value of the estimation error, consider
a single term of the estimation error

E[(Lix− ẑi)
TSij(Ljx− ẑj)]

(a)
= E
[
(x− x̂0)

TLT
i SijLj(x− x̂0)

− 2(yi − ŷi)
TF T

i SijLj(x− x̂0)

+(yi − ŷi)
TF T

i SijFj(yj − ŷj)
]
[3]

(b)
= Tr(P0L

T
i SijLj)− 2Tr(Θ̂iF

T
i SijLj) + Tr(Σ̂T

ijF
T
i SijFj)

(c)
= Tr(P0L

T
i SijLj)− 2Tr(F T

i SijLjΘ̂i) + Tr(F T
i SijFjΣ̂ji),

(56)

where (a) follows from substituting (8), (b) uses Lemma 1,
and (c) uses the fact that for any matrices Tr(ABCD) =
Tr(BCDA). Thus, the expected team estimation error is

J∗ =
∑
i∈N

∑
j∈N

E[(Lix− ẑi)
TSij(Ljx− ẑj)]

(d)
=
∑
i∈N

∑
j∈N

[
Tr(P0L

T
i SijLj)− 2Tr(F T

i SijLjΘ̂i)

+ Tr(F T
i SijFjΣ̂ji)

]

= Tr(P0L
TSL)

−
∑
i∈N

Tr

⎛
⎝F T

i

∑
j∈N

[
2SijLjΘ̂i − SijFjΣ̂ji

]⎞⎠ [3]

(e)
= Tr(P0L

TSL)−
∑
i∈N

Tr

⎛
⎝F T

i

∑
j∈N

SijLjΘ̂i

⎞
⎠ (57)

where (d) follows from (56), and (e) follows from (55). The
result now follows from observing that

∑
i∈N

Tr

⎛
⎝F T

i

∑
j∈N

SijLjΘ̂i

⎞
⎠ =
∑
i∈N

Tr(F T
i SiLΘ̂i)

=
∑
i∈N

vec(Fi)
T vec(SiLΘ̂i) = F Tη = ηTΓ−1η,

where the first equality follows from Tr(ATB) =
vec(A)T vec(B).

APPENDIX B
PROOF OF LEMMA 5

By vectorizing both sides of (48) and using vec(ABC) =
(CT ⊗A)× vec(B), we get∑

j∈N
(Pij ⊗ Sij) vec(Fj)− vec(Si•LPii) = 0, ∀i ∈ N.

Substituting Γij = Pij ⊗ Sij and ηi = vec(Si•LPii), we
get (49).

If S > 0, P ≥ 0, and Pii > 0, i ∈ N , then [32, Lemma 1]
implies that Γ > 0 and thus invertible. Hence, Eq. (48) has a
unique solution that is given by (50).

APPENDIX C
PROOF OF THEOREM 3

Σ̄ii is the variance of the innovation in the standard Kalman
filtering equation and by positive definiteness of Ri is positive
definite. Lemma 5 implies that (43) has a unique solution that is
given by (44). To show the strategy (41) is optimal, we proceed in
two steps. We first identify a lower bound in optimal performance
and then show that the proposed strategy achieves that lower
bound.

Step 1: From Theorem 2, for any strategy g, we have that

1

T
JT (g) ≥ 1

T

T∑
t=1

[
Tr(LTSLP0(t))− η(t)TΓ(t)η(t)

]
Taking limits of both sides and using Lemma 4 (which implies
that limt→∞ η(t) = η̄ and limt→∞ Γ(t) = Γ̄), we get

lim sup
T→∞

1

T
JT (g) ≥ Tr(LTSLP̄0)− η̄TΓ̄η̄ = J∗. (58)
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Step 2: Suppose ẑ(t) is chosen according to strategy (44) and
let J(t) denote E[c(x(t), ẑ(t))]. Following (56) and (57) in the
proof of Theorem 1, we have that

J(t) = Tr(LTSLP0(t))

−
∑
i∈N

Tr

(
F̄ T
i

∑
j∈N

[
2SijLjΘ̂i(t)− SijF̄jΣ̂ji(t)

])
.

From Lemma 4, we have that

lim
t→∞ J(t) = Tr(LTSLP̄0)

−
∑
i∈N

Tr

(
F̄ T
i

∑
j∈N

[
2SijLjΘ̄i − SijF̄jΣ̄ji

])

= Tr(LTSLP̄0)− η̄TΓ̄η̄ = J∗.

Thus, by Cesaro’s mean theorem, we get
limT→∞ 1

T

∑T
t=1 J(t) = J∗. Hence, the strategy (44) achieves

the lower bound of (58) and is therefore optimal.

