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Abstract: In the remote estimation system, a transmitter observes a discrete-time symmetric
countable state Markov process and decides to either transmit the current state of the Markov
process or not transmit. The transmitted packet gets dropped in the communication channel
with a probability . An estimator estimates the Markov process based on the received
observations. When each transmission is costly, we characterize the minimum achievable cost
of communication plus estimation error. When there is a constraint on the average number
of transmissions, we characterize the minimum achievable estimation error. Transmission and
estimation strategies that achieve these fundamental limits are also identified.
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1. INTRODUCTION

Remote-state estimation refers to a scenario in which
a sensor observes a stochastic process and determines
whether or not to transmit each observation to a remote
receiver. In this paper, we consider a model where the
communication takes place over a TCP-like protocol; so
either the transmitted packet is delivered without any
error to the receiver or the packet is dropped.
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Fig. 1. The remote state estimation setup

Several variations of this setup has been considered in the
literature. When the communication channel is ideal (i.e.,
there is no packet-drop), suboptimal and optimal trans-
mission and estimation strategies are proposed in Imer and
Basar (2005); Xu and Hespanha (2004); Lipsa and Martins
(2011); Nayyar et al. (2013b); Molin and Hirche (2012);
Chakravorty and Mahajan (2017). When there are packet
drops, Li et al. (2013) consider the case when the transmit-
ter can transmit only a fixed number of times, Xiaoqiang
et al. (2016) consider the case when the probability of
the packet-drop depends on the transmission power. Shi
and Xie (2012) considers a similar setup with two energy
levels and Dey et al. (2013) consider the case when the
transmissions are noisy.

In this paper, we characterize the structure of optimal
communication strategies as well as two fundamental
trade-offs between communication and estimation: first
when communication is costly and second when there is
a constraint on the number of communications. In both
cases, we identify communication strategies that achieve
the optimal trade-offs.

2. PROBLEM FORMULATION
2.1 Remote estimation model

Consider the remote estimation setup shown in Fig. 1.
A sensor observes a first-order time-homogeneous Markov
process {X;}1>0 with initial state Xo = 0 and for ¢ > 0,

Xiy1 = aXy + Wy, (1)

where {W;};>0 is an i.i.d. innovations process. For simplic-
ity, in this paper we restrict attention to a, X, W; € Z.
The results extend naturally to the case when a, Wy, X; €
R. We assume that W; is distributed according to a uni-
modal and symmetric probability mass function p, i.e., for
all e € Z>o, pe = p—c and pe > pey1. To avoid the trivial
case, we assume pg < 1.

After observing X, the sensor decides whether or not to
transmit the current state. This decision is denoted by
U; € {0,1}, where U; = 0 denotes no transmission and
U; = 1 denotes transmission.

If the transmitter decides to transmit (i.e., Uy = 1), X;
is transmitted over a wireless erasure channel and there
is a probability € € (0,1) that the transmitted packet is
dropped. Let H; € {0,1} denote the state of the channel
at time t. H; = 0 denotes that the channel is in the OFF
state and a transmitted packet will be dropped; H; = 1
denotes that channel is in the ON state and a transmitted
packet will be received. We assume that {H;};>o is an
ii.d. process with P(H; = 0) = e. Moreover, {H;};>0 is
independent of {X;};>o0.

Transmission takes place using a TCP-like protocol, so
there is an acknowledgment from the receiver to the
transmitter when a packet is received successfully. This
means that the transmitter observes K; = U;H;, which
indicates whether the packet was successfully received by
the receiver (K; = 1) or not (K; = 0).

The received symbol, which is denoted by Y3, is given by
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Xt lf Kt = 1
Y, = ’ 2
k {e, if K, =0, 2)
where Y; = € denotes that no packet was received. Note
that by observing K3, the transmitter can compute Y;. The
transmitter uses this information to decide whether or not
to transmit. In particular,

Ut = ft(XO:meO:t*l)? (3)
where Xy, and Yp,_1 are short-hand notations for
(Xo,...,Xs) and (Yp,...,Y:—1). The collection f =
{ft}1>0 of decision rules is called the transmission strategy.

