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On the Design of Globally Optimal Communication
Strategies for Real-Time Noisy Communication
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Abstract— A real-time communication system with noisy feed-
back is considered. The system consists of a Markov source,
forward and backward discrete memoryless channels, and a
receiver with limited memory. The receiver can send messages
to the encoder over the backward noisy channel. The encoding
at the encoder and the decoding, the feedback, and the memory
update at the receiver must be done in real-time. A distortion
metric that does not tolerate delays is given. The objective is to
design an optimal real-time communication strategy, i.e., design
optimal real-time encoding, decoding, feedback, and memory
update strategies to minimize a total expected distortion over
a finite horizon. This problem is formulated as a decentralized
stochastic optimization problem and a methodology for its
sequential decomposition is presented. This results in a set of
nested optimality equations that can be used to sequentially
determine optimal communication strategies. The methodology
exponentially simplifies the search for determining an optimal
real-time communication strategy.

Index Terms—Markov decision processes, real-time commu-
nication, noisy feedback, dynamic teams, information state,
common knowledge, common belief

I. INTRODUCTION

HE CLASSICAL Shannon’s formulation of a commu-

nication system [1] does not take communication delay
into account. For many applications such as sensor networks,
transportation networks, and networked controlled systems,
in which the communication system is a component of a
larger system, the delay incurred during the transmission
of information has to be bounded. This motivates the need
to study communication systems with a hard constraint on
communication delay. Such communication systems are called
real-time communication systems.

Real-time communication problems are drastically differ-
ent from classical information theoretic formulations. The
fundamental concepts of information theory such as source
entropy, rate distortion, and channel capacity are asymptotic
concepts and do not provide much insight for the real-time
communication problem. Due to the real-time constraint on
information transmission, the separation of source and channel
coding is no longer optimal. Therefore, in real-time commu-
nication systems, joint source-channel coding schemes must
be considered.
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Real-time communication problems can be viewed as multi-
agent sequential stochastic optimization problems with decen-
tralized information. The system has two agents (or decision
makers) — the encoder and the decoder. Due to noise in the
communication channel, one agent does not know the infor-
mation available at the other agent; so, the information in the
system is decentralized. Consequently, the resultant stochastic
optimization problem cannot be solved using Markov decision
theory [2] since Markov decision theory is only appropriate
for problems with centralized information.

Several variations of the real-time communication problem
have been considered in the literature. The research on real-
time communication can be broadly classified into three
categories: (i) performance bounds of finite-delay or real-time
communication systems; (ii) real-time encoding and decoding
of individual sequences; and (iii) real-time encoding and
decoding of Markov sources.

Performance bounds for real-time (zero-delay or finite-
delay) communication systems under various assumptions
were derived in [3]-[11]. The design of asymptotically op-
timal real-time encoding and decoding strategies for noiseless
channels was considered in [12]-[14], and for noisy channels
was considered in [15]. Structural properties of optimal real-
time encoders for transmitting Markov sources over noiseless
channel were derived in [16]-[18]. Structural properties of op-
timal real-time encoders and decoders for transmitting Markov
sources over noisy channels with noiseless feedback was
considered in [19]-[22]. Structural properties of optimal real-
time encoders and decoders for transmitting Markov sources
over noisy channels was considered in [23]; a methodology for
determining globally optimal encoding and decoding strate-
gies for communication systems with noisy channels and no
feedback was presented in [24], [25].

The work on real-time communication, summarized above,
either assumes a noiseless channel, or a noisy channel with
no feedback, or a noisy channel with noiseless feedback.
The design of optimal real-time communication strategies for
systems with noisy channels and noisy feedback has not been
considered so far. The problem of communicating over a
noisy channel with noisy feedback has been considered in the
information theoretic setting [26]-[29], but these results do not
assume a real-time constraint on information transmission.

The key contributions of this paper are: (i) the presentation
of a systematic methodology for the design of globally optimal
strategies for real-time communication systems with noisy
feedback; and (ii) an explaination of this solution methodol-
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ogy. We treat the design of an optimal communication strategy
as a decentralized multi-agent sequential optimization prob-
lem. We present a methodology that allows us to sequentially
determine an optimal communication strategy by proceeding
backward in time and solving a set of nested optimality
equations. This methodology drastically simplifies the search
for an optimal real-time communication strategy; in spite of
this simplification, numerically solving the resultant nested
optimality equations remains a formidable task.

The rest of this paper is organized as follows. In Section II
we formulate the problem and present its salient features. In
Section III we present the structural/qualitative properties of
optimal encoders and decoders. In Section IV we compare the
structural properties derived in this paper with the previously
known structural properties for real-time communication sys-
tems. In Section V we present the methodology for sequen-
tially determining globally optimal communication strategies.
In Section VI we discuss different approaches to decentralized
optimization problems, and explain why the proposed solution
methodology works. In Section VII we mention some possible
extensions and we conclude in Section VIII.

Notation: Throughout this paper we use the following
notion. Uppercase letters (X,Y, Z) represent random vari-
ables, lowercase letters (z,y, z) represent their realizations,
and calligraphic letters (X,)), Z) represent their alphabets.
Script letters (¢,%,.%) represent family of functions and
Gothic letters (§, €, 9R) represent o-algebras. For random
variables and functions, z¢ is a short hand for the sequence
Z1,...,2¢ E{-} denotes the expectation of a random variable,
Pr(-) denotes the probability of an event, I[-] denotes the
indicator function of a statement, and P { X'} denotes the space
of all PMF (probability mass functions) on X. To denote that
the expectation of a random variable or the probability of an
event depends on a function ¢, we use E {- | ¢} and Pr (- | ¢),
respectively. This slightly unusual notation is chosen since
we want to keep track of all functional dependencies and the
conventional notation of IE?{-} and Pr¥(-) is too cumbersome
to use. B(X) denotes the Borel o-field on X. If P is a
probability measure on a o-field §, and & is a subfield of
§, then P| & denotes the restriction on P onto &.

1I. THE FINITE HORIZON PROBLEM
A. Problem Formulation

Consider a real-time communication system with noisy
feedback shown in Figure 1. This system consists of a source,
a real-time encoder, a noisy forward channel, a noisy backward
channel, and a real-time decoder with finite memory. The
communication system operates in discrete time for a time
horizon T'.