APPENDIX D
ONE-STEP DELAYED OBSERVATION SHARING

A. Problem Statement

In this section, we use the result of Theorem 2 to show the
relationship between MTMSE filtering and control in delayed
observation sharing model [26], [31], [32]. The notation used
in this section is self-contained and consistent with the standard
notation used in decentralized stochastic control.

Consider a decentralized control system with n agents, in-
dexed by the set N = {1, . . . , n}. The system has a state x(t) ∈
Rdx . The initial state x(1) ∼ N(0,Σx) and the state evolves as
follows:

x(t+ 1) = A(t)x(t) +B(t)u(t) + w(t), (59)

where A and B are matrices of appropriate dimensions. u(t) =
vec(u1(t), . . . , un(t)), where ui(t) ∈ Rdi

u is the control action
chosen by agent i, and {w(t)}t≥1,w(t) ∈ Rdx is an i.i.d. process
with w(t) ∼ N (0,Σw). Each agent observes a noisy version
yi(t) ∈ Rdi

y of the state given by

yi(t) = Ci(t)x(t) + vi(t) (60)

where {vi(t)}t≥1, vi(t) ∈ Rdi
y , is an i.i.d. process with vi(t) ∼

(0,Σi
v). This may be written in a vector form as

y(t) = C(t)x(t) + v(t), (61)

where C = rows(C1, . . . , Cn), v(t) = vec(v1(t), . . . , vn(t)),
and y(t) = vec(y1(t), . . . , yn(t)).

Assumption 1: The primitive random variables
(x(1), {w(t)}t≥1, {v1(t)}t≥1, . . . , {vn(t)}t≥1) are indepen-
dent.

In addition to its local observation yi(t), each agent also
receives the one-step delayed observations of all agents. Thus,
the information available to agent i is given by

Ii(t) := {yi(t), y(1:t− 1), u(1:t− 1)} . (62)

Therefore, agent i chooses the control action ui(t) as follows.

ui(t) = gi,t(Ii(t)), (63)

where gi,t is the control laws of agent i at time t. The collec-
tion g = (g1, . . . , gn), where gi = (gi,1, . . . , gi,T ) is called the
control strategy of the system. The performance of any control
strategy g is given by

J(g) = Eg

[
T−1∑
t=1

[
x(t)TQx(t) + u(t)TRu(t)

]

+ x(T )TQx(T )

]
, (64)

where Q is symmetric positive semi-definite matrix, R is sym-
metric positive definite matrix, and the expectation is with
respect to the joint measure on the system variables induced
by the choice of g.

Problem 4: Given the system dynamics and the noise statis-
tics, choose a control strategy g to minimize the total cost J(g)
given by (64).

Problem 4 is a decentralized stochastic control problem. In
such problems there is no separation of estimation and control
(see, for example [32]). We show that this lack of separation is
due to the fact that the MTMSE filtering strategy depends on the
weight matrix of the estimation cost.

B. Equivalence to MTMSE Filtering

We start with a basic property of linear quadratic models. Let
P (1:T ) denote the solution to the following backward Riccati
equation. P (T ) = Q and for t ∈ {T − 1, . . . , 1},

P (t) = Q+ATP (t+ 1)A

−ATP (t+ 1)B(R+BTP (t+ 1)B)−1BTP (t+ 1)A.

Define

S(t) = R+BTP (t+ 1)B,

L(t) = S(t)−1(BTP (t+ 1)A).

Then, we have the following.
Lemma 6: For any control strategy g, define

J◦(g) =
T−1∑
t=1

E[(u(t) + L(t)x(t))TS(t)(u(t) + L(t)x(t))].

(65)
Then, a strategy g that minimizes J◦(g) also minimizes J(g).

Proof: Following [36, Chapter 8, Lemma 6.1], we can show
that the total cost J(g) can be written as

J(g) =

T−1∑
t=1

E
[
w(t)TP (t+ 1)w(t) + x(1)TP (1)x(1)

]

+

T−1∑
t=1

E
[
(u(t) + L(t)x(t))TS(t)(u(t) + L(t)x(t))

]
.

(66)

The third term is equal to J◦(g) and the first two terms do not
depend on the control strategy g. Thus, J(g) and J◦(g) have the
same argmin.

Now, we split the state x(t) into a deterministic part x̄(t) and
a stochastic part x̃(t) as follows. x̄(1) = 0, x̃(1) = x(1), and

x̄(t+ 1) = Ax̄(t) +Bu(t), x̃(t+ 1) = Ax̃(t) + w(t),
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ȳ(t) = Cx̄(t), ỹ(t) = Cx̃(t) + v(t).

Since the system is linear, we have

x(t) = x̄(t) + x̃(t) and y(t) = ȳ(t) + ỹ(t).