After observing Y;, the receiver generates an estimate
{Xt}tzm X, € 7., using an estimation strateqy g =
{gt}e>0, e, X
Xt = g1(Yout)- (4)

The fidelity of estimation is measured by a per-step
distortion d(X; — Xt) We assume that:

e d(0) =0 and for e # 0, d(e) # 0

e d(-) is even, i.e., d(e) = d(—e)

e d(e) is increasing for e € Zxg.
2.2 The optimization problems

We are interested in two performance measures: expected
total distortion and expected total number of transmis-
sion. Given any finite horizon strategy (f,g) for horizon
T, the expected distortion is defined as

T
Dr(f,g) = BU9[ 3" d(X, - %) ’ Xo = 0]
t=0
and the expected number of transmissions is defined as

T
Ni(f.9) = B0 S0,
t=0

ono}.

Given any infinite horizon strategy (f,g) for discount
factor 3, 8 € (0,1), the expected distortion is defined as

Ds(f.9) = (1= HEUD |3 pd(x, - X4) | Xo = 0]
t=0

and the expected number of transmissions is defined as

Na(f,9) = (1= BEVD[ 3 6T,
t=0

XO:O}.

We are interested in the following three optimization
problems:

Problem 1 (Costly communication, finite-horizon) In
the model of Sec. 2.1, given a communication cost A € R
and a horizon T, find a transmission and estimation strat-
eqy (f*,9*) such that

Cr(N) =Cp(f*, g% \) = (ifngf) Cr(f,g; M), (5)

where Cr(f,g;\) = Dr(f,g9) + ANz (f,g) is the total
communication cost and the infimum in (5) is taken over
all history-dependent strategies of the form (3) and (4).
Problem 2 (Costly communication, infinite-horizon) In
the model of Sec. 2.1, given a discount factor § € (0,1)
and a communication cost A € Rsg, find a transmission
and estimation strateqy (f*,g*) such that

Ci(\) = Cs(f*,9%5\) = (ifnéf) Cs(f,9: ), (6)

where Cg(f,g;\) = Dg(f,9) + ANs(f,g) 1is the total
communication cost and the infimum in (6) is taken over
all history-dependent strategies of the form (3) and (4).
Problem 3 (Constrained communication) In the model
of Sec. 2.1, given a discount factor 8 € (0,1) and a
constraint o € (0,1), find a transmission and estimation
strategy (f*,g*) such that

D¥(«a) = Dg(f*,¢g") = inf Ds(f, 9), 7
5(e) = Ds(f",9") G <o s(f,9), (7)
where the infimum is taken over all history-dependent

strategies of the form (3) and (4).

Problems 1-3 are decentralized control problems. The
system has two controllers or agents—the transmitter and
the receiver—who have access to different information.
In particular, the transmitter at time ¢ has access to
(Xo:t, Yo:t—1) while the receiver at time ¢ has access to
Yo.t- These two agents need to cooperate to minimize
a common cost function given by (5), (6), or (7). Such
decentralized control problems are investigated using team
theory Mahajan et al. (2012).

In this paper we use the person-by-person approach in tan-
dem with the common information approach to identify
information states for both agents and obtain a dynamic
programming decomposition. Then we use a partial order
based on majorization to identify the structure of optimal
transmission strategy. In particular, we show that optimal
estimation strategy is similar to Kalman filtering and op-
timal transmission strategy is threshold-based. For Prob-
lems 2 and 3, we use ideas from renewal theory and con-
strained optimization to identify the optimal thresholds.

3. STRUCTURE OF OPTIMAL STRATEGIES

8.1 Person-by-person approach to remove irrelevant infor-
mation at the transmitter

Proposition 1 In Problem 1, there is no loss of optimal-
ity to restrict attention to transmission strategies of the
form:

Up = fi(Xt, Yoit-1)-

PROOF Arbitrarily fix the estimation strategy g and con-
sider the best response strategy at the transmitter. Similar
to the argument given in Witsenhausen (1979); Teneketzis
(2006), it can be shown that (X, Yp.;—1) is an informa-
tion state at the transmitter and therefore the result of
proposition follows from Markov decision theory. n