At each stage t, the source produces an output X; taking
values in a finite alphabet X. We assume that the output
sequence {X;, t = 1,...,T} forms a first-order Markov
chain with initial distribution Py, and matrix of transition
probabilities Py, ,|x,-

The communication system consists of two channels: the
forward channel and the backward channel. We assume that
both channels are independent DMC (discrete memoryless
channels). The forward channel is a | Z|-input | Y|-output DMC,

N

X Z Y X
Source L Encoder L Forward L Decoder L
Channel

Fig. 1. A real-time communication system with noisy feedback

while the backward channel is a |Z|-input |)|-output DMC.
These channels can be described as

Y: = h(Z:, Ny),
Yio1 = h(Zi—1, Ne—1),

t=1,...,T,
t=2,...,T,

(1a)
(1b)

where h(-) and h(-) denote the forward and backward channels
at time ¢, respectively; Z; and Zy_1 are the inputs to the
forward and the backward channels at time ¢, respectively;
Y; and Yt_l are the outputs of the forward and the backward
channels at time ¢, respectively; and N; and Nt—l are the
channel noise in the forward and the backward channels at
time ¢, respectively. The variables Z,, Zt, Y:, 37}, N;, and
N; take values in finite alphabets Z, Z, Y, Y, N, and N,
respectively. We assume that {N;, t = 1,...,T} and {Nt,
t =1,...,T} are sequences of i.i.d. random variables with
PMF (probability mass function) Py and Pp, respectively.
These sequences are independent of each other and are also
independent of the source output {X;, t =1,...,T}.

At each stage t, the encoder observes the output X; of
the source and the output }7,5_1 of the backward channel. It
generates an encoded symbol Z; using all its past observations,
ie., fort =1,

Zy = c1(X1), (2a)
and fort =2,...,T,
Zy = c( Xt 20 v, (2b)

This encoded symbol is transmitted over the forward chan-
nel (la) producing a channel output Y.

The receiver consists of a decoder and a memory. The
content of the memory is denoted by M; and takes values
in a finite alphabet M. At each stage ¢, the receiver generates
an estimate X; of the source taking values in X as follows:

X1 =q(1), (3a)
and fort =2,...,T,

Xe = ge(Ye, Mea); (3b)
it also generates a feedback symbol Z, as follows:

Z=a ), (4a)
and fort =2,...,T,

Zy = &(Ys, My); (4b)
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furthermore, it updates the content of its memory as follows:

M, =1 (Y1), (5a)
and fort =2,...,T,

My = 1,(Yy, My—1). (5b)

The performance of the system is quantified by a uniformly
bounded distortion function p : X X X — [0, pmax), Where
Pmax < 0o. The distortion at time ¢ is given by p(X¢, X’t).

The collection C' := (c1,...,cr) of encoding rules for the
entire horizon is called an encoding strategy. Similarly, the
collection G = (g1,...,97) of decoding rules is called a
decoding strategy, the collection C:=(¢y, ..., ér) of feedback
rules is called a feedback strategy, and the collection L =
(l1,...,lr) of memory update rules is called a memory update
strategy. Further, the choice (C,G,C, L) of communication
rules for the entire horizon is called a communication strategy.
The performance of a communication strategy is quantified by
the expected total distortion under that strategy and is given
by

T
Jr(C,G,C, L) =F {Z (X, Xy)

t=1

O,G,O,L}. (6)

We are interested in the following optimization problem:

Problem 1: Assume that the encoder and the receiver know
the source statistics Px, and Px,,  x,, ¢ = 1,...,T, the
forward and backward channel functions h, l~z, the forward
and the backward channel noise statistics Py and Py, the
distortion functions p and the time horizon 7. Choose a
communication strategy (C*, G*, C*, L*) that is optimal with
respect to performance criterion of (6), i.e.,

Jr(C*,G*,C*, L") = Jf == min Jr(C,G,C,L), (1)

ces”

Geg”

Cee”

Lez”T
where €7 =%, x - - - x €r, €, is the family of functions from
XtxYtlxzZt-1t0 2, 9T =9 x .- x G (T-times), ¥ is
the family of functions from ) x M to é\?, CT=Cx---x€
(T-times), % is the family of functions from ) x M to Z,
LT=Lx-..x&L (T-times), and & is the family of functions
from ) x M to M.

In Problem 1, we want to identify the optimal communica-
tion strategy for encoding the outputs of a first-order Markov
source over a forward DMC, when the receiver can transmit
back feedback messages to the encoder over a backward
DMC. The receiver must decode in real-time (i.e., with zero-
delay). Due to this real-time constraint on communication,
asymptotic results from information theory, like source en-
tropy, channel capacity, and rate, that are fundamental in
asymptotic communication theory are not appropriate for
real-time communication. As a continuation of our previ-
ous work [23]-[25], [30], [31], in this paper we present
a framework different from Shannon’s information theoretic
setup to study real-time communication. We consider the real-
time communication problem as an optimization problem.
A globally optimal communication strategy always exists
because there are finitely many communication strategies and

we can always choose the one with the best performance. The
number of possible time varying communication strategies are
exponential in the size of the time horizon and the cardinality
of the alphabets which makes a brute force search for an
optimal strategy computationally intractable. So, a systematic
approach to search for an optimal communication strategy
is required. In this paper, we present one such systematic
approach, called sequential decomposition, that can be used
to sequentially determine optimal communication strategy
by proceeding backwards in time. The resultant “simplified”
optimization problem has linear complexity in the size of the
time horizon but exponential complexity in the cardinality of
the alphabets.

We proceed with the analysis of Problem 1 as follows. We
first present the salient features of the problem and develop
the concepts and notation needed for the rest of the paper. We
then identify the qualitative/structural properties of optimal
encoders and optimal decoders that hold for any choice of
other components of the communication strategy. Next we use
these qualitative properties to develop a methodology for sys-
tematically searching for optimal communication strategies.

B. Primitive Random Variables

In the rest of this paper we will be working with conditional
probabilities, probability measures of probability measures,
and o-fields. To be precise in our analysis we need to define
the probability space clearly. For that matter, we first define
the primitive random variables of the system.

Let x: a | X|-dimensional random vector defined as follows:
forx € X,

xi(2) =T[X; = x] xe([XD](8)

There is a one-to-one relation between X; and x; and we
can use x: to have a martingale representation (stochastic
difference equation) for the Markov chain {X;, t =1,...,T}
(see [32]) given by

and  x: = [xe(1),. ..

Xt+1 = P§t+1|XtXt+9t7 ©

where {6;, ¢t = 1,...,T} is a sequence of indepen-
dent zero-mean random vectors. Since we have assumed
that the noise in the forward and the backward chan-
nels is independent of the source output, the random vari-
ables (x1,01,...,07,N1,...,Np,Ni,...,Ny) are indepen-
dent. These random variables are called the primitive random
variables. We assume that all primitive random variables are
defined on a common probability space (2,F,P). If the
communication strategy is fixed, all system variables can be
defined in terms of the primitive random variables, and are
(Q,F, P) measurable. In the sequel, all (random) variables
are assumed to be defined on (0, F, P).