Note that x̄(t) is a function of the past control actions, which
are known to all agents. Now, for any control strategy g, define
ẑi(t) = ui(t) + Li(t)x̄(t). Then, the cost J◦(g) may be written
as

T−1∑
t=1

E[(ẑi(t) + L(t)x̃(t))TS(t)(ẑi(t) + L(t)x̃(t))]. (67)

The process {x̃(t)}t≥1 is an uncontrolled linear stochastic pro-
cess and the cost (67) is of of the same form as the weighted
mean-square cost that we have considered in this paper.

Following [25], we define Ĩi(t) = {ỹi(t), ỹ(1:t− 1)} which
may be considered as the control-free part of the information
structure.

Lemma 7: For any strategy g and any agent i ∈ N , Ĩi(t) is
equivalent to Ii(t), i.e., they generate the same sigma algebra.�

Proof: The result follows from a similar argument as given
in [37, Chapter 7, Section 3]. �

Since Ĩi(t) is equivalent to Ii(t), we may assume that ẑi(t) is
chosen as a function of Ĩi(t) instead of Ii(t). Thus, Problem 4
is equivalent to the following MTMSE filtering problem.

Problem 5: Suppose n agents observe the linear dynamical
system {x̃(t)}t≥1 and share their observations over a one-step
delayed sharing communication graph. Thus, the information
available at agent i is

Ĩi(t) = {ỹi(t), ỹ(1:t− 1)}.
Agent i chooses an estimate ẑi(t) of x̃(t) according to an
estimation strategy hi,t, i.e.,

ẑi(t) = hi,t(Ĩi(t))

to minimize an estimation cost given by (67).
Problem 5 is a MTMSE filtering problem and can be solved

using Theorem 2. One can then take the solution of Problem 5
and translate it back to Problem 4 as follows.

Theorem 4: Let h∗ be the optimal strategy for Problem 5, i.e.,

h∗
i,t(Ĩi(t)) = − Li(t)ˆ̃x(t)

− Fi(t) (ỹi(t)− E[ỹi(t)|ỹ(1:t− 1)]) , (68)

where
ˆ̃x(t) = E[x̃(t)|ỹ(1:t− 1)],

L(t) = rows(L1(t), . . . , Ln(t)),

and the gains {Fi(t)} are computed as per Theorem 2. Define
strategy g∗ as follows:

g∗i,t(Ii(t)) = h∗
i,t(Ĩi(t))− Li(t)x̄(t), (69)

i.e.,

g∗i,t(Ii(t))= − Li(t)x̂(t)

− Fi(t) (yi(t)−E[yi(t)|y(1:t− 1), u(1:t− 1)]) ,
(70)

where x̂(t) = E[x(t)|Icom(t)] = x̄(t) + E[x̃(t)|ỹ(1:t− 1)].
Then g∗ is the optimal strategy for Problem 4.

Proof: The change of variables ẑi(t) = ui(t) + Li(t)x̄(t)
implies that if h∗ is an optimal strategy for Problem 5, then
g∗ given by (69) is optimal for Problem 4.

To establish (70), we need to show that x̂(t) = x̄(t) + ˆ̃x(t).
Define, Icom(t) = {y(1:t− 1), u(1:t− 1)} and Ĩcom(t) =
{ỹ(1:t− 1)}. Then by Lemma 7 we have, Icom(t) is equivalent
to Ĩcom(t), i.e., they generate the same sigma algebra. The rest
of the proof follows from the definition of x̂(t). We have

x̂(t) = E[x(t)|Ĩcom(t)]
(a)
= E[x̄(t)|Icom(t)] + E[x̃(t)|Ĩcom(t)]
(b)
= x̄(t) + ˆ̃x(t),

where (a) follows from state splitting and Icom(t) = Ĩcom(t)
and (b) follows from the fact that x̄(t) is a deterministic function
of Icom(t). �

The main take away is as follows. By a simple change of
variables we showed that the one-step delayed observation shar-
ing problem is equivalent to a MTMSE filtering problem, where
the weight matrix S(t) of the estimation cost depends on the
backward Riccati equation for the cost function. The MTMSE
filtering strategy depends on the weight matrix S(t) and that
is the reason why there is no separation between estimation
and control. Nonetheless, the optimal gains can be computed
as follows.

1) Solve a Riccati equation to compute the weight functions
S(1:T ) and gains L(1:T ).

2) Solve a Kalman filtering equation (which does not depend
on S(1:T )) to compute the covariances Σ̂(t) and Θ̂(t)
defined in Theorem 2.

3) Use S(t), L(t), Σ̂(t), and Θ̂(t) to obtain the optimal gains
Fi(t) by solving a system of matrix equations.

4) Using Theorem 4 above, we can write the optimal strategy
g∗i,t in terms of Fi(t) and Li(t).
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