3.2 Common-information based sufficient statistic for the
transmitter and the receiver

Following Nayyar et al. (2013a), we split the information
at the transmitter and the receiver into two parts: common
information (which is the data that that is known to all
future decision makers) and local information (which is the
total data minus the common information). In particular,
at the transmitter the common information is Yp.;—1 and
the local information is X; while at the receiver the
common information is Yj.; and the local information is
empty. Now, consider the following centralized stochastic
control problem, which we call the coordinated system. At
time ¢, a virtual coordinator observes Yp.;—1 (the common
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information at the transmitter at time ¢) and chooses a
prescription ¢; : Z — {0, 1} according to a coordination
strategy 1, i.e.,

d)t = wt (YO:t—l)-

The decision U; to transmit is generated according to
U = ¢+(X¢). The received symbol Y; is still given by (2).
After observing Y;, the coordinator generates an estimate
X, according to (4). The communication cost and the
distortion function are the same as in Sec. 2.1.

As shown in Nayyar et al. (2013a) that the above central-
ized coordinated system is equivalent to the decentralized
system considered in Problem 1. Since the coordinated
system is centralized, an optimal coordinated strategy may
be identified from an appropriate dynamic program. For
that matter, define the following beliefs.
Definition 1 For any coordination strategy ¥ = (11, ...,
Vy), define Iy, _q, Iy, € A(Z) as follows: for any = € Z,

Ht|t71(-r) = ]qu(Xt =2 |Yo-1)
Iy (2) = PY(X, = x| You),
where A(Z) denotes the space of distributions on Z. g
Note that when we condition on a particular realization
of Yo.4—1, then the realizations m;_; and my; of Iy
and II;; are conditional distributions on X; given Yp.4—1.

When we condition on the random variables Yy.;_1, then
Il;;—1 and IL;; are distribution-valued random variables.

Based on Bayes rule, the update of m;;_; and m;; are given
as follows.

Lemma 1 There exists functions Qi and Q? such that for
any coordination strategy v and any realization yo.: of Yo.¢,

Tt = Qtl(ﬂt\t—h(bt,yt) and T41t = Q?(Tfﬂt)a

where
Qi (eje—1, be, ye) ()
5(ye), if yr # €
) E;’:ZfEflgiﬁt;f()oZt)(i?fii)(E’))]v fp=e O
and

QF (myye) (2 Z puTy(ax +w),

weZ
where §(z') is the delta-distribution with unit mass at x’.o

The next proposition follows from (Nayyar et al., 2013b,
Theorem 1).

Proposition 2 Define recursively the following functions
for a finite horizon T':

VT+1|T(7Tt\t—1) =0,
and fort € {T,--- 1},
Vt|t(71't|t) = ;né%E[d(Xt - ft)‘ntﬁ = 7Tt|t] + Vt+1\t(77t+1|t)7
(9)
where 111, = Q?(ﬂ'“t) as given in (8), and

Vije—1(mee—1) = flé% E[My,—13 + ‘/t|t(Ht|t)’

yj—1 = o1, b1,
where Ty, = Q%(ﬂﬂt,l, ¢+, Y:) is given in (8) and G is the
set of all functions ¢y from Z to {0,1}.

(10)

Then, for each realization of the post-transmission belief
Ty at time t, the minimizer in (9) exists and gives the
optimal estimate at time t; for each realization of the pre-
transmission belief my;_1, the minimizer in (10) exists and
gives the optimal prescription ¢; at time t. O

3.8 Structure of optimal strategies

To establish the structure of optimal transmission and
estimation strategies, we state the following definitions
from Nayyar et al. (2013b).
Definition 2 (ASU and even) A probability distribu-
tion v on Z is said to be almost symmetric and unimodal
(ASU) about a point a € Z, if for any k € Z>o,
via+ k) >via—k)>via+k+1).
If a distribution v is ASU about 0 and v(z) = v(—=
all x € Z, then v is said to be ASU and even.
Definition 3 (ASU Rearrangement) The ASU rear-
rangement of a probability distribution v, denoted by v+,
is a permutation of v such that for every n € Zx,

+ > I/+ > Vn+1
Definition 4 (Majorlzatlon) Given two probability dis-
tributions v; and v, defined over Z, v is said to majorize

Vo, which is denoted by vy =, vo, 1f for all n € Z>y,

n+1 n+1

Zuf(x) > Zu;(x), dovi@) =) vf(x)