C. Problem Classification

Problem 1 is a sequential stochastic optimization problem
as defined in [33]. To understand the sequential nature of the
problem, we need to refine the notion of time. We call each
step of the system a stage. For each stage, we consider four



MAHAJAN and TENEKETZIS: OPTIMAL REAL-TIME COMMUNICATION WITH NOISY FEEDBACK 583
Stage t
Actual Time . . . .
t* (t+1/2)~ (t+1/2)* (t+1)~
Time Notation . . . .
't % 3 “t
System : :
Variables : N N . .
Xt . Zy N¢ Y Xt Zy Nt Y My
Decision Rules
ct gt & I
Decision Rules
(Symbolic)
Loy ot - 3y S Ay
Belief of . )
the encoder : : : :
1Bt 2-Bt 3Bt 4Bt
Belief of . . . .
the decoder " " " "
1A, 2A: 3A: 1A
Information : : : :
State : : : :
Lay 2mt 3¢ Ay
Fig. 2. Sequential ordering of different variables in the system
time instances:' ¢+, (¢t +1/2)7, (t +1/2)" and (t +1)~. o'l ie,
For the ease of notation, we will denote these time instances 11 gi=1 g1 el 1
1, 2, 3 4 . Lol = (e ,C T, 0t = ¢y, (10a)
by “t, “t, °t, and “¢, respectively. Assume that the system has . 1 NP )
four “agents”, the encoder (agent 1), the decoder (agent 2), the ‘P =(c,g &I, Pt = Gt, (10b)
feedback encoder (agent 3), and the memory update (agent 4), Sp (ct, gt etmtth, 3o =&, (10c)
which act sequentially at 't, 2t, 3¢, and %, respectively. gt gt -l 4.
d o pectvey ptl= (gt e 1Y, o=l (10d)

The order in which the random variables are generated in
the system is illustrated in Figure II-B. Since the ordering
of the decision makers can be done independently of the
realization of the system variables, Property C of [34] is
trivially satisfied and hence Problem 1 is a causal sequential
stochastic optimization problem as defined in [33].

Problem 1 is a multi-agent problem where all agents have
the same objective given by (7). Such problems are called
team problems [35], and are further classified as static teams
or dynamic teams on the basis of their information structure. In
static teams, an agent’s information is a function of primitive
random variables only, while in dynamic teams, in general,
an agent’s information depends on the functional form of the
decision rules of other agents. In Problem 1 the receiver’s
information depends on the functional form of the encoding
rule. Thus Problem 1 is a dynamic team. Dynamic teams are,
in general, functional optimization problems having a complex
interdependence among the decision rules [36]. This interde-
pendence leads to non-convex (in policy space) optimization
problems that are hard to solve.

For the ease of notation, at time instances t, 2, 3¢, and %,
we will denote the current decision rule by ¢y, 204, 34, and

D. The Notion of Information

The traditional information theoretic notions entropy and
mutual information are asymptotic concepts which are not
directly applicable to real-time communication problems. So,
we first describe a decision theoretic notion of information.
Recall that (€2, §, P) is the probability space with respect to
which all primitive random variables are defined. Suppose ‘O,
is the observation of agent i, at time ‘¢, and ‘o*~! is the past
decision rules of all agents. Since the problem is sequential,
for any choice of “p!~!, ‘O, is measurable with respect to
3. Furthermore, for any choice of “@!~1, let o(*Oy;ipt~ 1)
denote the smallest subfield of § with respect to which ‘O, is
measurable. Then, the information field of agent i at time °t
is 0(*0;%p!~1). Using this notion of information, we define
variables that represent the information field at the encoder’s
and receiver’s sites just before each agent acts on the system.

Definition 1: Let 1Et, QEt, 3Et, and 4Et denote the obser-
vation and 1L’Et, 2L’Et, BQSt, and 4(& denote the information field
at the encoder’s site at time '¢, ¢, 3t, and *t, respectively, i.e.,

4oy and the past decision rules by '¢!~1, 2pt=1, 3pt~1 and 'Bp= (X5 27N YY), e =a(PEs e, (a)
2E, = (Xt zt YY), 2¢, =0 (®Ey; %01,  (11b)
SE, = (Xt Zzt YY), 3¢, =0(CE;30Y),  (lc)
o e e o ey e Insances s ot imporiant we Jutneed - 4p o (X1, 7, Y1), e =0 ("B te'Th). (11d)
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Further, let 1Rt, QRt, 3Rt, and 4Rt denote the observation
and 19‘{“ Z%t, 39%, and 49% denote the information field at
the receiver’s site at time ¢, ¢, 3¢, and %, respectively, i.e.,
1y . 1 t—1

mt = U( R ty <p )7
2

Ry = (Rt 2ot 1)7
3 1
EF{t - 0( Rt73 = )7
4

R, = o (*Ry; 2ot h).

1Rt = (Mt—1)7

Ry = (Yy, My—1),
"Ry = (Yi, My—_1),
Ry = Yy, M),

(12a)
(12b)
(12¢)
(12d)

Let ié't and "R, i = 1,...,4, denote the space of realizations
of "E; and "R, respectively.

Problem 1 is a decentralized problem because, at any time
t, the information fields at the encoder’s site and the receiver’s
site are non-comparable, that is, le, g IR, and '€, ) R,
and similar relations hold between 2@,5 and 29‘{,5, between 3@,5
and 39‘{t, and between 4& and 49‘%- Thus, at no time during
the evolution of the system does the encoder “know” exactly
what is “known” to the receiver and vice-versa. Hence the
information in the system is decentralized. Notice that the
information fields at the encoder and the receiver are coupled
through decision rules. 161 and 19%1 are known before the
system starts operating. The choice of 1 determines ¢, and
29‘{1, the choice of 2(,01 determines 3(‘31 and 39‘{1, and so on.
Thus, 1th and 19% are determined completely by 161, 1(,0‘5*1
and '9R;, 1!~ 1, respectively. Thus, the information ‘¢, and
YR, is coupled through the past decision rules 'o*~'. Hence,
Problem 1 has a non-classical information structure (see [37],
[38]).

Note that the information at the encoder is nested while the
information at the receiver is not. Formally, at the encoder
we have '¢, C %¢, C *¢, C *¢, C '¢,,--- and so
on. So at any time the encoder remembers everything that it
knew in the past. On the other hand, at the receiver we have
R, C 2R, C %R, C Ry, but >R, € '9R,,1. Thus, while
updating its memory at 3¢, the receiver forgets (or sheds) some
information that it knew earlier. This shedding of information
has an interesting consequence when we consider the evolution
of receiver’s beliefs in the next subsection.

A Technical Remark: There is a subtle difference be-
tween our definition and Witsenhausen’s [34] definition of
information field. In [34], information fields are defined on
the product space ([], Ua,[],, Ta), where « ranges over the
set of all agents and (U, S«) is the decision space of agent
a (see [34] for details). In this paper, information field is
defined on (€,3), the probability space of all randomness
in the system. Our definition allows us to define conditional
expectations and conditional probabilities with respect to this
information field (cf. [34, pp. 152]). What we call information
field is the same as the induced field .#) in [34]. Unfortunately
this field .#) was not given any name in [34]. We hope that
with this clarification, our slight deviation in terminology from
the literature will not cause any confusion.

E. Agent’s Beliefs and their Evolution

Due to decentralization of information, it is important to
characterize what one agent thinks about the other agent’s
observation, i.e., what the encoder “thinks” that the receiver
“sees” and what the receiver “thinks” that the encoder “sees”.

This is captured by the encoder’s belief about the observations
of the receiver, and the receiver’s belief about the observations
of the encoder at time instances 't, 2t, 3¢, and *t. These beliefs
are given below.

Definition 2: Let 'B,, 2By, 3B, and B, denote the en-
coder’s belief about the receiver’s observation at 't, 2, 3¢,
and %, respectively, i.e.,

'By('r):=Pr ('R, ="r|'¢,), (13a)
*Bi(*r) =Pr (R, =*r |°¢,), (13b)
°By(*r) =Pr (°R, = °r|°¢,), (13¢)
“Bi(*r) =Pr ("R =r |'e,). (13d)

Let B=P{'R},i=1,...,
of 'B.

Definition 3: Let 'A,, 2A,, 3A;, and *A, denote the re-
ceiver’s belief about the encoder’s observation at t, ¢, 3¢,
and “t, respectively, i.e.,

4, denote the space of realizations

"Ai(te) =Pr ('E, =le|'Ry), (14a)
?Ai(%e) ==Pr (PE; =%¢|*Ry) (14b)
24,(%) =Pr (°E, =% |*R,) (14¢)
44, (46) =Pr (4Et =14e | 49%,5) . (144)

Further, let At denote the receiver’s belief about the source
output at time instance ¢, i.e.,

At(xt) =Pr (Xt = Tt ‘ Q%t) .

Let ‘A =P {’&},i=1,...,
tions of ‘A;.

The sequential ordering of these beliefs is shown in Fig-
ure II-B. For any particular realization 'e; of 'E;, and any
arbitrary (but fixed) choice of '¢'~!, the realization 'b; of
1Bt is a PMF on M. If E; is a random vector, then 1Bt is
a random vector belonging to P { M}, the space of PMFs on
M. Similar interpretations hold for ’B,, By, *By, 'Ay, %A,
3At, and 4At.

The time evolution of these beliefs of the encoder and the
receiver are coupled through their decision rules. Specifically,

Lemma 1: For each stage ¢, there exist deterministic func-
tions 1F, 2F, and *F such that

(14e)

4, denote the space of realiza-

'Bi ='F(*By_1,1,_1), (15a)
B, =2F('By, Z), (15b)
3B, = 2By, (15¢)
‘B, =*F(®B;, V1, &). (15d)

Lemma 2: For each stage ¢, there exists a deterministic
function 'K + such that

YA, = 'K (P Ay, My g, e ). (16a)

Further, there exist functions, ’K , K , and 4K such that for

each ¢,
2A, = 2K(*A, i, ), (16b)
A = K(%4), (16¢)
34, =2A,, (16d)
A ="K(CA, Zy). (16e)

These lemmas are proved in Appendix A.
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F. A Remark about Functional Dependencies

The belief evolution presented above has some interesting
features which are a result of the functional coupling between
the information fields of the encoder and the receiver. This
can be illustrated by carefully analyzing the above belief
evolutions. Consider the system at time 't and assume that the
encoder and the receiver know the past decision rules p*~1.
Using the results of Lemmas 1 and 2 the encoder can calculate
1Bt and the decoder can calculate 1At. Now, at time ¢, the
encoder generates the encoded symbol Z; and the receiver
receives the channel output Y;. The encoder can update its
belief using the encoded symbol (the decision) Z; (see (15b)).
The receiver, however, needs to know the encoding rule (the
decision rule) c; in order to update its behef (see (16b)). At
time ¢, the receiver generates its estimate X,. Since decoding
is an open loop problem, it does not influence the belief
of either the encoder or the receiver (see (15¢) and (16d)).
Next at 3¢, the receiver generates a feedback symbol Z; and
the encoder receives Y;. The receiver can update its belief
using the feedback symbol (the decision) Zt (see (164d)).
The encoder, however, needs to know the encoding rule (the
decision rule) ¢, in order to update its belief (see (15c)). At
4t the situation is a bit different at the receiver. The receiver
needs to shed information while updating its memory, so
3R, Z 19‘{“_1 and the receiver can not use just 34, and M, to
generate 1At+1. The receiver needs to calculate 1At+1 from
scratch using all past decision rules (see (16a)). The encoder
still needs to know the memory update rule (the decision rule)
l; to update its belief.

Thus for decentralized problems with non-classical informa-
tion structure, if at any time instant an agent, say ¢, makes the
current decision and does not shed information it can update
its belief using only the current decision; if the agent makes the
current decision and sheds information, it needs to recalculate
its belief from scratch using all the past decision rules. If agent
1 does not make the current decision, it needs to know the
decision rule of the agent acting currently acting on the system
in order to update its belief. Thus agents need to know the
decision rules of other agents in order to update their beliefs.
This gives rise to a functional coupling between the agents’
beliefs. Contrast this from systems with classical information
structure (centralized optimization problems) where the belief
evolutions depends only on the current observation and/or
current decision, and not on the current decision rule. It is
this functional coupling among decision rules in decentralized
problems with non-classical information structures that make
the global optimization problem conceptually more difficult
than the optimization problem in systems with classical infor-
mation structure.

For the problem under consideration, before looking at the
global optimization problem, we identify qualitative properties
of optimal encoders and decoders.

III. STRUCTURAL PROPERTIES

In this section, we provide qualitative properties of optimal
encoders (respectively, decoders) that are true for every arbi-
trary but fixed decoding, feedback, and memory update strate-
gies (respectively, encoding, feedback, and memory update

strategies). These properties are subsequently used to develop
a methodology for the determination of globally optimal
communication strategies. They are also used to explain our
methodology.