Definition 5 (Relation R) Given two probability dis-
tributions p and i defined over Z, we say that a relation R
exists between them, which is denoted by Ry, if f =, p
and i is ASU about some point b € Z. o
Definition 6 (ASU Schur-concavity) Let H : A(Z) —
R be a function that maps distributions on Z to real num-
bers. Then, H is said to be ASU Schur-concave if for any
two distributions i and u, Ry implies H(f) < H(p). o

), for

The value functions defined in Prop. 2 satisfy the following:
Lemma 2 Vi;,_; and Vi), are ASU Schur-concave. 0

The proof is similar to (Nayyar et al., 2013b, Claim 1).

Using the above property, we can show the following:
Lemma 3 If my, is ASU around 0, then 6 is an arg min

of the right hand side of (9). o
Lemma 4 If 7,y is ASU around 0, then the arg min of

the right hand side of (10) is given by
].7 Zf ‘.’E - a0| > kt(ﬂ—t\t—l)
x) = .
9e(2) {O, if |[v — af) < k¢(mypp—1)
where k; is a threshold that depends on . When |z —
af| = ki(my—1), either 0 or 1 may be chosen with an
appropriate randomization probability.

Definition 7 Define a processes {Z; }+>0 and {Et}t>0 as
follows: Zy = 0,

7, — Xta if Yt # 6’
" laZi, Y=g
and Et = Xt — (LZt,]_. m]
Theorem 1 (Structure of optimal strategies) The
optimal strategies have the following structure:

(1) Structure of optimal estimation strategy: For Prob-
lems 1-3, the optimal estimation strategy is time-
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homogeneous and Kalman-like, as given below: Xy =

Zy =0 and
. X,  ifY£¢,
Xi =9/ (%) = Zi = {a)%t1 Z}CYZ i e 1D

(2) Structure of optimal transmission strategy: For Prob-
lem 1, the optimal transmission strategy is a threshold-

based strategy given by
L if | By > ke

U= Ji(B) = {0, if [Ey| < Ky,

where ky € Zi>o are the time-varying thresholds that
do not depend on Fy.

For Problem 2, the optimal transmission strategy is
threshold-based strategy given by

_ p¥ _ 17 Zf‘Et| > k;
U= JiE) = {0, if 1B <k,

where k € Z>¢ is a time-homogeneous threshold.
For Problem 3, the optimal strategy is a threshold-
based randomized strategy given by
1, w.p. 0% if |E¢| = k;
0, wp. 1—6"if|E]=k;
07 Zf |Et| < ka
where k € Z>¢ is a time-homogeneous threshold and
6* € [0,1] is an appropriate constant that depends
on « o
PrOOF The results for Problem 1 follow from a forward
induction argument. It can be recursively shown that
mye—1 is ASU about Z; ; and my, is ASU about Z;.
The structure of the optimal transmission and estimation
strategy follows from Lemmas 3 and 4.

Up = f¢ (Er) =

The results for Problem 2 can be shown by establishing
appropriate regularity conditions under which the solu-
tion of infinite horizon Markov decision processes is time
homogeneous (Puterman, 1994, Lemma 4.7.2).

For the proof for Problem 3, see Theorem 3. n

The implication of Theorem 1 is the following. In general,
in remote-state estimation problems, the structure of op-
timal estimation strategy depends on that of the optimal
transmission strategy. However, as is shown in Theorem 1,
the optimal estimation strategy can be characterized in
closed form, independent of that of optimal transmission
strategy. Thus, we can fix an estimation strategy of the
form (11) and consider the optimization problem of find-
ing the best transmission strategy corresponding the fixed
estimation strategy. Since there is only one decision-maker
(the transmitter), this optimization problem is centralized
in nature. Since the optimal estimation strategy given
by (11) is time-homogeneous, it can be shown that the
optimal transmission strategy for infinite horizon is time-
homogeneous and is given by the following dynamic pro-
gram:

Vi(e) = min{ V2 (e), Vi ()} (12)
where
Vi(e) = (1 —e)(A+ BE[Vs(Er1) | B = e,U; = 1,C, = 1]

+e(A+d(e) + BE[Vs(Ei) | By = e, Uy = 1,0, = 0))
and
VBI(G) = d(e) -+ 6E[V5(Et+1) |Et =€, Ut = 0]