A. Structure of Optimal Real-Time Encoders

Theorem 1 (Structure of Optimal Encoders): Consider
Problem 1 for any arbitrary (but fixed) decoding, feedback,
and memory update strategies, G = (g1,...,97),
C = (¢1,...,¢r), and L = (l1,...,lr), respectively.
Then there is no loss in optimality in restricting attention to
encoding rules of the form

Zy =c(X,'By), t=2,...,T. (17)

Proof: We look at the problem from the encoder’s point
of view. Note that {X;, t = 1,...,T} is a Markov process
independent of the noise in the forward and the backward
channels. This fact together with results of Lemma 2 implies
that for any z,, € X, b1 € 'B, any realization (!, 'b?, 2*)
of (X*,1B* Z%), and any choice of ‘¢!, we have

1 1 bt 1t
Pr (Xt+1=$t+1, By = bt+1|9C b )
t gt b1
= Pr (w1, begr, Gis 2oy, s 1}:}0 b, 2t o)
Yyt€Y
mi_1EM
Z€EZ
Jt€Y
Z 1, tH1 1t ot o s L1t
= PI‘( 1‘x+ b 255 Yty 2ty Yt TM—15 SD)
c t ot o~ = L1t
m;y_tlg/\/l x Pr a:H_l‘a: Iyt 2 S Uty Zty Yty Mip—1; cp)
5,2 t 1yt 1t
#€Z X Pr (g ‘x b, 2t E e, et <P)
Yt €Y

W2y, me—r; o)
x Pr (y: ‘:rt Iyt 28 my 1,1<pt)
6 Ayt ot 1(pt)

1= 1F <4F(2F(1btaZt)agtaét)alt)]

(

(9
xPr(zt}x
(

x Pr (my— 1|a:

(@) Z I [119

Yt€Y

mi‘fsz X Px,,x, (T4 | o)
G:€Y X PN(Nt eN: gt = h(gt,Nt))

x L[z = e (ye, me—1)]
x Py (N € N iy = h(zi, Ny))
X 1bt(mt_1)

= Pr (Xt+1 = Tt+1, 1Bt+1 = lbt+1 ‘ Lt 1bt, 2t, Ct, lt) ,
(18)

where (a) follows from Lemma 1 and the sequential order
in which the random variables are generated. Thus for fixed
feedback and memory update strategies, {(X;,'By), t =
1,...,T} is a controlled Markov process with control action
Z,. Further, the expected conditional instantaneous distortion
can be written as

E {P(Xt, Xt) ‘ 361&}

= Z p(Xtagt(yt, mt—l)) Pr (yt,mt_l ‘ 3(&)

Yt€Y
my_1EM

= Z p(Xt, 9t (e, mu—1)) *Be(ye, me—1)

Yt€Y
my—1 EM
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b
@ Z p( X1, 9¢(ye, mu—1)) *F(* By, Z4) (ye, my—1)

Yt€Y
my_1EM

= p(X¢, "By, Zi, 1) (19)

where (b) follows from Lemma 1. Thus, the total expected
distortion can be written as

T
I {ZP(Xt, Xt)

t=1

C.G,C, L}

T
:E{ZE{p(Xt,Xt) 3@}‘0,@0@}
t=1
T ~
=E{Zﬁ(xt,1Bt,Zt,gt) C,G,C,L}. (20)
t=1

Hence from the encoder’s point of view, we have a per-
fectly observed controlled Markov process {(Xy,'B;), t =
1,...,T} with control action Z; and an instantaneous distor-
tion p(X, 'B,, Zt, g¢) (recall that G is fixed). From Markov
decision theory [2, Chapter 6] we know that there is no loss
of optimality in restricting attention to encoding rules of the
form (17). [ |

B. Structure of Optimal Real-Time Decoders

Theorem 2 (Structure of Optimal Decoders): Consider
Problem 1 for any arbitrary (but fixed) encoding, feedback,
and memory update strategies, C = (c1,...,c7),
C = (&,...,ér), and L = (ly,...,lr), respectively.
Then there is no loss in optimality in restricting attention to
decoding rules of the form

X, = §(A;) == argmin Z p(z, &) A ().
peX 3

21

Proof: We look at the problem from the decoder’s
point of view. Since decoding is a filtering problem, min-
imizing the total distortion J7(C, G, C, L) is equivalent to
minimizing the conditional expected instantaneous distortion
E{p(Xt,Xt) ‘ th} for each time ¢. This conditional ex-

pected instantaneous distortion can be written as

E {p(Xt, Xt) 29‘{,5} = Z p(a}t, Xt) Pr (Jit | th)
T EX
= Z P(l’t, Xt)At(xt) (22)
T EX
and is minimized by the decoding rule given in (21). [ ]

C. Remarks on the Assumption of Finite Memory at the
Receiver

In the model of this paper we have assumed that the receiver
has finite memory. Due to this assumption, the space 'R
of realizations of "R; does not depend on t. Consequently,
the space 'B of realization of 'B; does not depend on .
Thus, qualitative properties of the form (17) for the encoding
rule imply that at each time we can search for optimal
encoding rules belonging to a space that does not depend on .
Furthermore, for systems with large horizon 7', encoding rules

of the form (17) can be easier to implement than encoding
rules of the form (2).

Even if the receiver had no restriction on the size of its
memory, the result of Theorem 1 will be true. However, the
space 1Bt of the realization of 1Bt will increase in size with
t. So encoding rules of the form (17) would not be easier to
implement than those of the form (2).

In Section V we present a methodology for the sequen-
tial decomposition of the global optimization problem. The
information states (sufficient statistics) for this sequential
decomposition have a nice compact representation because
encoding rules of the form (17) belong to a space that does not
increase with time. If the decoder had no memory restriction,
these information states would belong to spaces that increase
with time.

Thus, the assumption of finite memory at the receiver is
not necessary to derive the structural properties and sequential
decomposition for the finite horizon problem considered in this
paper; this assumption makes the structural results useful for
implementing the encoding rules; it also makes it easier to
present the sequential decomposition. However, if we want to
extend the sequential decomposition presented in this paper
to infinite horizon problems, the assumption of finite memory
at the receiver becomes necessary. Even though we do not
treat the infinite horizon problem in this paper, for the ease of
presentation we have assumed finite memory at the receiver.

IV. COMPARISON WITH PREVIOUS RESULTS IN
REAL-TIME COMMUNICATION

As mentioned in the Introduction there are three different
conceptual approaches to real-time (zero-delay) communica-
tion problems, namely (i) performance bounds of finite-delay
or real-time communication systems; (ii) real-time encoding
and decoding of individual sequences; and (iii) real-time
encoding and decoding of Markov sources. The approach
taken in this paper falls under the last category. For real-
time encoding and decoding of Markov sources, three different
channel models have been considered: noiseless channels
in [16]; noisy DMC with noiseless feedback in [19] and noisy
AWGN (additive white Gaussian noise) channels with noiseless
feedback [20]-[22]; and noisy DMC with no feedback [23],
[24]. These problems/models are special cases of Problem 1
for appropriate choices of feedback strategies, and forward
and backward channels. In this section, we rederive structural
results for these communication systems using the structural
results of Section III. This shows that the results this paper
subsume all existing structural results for real-time encoding-
decoding of Markov sources and thus presents a unified
framework to study these problems.

A. Real-Time Noiseless Communication

Consider the real-time source coding problem investigated
in [16], which is shown in Figure 3. This problem can be con-
sidered as a special case of Problem 1 by making the following
simplifications in the model considered in Section II-A.

Assume that the forward channel is noiseless, i.e.,

Yii=hi(Ze; Ni) = Zp, and Y = Z. (23)
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Xt Zy =Y X
Source Encoder Decoder

Fig. 3. A real-time source coding problem

Since the encoder knows output of the channel, the choice of
feedback strategy C' and backward channel & in the model of
Section II-A does not matter. For completeness, assume that
the backward channel is noiseless and the feedback strategy
is to send back the output of the forward channel, i.e.,

Zt = Et(m, Mtfl) = Y—t, and Z~ = ya (24)

and

Y, :=h(Zy,Ny) = Z;, and Y = Z. (25)

Since the forward channel is noiseless, i.e. Y; = Z;, we can
denote the encoded symbol by Y;. Thus, using (23), (24) and
(25) we can be write (2) as

Y1 =ca(Xy), (26a)

and fort =2,...,T,

Y; = (XYY, (26b)

The receiver operates according to (3) and (5) and the per-
formance of a design is given by (6). The system model
given by (26), (3), (5) and (6) is identical to the real-time
source coding problem considered in [16]. For this model,
"M, C '€y, e C PRy, PRy C %€, and 'R, C '€, Thus, the
model has a nested information structure. For fixed decoding
and memory update strategies, the information structure at the
encoder is a classical one, and the beliefs of the encoder (given
by Definition 2) simplify as follows:

'By(my_1) =1 [me_y = "L (YL 1H)],
By (ye,me—1) = *By(yr, mu—1) = *By(ye, me—1)

=1 [yt = Y—t] I I:mtfl = 1lt71(Yt717 ltil)} 9
(27b)

(27a)

where

N (YL =l (Yeer, 2 (Yiea, .., (Y1) ).
(28)

Thus, belief ' B; is a random variable belonging to IP { M}
with unit mass on M;_;. This means that the encoder knows
the realization of M;_; and implies that there is a one-to-
one correspondence between 1Bt and M;_;. By a similar
argument, there is a one-to-one correspondence between 2B,
and (Y, M;_1), between 3B, and (Y, M;_1), and between
4B, and (Y;, M;_1). Due to these one-to-one correspondences
the result of Theorem 1 can be simplified as follows:

Corollary 1: Consider Problem 1 for noiseless forward and
backward channels, feedback strategy given by (24), and
arbitrary (but fixed) decoding and memory update strategies,
G = (91,-..,97) and L = (ly,...,lr), respectively. Then
there is no loss in optimality in restricting attention to encod-
ing rules of the form

Zt :Ct(XtaMt—l)a t:2,,T (29)

This result is identical to [16, Lemma 4, pp. 1446] which
is the main result of [16] for first order Markov sources.

Ny

X Z Y X
Source L Encoder L Forward L Decoder L
Channel

Y

Fig. 4. A real-time communication system with noiseless feedback

B. Real-Time Noisy Communication with Noiseless Feedback

Consider the real-time communication problem with noise-
less feedback investigated in [19], which is shown in Figure 4.
This problem can be considered as a special case of Problem 1
by making the following simplifications in the model consid-
ered in Section II-A.

Assume that the backward channel is noiseless and that the
feedback strategy is to send back the output of the forward,
1.€.,
and Z = Y,

Zt =G (Ys, My—1) = Y4, (30)

and

Y, =h(Z,Ny)=Z;, and Y =2Z. (31)

Relations (30) and (31) imply that Y;_; = Y;_;. Thus, the
encoder can be written as

Zy = c1(X1), (32a)
and fort =2,...,T
Zy = (Xt Z07H Yy, (32b)

The receiver operates according to (3) and (5) and the perfor-
mance of a design is given by (6). The system model given
by (32), (3), (5) and (6) is identical to the real-time coding
problem with noiseless feedback considered in [19]. For this
model, 'R, C '€, "R, C 2¢, "R, C ¢, and '], C ‘¢,
Thus, the model has a nested information structure. For
fixed decoding and memory update strategies, the information
structure at the encoder is a classical one, and the beliefs
of the encoder (given by Definition 2) simplify according
to (27). Further, by the same argument as in Section IV-A,
there is a one-to-one correspondence between lBt and M;_q,
between 2B; and (Y;, M;_1), between 3B, and (Yy, M),
and between ‘B, and (Y, My_1). Due to these one-to-one
correspondences the result of Theorem 1 can be simplified as
follows:

Corollary 2: Consider Problem 1 for noiseless backward
channel, feedback strategy given by (30), and arbitrary
(but fixed) decoding and memory update strategies, G =
(91,.--,97) and L = (ly,...,l), respectively. Then there
is no loss in optimality in restricting attention to encoding
rules of the form

Zt:Ct(Xt,Mtfl), t:2,,T (33)

The receiver model considered in [19] is more general than
the model we consider in this paper; in [19], the receiver can
either have a finite memory or no there is no restriction on the
size of the memory. Corollary 2 is identical to [19, Theorem 1]
and the structure of optimal decoder (Theorem 2) is similar
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to [19, Lemma 1] when the model of [19] is restricted to have
a finite memory.

Another variation of this problem that has been investigated
in the literature is when the source output is scalar Gauss
Markov process, the channel noise is AWGN (additive white
Gaussian noise), the distortion measure is quadratic, and
the decoder has no memory limitation. This problem was
considered for discrete time in [21] and for continuous time
in [20], [22] and it was shown that linear encoding and
decoding strategies are optimal. These results rely on the
special properties of LQG (linear quadratic Gaussian) systems
can be thought of as further refinement of the structural
property given by Corollary 2.

C. Real-Time Noisy Communication with no Feedback

Consider the real-time communication problem with no
feedback investigated in [23], which is shown in Figure 4. This
problem can be considered as a special case of Problem 1 by
making the following simplifications in the model considered
in Section II-A.