The above dynamic program has a unique solution due
to the following reasons. When the per-step distortion
d(-) is bounded, the existence of a unique and bounded
solution follows from (Sennott, 1999, Proposition 4.7.1,
Theorem 4.6.3). When d(-) is unbounded, then for any
communication cost A, we first define eg € Z>g < 00 as:

eo = min{e 2 d(e) > L}

“1-3
Let £&* :== {e : |e| > eg}. Then the countable-state state-
process is equivalent to a finite-state Markov chain with
state space {—eg+1,--- ,eg—1}Ue* (where e* is a generic
state for all states in the set £*). Since the state space
is now finite, the dynamic program (12) has a unique
and bounded time-homogeneous solution by the argument

given for bounded d(-).

In the remainder of this paper, we show how to find an
explicit solution of (12). For that matter, we first evaluate
the performance of an arbitrary threshold-based strategy.

4. COMPUTING THE PERFORMANCE OF AN
ARBITRARY THRESHOLD BASED STRATEGY

Let £ denote the threshold-based transmission strategy:
1, if |Ey >k
(k) E — ) t| —
F(E) {07 if |Fy| < k.

For 8 € (0,1) and e € Z, define the following for a system
that starts in state e and follows strategy f*):

. Lgk)(e): the expected distortion until the first trans-
mis}gion
M é )(e): the expected time until the first transmission

D(Bk)(e): the expected distortion

N /gk)(e): the expected number of transmissions
C’ék)(e; A): the expected total cost, i.e.,
O (e;0) = DV (e) + ANSV (), A >0.

Note that under f(¥), {E,}+>0 is a Markov chain. From the
balance equations, we get: for all a,e € Z and k € Z>g

s[d(e) +8Y pn_aeLg“(n)} L if fe| > k

L(k)(e) _ nez
b d(e) + B pn-acky’(n),  ifle| < k.
nez
(13)
and
5{1 +8> pnfaeMék)(n)}, if |e| >k
M(k) (6) — nez
p 1+ 8> pu—acM{? (), if le| <k
nez
(14)

Following the proof technique adopted in Chakravorty and
Mahajan (2017), one can show the following:
Lemma 5 Fquations (13) and (14) have unique solutions

L(ﬂk) and M[gk) that are strictly increasing in k. o

These solutions L%k) and M [gk) can be computed using the
techniques for finding fixed points of Bellman operators

in countable state Markov decision processes; see Sennott
(1999); White (1982); Cavazos-Cadena (1986).
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Using ideas from renewal theory, we can evaluate the
performance of f(*)) (i.e., compute Dék), Nék), and Cék))
from L(Bk) and M ‘Ek).

Proposition 3 For any 6 € (0,1), the performance of

strateqy f%) for costly communication is given as follows:
For k € Zy,

L(k)(O)

D 0) = Da(f®,9%) = 5,

’ M,g’“l><o>
N (0) = No(f®),g7) = —5— - (1 - 8),

57(0)

and

L0+ A

CE(0;0) = Cu(f M, 975 A) = 2P0 A1 - B).
B

Using Proposition 3, we can show the following:
Lemma 6 For any 5 € (0,1), Dék)(O) is increasing in k
and Ngk)(O) is decreasing in k. o

5. OPTIMAL THRESHOLDS FOR COSTLY AND
CONSTRAINED COMMUNICATION

Finally, we characterize the optimal strategies and optimal
performances for Problems 2, and 3.

Definition 8 Given two (non-randomized) time-homo-
geneous strategies f; and f and a randomization pa-
rameter 8 € (0,1), the Bernoulli randomized strategy
(f1, f2,0) is a strategy that randomizes between f; and fo
at each stage; choosing fi with probability 6 and fo with
probability (1 — 6). Such a strategy is called a Bernoulli
randomized simple strategy if f; and fy differ on exactly
one state i.e. there exists a state ey such that for all e # e,

fi(e) = fa(e). O

The next two theorems characterize the performances for
costly and constrained communication for infinite-horizon
setup under the optimal communication strategies as given
by Theorem 1. The proofs are omitted due to space
constraints; the proof idea is similar to that in Chakravorty
and Mahajan (2017) (which may be considered as a special
case with € = 0).