Assume the backward channel does not provide any valu-
able information to the encoder, that is

Y, =hi(Z;,N;) = N;, and Y =N. (34)

Since, the output of the backward channel is independent of
all random variables in the system, it can be ignored. Thus,
the encoder is of the form:

Zy = c1(Xq), (35a)
and fort =2,...,T

Zy = (X, Z07h. (35b)

Thus, the information available at the encoder (given by
Definition 1) changes to:

B = (Xt 2, (36a)
’E, = (X', 7Y, (36b)
SEy = (X1, ZY), (36¢)
‘B,o= (X1, ZY. (36d)

Since the feedback symbol Zyis ignored, the choice of feed-
back strategy is immaterial. The receiver operates according
to (3) and (5) and the performance of a design is given by (6).
The system model given by (35), (3), (5) and (6) is identical
to the real-time coding problem with no feedback considered
in [23], [24], [39]. For this model, 'R, ¢ '¢&;, '¢, ¢ 'R,
and similar relations hold between 29{,5 and 2(‘3,5, between 39{,5
and BQSt, and between 49% and 4(’Et. Thus, the model has a
non-classical information structure. The belief of the encoder
(given by Definition 2) are now defined by conditioning

on the information at the encoder given by (36). With this
modification, the belief 1Bt is identical to Py, , defined
in [23, Eq. (13)], the structure of optimal encoder (Theorem 1)
is identical to [23, Theorem 1] and the structure of optimal
decoder (Theorem 2) is identical to [23, Theorem 2].

D. Comparison of Different Structural Results

We have shown that structural results of Section III subsume
all previously known structural results for real-time encoding-
decoding of Markov sources. There are two categories of
communication systems: (i) Systems with nested informa-
tion structures (models of Sections IV-A and IV-B), and
(i1) systems with non-nested information structures (models of
Sections IV-C and II-A). The qualitative properties of optimal
encoders within each category are similar.

Two proof methodologies have been employed in the liter-
ature to derive qualitative properties of optimal encoders: an
interchange argument used in [16] and [23] and; controlled
Markov process argument used in [19] and the alternative
proof in [23]. In this paper we have used controlled Markov
process argument to derive qualitative properties of optimal
encoders (Theorem 1). An interchange argument, along the
lines of one presented in [23], can also be used to prove
Theorem 1, but we do not present it here.

V. DETERMINING GLOBALLY OPTIMAL COMMUNICATION
STRATEGIES

A. Information States

The key step in obtaining a sequential decomposition is to
identify an information state sufficient for performance evalu-
ation (also called a sufficient statistic for control). See [24] for
a discussion on the properties of such information states. In
order to identify appropriate information states for Problem 1,
we first use results of Theorem 1 to reformulate Problem 1 in
a slightly different manner.

Let ¢ denote the space of functions from X x P {M} to
Z. The result of Theorem 1 states that instead of choosing an
encoding rule from the space %; at time ¢, we can choose an
encoding rule from the space % . Therefore, we have

Corollary 3: The optimal performance [J; given by (7) can

be determined by
Jt = min Jr(C,G,C,L),
ceé”
GeyT
Cee”
Leg”™

x € (T-times), and ¢7 and £7 are

(37)

where €7 =% x -
defined as before.
Hence, in Problem 1 rather than choosing a communication
strategy (C*, G*, C*, L*) belonging to (67 x 4T x €T x £T)
to minimize (7) we can choose a communication strategy
(C*,G*,C*, L*) belonging to (47 x 9T x €T x £7) to
minimize (37). Notice that the domain of an encoding rule
belonging to %; increases with ¢, while the domain of an
encoding rule belonging to 4 does not depend on ¢. Hence,
using the structural results of Theorem 1 we can reformulate
Problem 1 such that the encoding rules at each time have to
be chosen from a time-invariant space. For this reformulation,
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an information state sufficient for performance evaluation is
given below.
Definition 4: Define 'm;, 2m;, 3m,, and *m; as follows:

'myi=Pr (Xy, 'Ry, "By | "', (38a)
m=Pr (Xy,”Ry,*By | %0 1) (38b)
= Pr (X4, °Re, °By | P9 1) (38¢)
r =Pr (Xy, "Ry, "By | *¢' 1) (38d)

Let II, i = 1,...,4, denote the space of probability measures
n (X x "R x 'B). Then ‘r; takes values in ‘II.

The above definitions are to be interpreted as follows. Let
(Q, 3, P) denote the probability space with respect to which
all primitive random variables are defined. For any agent 1,
i =1,...,4, and any choice iqbt*l of past decision rules,
the variables ‘E; and 'R, and the beliefs ‘B and ‘A, are
J-measurable. Thus, for any choice of ‘¢'~', (X;,'R;,"By)
is §-measurable. ‘7 is the corresponding induced measure on
(X x "R x 'B).

The above-defined ‘m;, i = 1,...,4 are related as follows:

Lemma 3: For encoding rules of the form (17), 'm;, ?m;,
7, and *m, are information states for the encoder, decoder,
feedback encoder, and memory update, respectively, i.e.,

1) there exist transformations '@, *Q, and *Q such that
2 1 1
m = "Q(ct) e,
3 2
Tt = T,
4 30 (=
T = Q&) °my,
1 4 4
Tt+1 = Q(lt) Tt
These transformation are linear in the corresponding ‘7,
1=1,3,4.
2) the expected instantaneous cost can be expressed as

2¢t_179t} = p(*me, gt)

where p(+) is a deterministic function concave in 7.

3

(39a)
(39b)
(39¢)
(39d)

E {p(x;, ;) (40)

This is proved in Appendix B.
Using this result, the performance criterion of (6) can be
rewritten as

T
Jr(C,G,C,L) = {ZpXt,Xt)CGOL}
t=1
@
= ZE{P(XuXt) 2¢f 179t}
t=1
® <
= > Cme,90) (41)
t=1

where (a) follows from the sequential ordering of system
variables and (b) follows from Lemma 3.

B. An Equivalent Optimization Problem

Consider a centralized deterministic optimization problem
with state space alternating between 1H, 2H, 3H, and *II and
action space alternating between €. 9, % and £. The system
dynamics are given by (39) and at each stage ¢ the decision
rules ¢, g, ¢, and [; are determined according to meta-rules

At, 2As, 3A, and *A,, where 'A, is a function from II to
% QAt is a function from %I to ¥, 3At is a function from °TI
to %, and At is a function from “II to .#. Thus the system
equations (39) can be written as

= lAt(lﬂ't), 2 = 1Q(Ct) Ly, (42a)
gt =20 (?m), 31y = 2my, (42b)
& =N (), Y =2Q(&) 3y, (42¢)
I = A (*my), Yoo = 4Q(1y) *my. (42d)

The initial state 'm; = Px, is given. At each stage

an instantaneous cost p( 7, g¢) is incurred. The choice
( Al, 2A1, Al, Al, ey AT, 2AT, BAT, 4AT) is called a
meta-design and denoted by AT'. The performance of a meta-
design is given by the total cost incurred by that meta-design,
ie.,

Jr(AT | 17y) = T, gi). (43)

Mq

t=1
Now consider the following optimization problem:

Problem 2: Consider the dynamic system (42) with known
transformations 'Q, *Q, and *Q. The initial state '7; is given.
Determine a meta-design A7 to minimize the total cost given
by (43).