Theorem 2 (Characterization of optimal costly perfor-
mance) For B € (0,1], let K denote {k € Zxg

DékJrl)(O) > Dgc)(O)}. For k, € K, define:
kn ) k"
A D+ (0) — DY) (0)
! k‘)n kn ’
N (0) — N (0)

Then, we have the following.

(1) For any k, € K and any X € ()\gk"’l),)\gk")],
the strategy f%n) is optimal for Problem 2 with
communication cost .

(2) The optimal performance C3(\) is continuous, con-
cave, increasing and piecewise linear in X. The cor-
ner points of C5(A) are given by {(/\(ﬁk"),Dék")(O) +

AN (0)) e, e (see Fig. 2). o
Theorem 3 (Characterization of optimal constrained per-
formance) For any 8 € (0,1) and o € (0,1), define

11

(02

(k) (&) . \ (k)
(W, e (0;207)

(k+2)
Dy 7(0) (Agwrpy C;Hl)(m A(ﬁk+l)))
(k+1)

D (0)

B

Dgl«,)(o)

|

|

!

|

1

!

|

® @ A
(k) (k+1)

Ay Ag

Fig. 2. The optimal costly performance as a function of .

Dj (@)

(NST2(0), DD (0)

(NS (0), D (0))

i )
~®
R

:
Fig. 3. Dj(a) as a function of a.

£ion _ VOIS
kg(a) sup{k’EZZO.Mﬁ _1—|—a—ﬂ}

M[gk*"rl) _ 1

05(0) = —2_ 4
B M/(}k +1) M[gk )

For case of notation, we use k* = kj(a) and 0" = 03(a).

Let f* be the Bernoulli randomized simple strategy (f*),

FE 6, e,

if le] < k*;

w.p. 1 —0%, if |e| = k;

w.p. 0%, if le| = k*;

if le| > k™.

f(e) =

— =0 O

Then,

(1) (f*,g*) is optimal for Problem 8 with constraint c.

(2) Let a®) = Ng(f*), g*). Then, for a € (a1 k),
E* =k and 0* = (a — aF*tD)/(a®) — a*+D) | and
the distortion-transmission function is given by

* * k * k
Dj(a) = 6D + (1 6%) DS,

Moreover, the distortion-transmission function 1is
continuous, convex, decreasing and piecewise linear
in . Thus, the corner points of Dj(a) are given by

{(N(0), DY (0)) )72, (see Fig. 3). .

6. AN EXAMPLE: SYMMETRIC BIRTH-DEATH
MARKOV CHAIN

In this section, we verify with a numerical example the
main results for Problem 3 and analyze the variation of
the distortion-transmission function with the packet-drop
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Fig. 4. Plots of Dj(a) versus a, for § = 0.99 and ¢ €
{0,0.3,0.7}.

probability, €. Consider an aperiodic, symmetric, birth-
death Markov chain defined over Z with the transition
probability matrix as given by:

P if i — jl =1
P;=¢1-2p, ifi=yj;
0, otherwise,

where we assume that p € (0,3). Let the distortion
function be d(e) = |e|]. The model satisfies (1) with a = 1.
We verify the main results for p = 0.3, § = 0.99. Fig. 4
shows the distortion-transmission function as a function
of a for e € {0,0.3,0.7}. We see from the plots that the
optimal distortion increases with increase in the value of
€, which is in consistent with the intuition.

7. CONCLUSION

In this paper, we study the remote-state estimation prob-
lem for costly and constrained communication setup for
erasure channel, where a transmitted packet is dropped
with a known probability €. We analyze the decentralized
control problem with two decision makers—the transmit-
ter and the receiver—in the light of person-by-person and
common information approach to establish the structure
of optimal communication strategies. Also, we provide the
closed-form expressions for optimal thresholds and char-
acterize the optimal performance.

For simplicity, we assumed that the observations are in-
teger valued. But the results extend to real-valued obser-
vations in a manner similar to Chakravorty and Mahajan
(2017). We also assumed that the sensor has perfect obser-
vations of the state. The results are also applicable when
the sensor observes the state with noise. In that case, the
sensor generates a local estimate of the state and whenever
it transmits, it sends the local estimate.
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