C. The Global Optimization Algorithm

Observe that for any initial state Lri, a choice of meta-
design AT determines a design (C,G,C, L) through (42).
Relation (41) implies that the expected distortion under design
(C,G,C, L), given by (6), is equal to the cost under meta-
design AT given by (43). Thus, if the transformation 1Q, BQ,
and 4Q in Problem 2 are the same as those in Lemma 3,
an optimal meta-design for Problem 2 determines an optimal
design for Problem 1. Problem 2 is a classical centralized
deterministic control problem and optimal meta-designs can
be determined as follows:

Theorem 3 (Global Optimization Algorithm): An optimal
meta-design A*7T for Problem 2, and consequently an optimal
design (C*, G*, C~, L*) for Problem 1 can be determined as
follows. For any 'm € I, 27 € 211, 37 € °I1, and *r € “I1,
define the following functions:

Wi (tr) =0, (44a)
andfort=1,...,T

Wi(tn) = 32%2”(@(6) ), (44b)

Vi(r) = min [5(r, ) +Vi(m)|. (@4o)

Vi) = min Vi Q@) *r). (44d)

Wi(tr) = min i ("Q) *r). (44e)

The arg min (or arg inf) at each step determines the optimal
meta-design A*7. After an optimal meta-design has been
determined, an optimal design (C*, G*, C‘*,L*) can be de-
termined through (42). Furthermore, the optimal performance
is given by
1V1 (1 771)-

Jr = (45)
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Proof: This is a standard result, see [2, Chapter 2]. ®

The functions ‘V;, i = 1,...,4, are called value functions.
They represent the minimum expected future distortion that
the system in state ‘7 will incur from time ¢ onwards. We
have the following result.

Theorem 4 (Concavity of Value Functions): The value
functions V;, i = 1,...,4,t=1,...,T, given by (44) are
concave in the corresponding ‘7.

Proof: Recall that *Q, ®Q, and *Q are linear in ‘r and
p(+) is concave in 27. The result of the theorem follows from
the fact that concavity is maintained under composition of
a concave function with a linear transformation, summation
of concave functions, and point-wise minimum/infimum of a
concave function. A detailed proof is presented in Appendix C.

|

Observe that the four step T'-stage sequential decomposition
of (44) can be combined into a one-step T-stage sequential
decomposition

Wi('m) = inf [5('Q(e) 7. 9)

ce?
e+ Vi (W) 0" Q@) 0 'Q(e) ') |.
e’ (46)

which is a deterministic dynamic program in function space.
We present the finer decomposition in Theorem 3, since the
finer decomposition given by (44) has a smaller search space
than the more compact decomposition given by (46).

D. Computational Issues

The nested optimality equations of (44) are computationally
difficult to solve for two reasons. The first reason is that the
information states ‘m, i = 1,...,4, belong to an uncountable
space ‘I1. Hence, to solve (44) we need to discretize TI. Most
discretization techniques result in an exponential growth of the
number of points as we approximate the value function more
closely, leading to the so called “curse of dimensionality”.
However, there are randomized techniques for discretization
that avoid such an exponential growth (see [40], [41]). The
bigger obstacle in efficiently solving (44) is that each step
of (44) involves solving a non-convex functional optimization
problem. For example, consider the optimization problem at
4. The function 'Vi41 (*Q(1) *r) is concave in “m, but it is
neither concave nor convex in [, and we need to minimize
"Wit1 (*Q(1) *m) over all choices of I. So, the only way to
do this is to evaluate 'Vii1('Q(I)*r) over all choices of
I. There are |M|PIIMI different values for I. So the search
for optimal [ at time %t is exponential in |Y||M|. Similar
complexity results hold for 3¢ and 2t while at 't, ¢ can take
uncountably many values. These features makes it challenging
to obtain a numerical solution of (44).

The computational difficulty lies in the off-line solution
of (44). Once these nested optimality equations have been
solved, the on-line implementation of the solution is straight-
forward.

VI. DISCUSSION

We believe there are two conceptual approaches to solve
decentralized multi-agent optimization problems. The first

approach is as follows. Arbitrarily fix the decision strategies
of all agents. Now pick one agent, say ¢, and determine its
optimal strategy assuming that the strategy of all other agents
is fixed. Agent ¢ will use this “optimal” strategy in the future.
Now pick another agent, say j, j # 4, and determine its
optimal strategy assuming that the strategy of all other agents
is fixed. Agent j will use this “optimal” strategy in the future.
Continue in this manner by cyclically changing the strategies
of all agents one-by-one; if the process converges then uni-
lateral deviation by any agent does not improve the system
performance. This algorithm is called orthogonal search? [43]
and if it converges it can only guarantee P.B.P.O. (person by
person optimal) solutions [36]. However, for team problems
P.B.P.O. solutions are not always satisfactory. We want to
determine globally optimal strategies, so we do not follow
the above described approach to design decision strategies for
all agents.

The second approach to solve decentralized multi-agent
problems is by considering the problem from the designer’s
viewpoint. The designer knows the system model and the
statistics of the primitive random variables but does not know
the observations of any agent. The designer is concerned
with determining optimal decision rules for all agents. The
state of the system is appropriately defined so that it is
sufficient to keep track of the input-output mappings of all
agents. The decisions or control actions of the designer are
the decision rules ‘p; of the original problem. The designer
does not take any observations, but remembers all the past
decisions. So at time ‘¢, he knows the system model, the
statistics of the primitive random variables, and his past control
actions “@!~!. The optimization problem at the designer is
conceptually equivalent to a POMDP (partially observable
Markov decision problem). For POMDP the information state
is given by the conditional probability density of the state
of the system, conditioned on all the past observations and
control actions of the controller (see [2, Chapter 6]). For
Problem 1 at time t, the random vector (X;, 'Ry, B;) can be
considered as the system state for the above described alternate
formulation. This is because (X;,‘B;) is a state for input-
output mapping® at the encoder (this follows from the results
of Lemma 1 and Theorem 1) and ‘R, is a state for input-
output mapping at the receiver. Thus (X, Ry, B;) is a state
for input-output mapping of the system. However, it is not a
state for optimization because the designer does not observe
this state. As mentioned above, the optimization problem at
the designer is conceptually equivalent to a POMDP. So, a
notion that is equivalent to conditional probability conditioned
on the controller’s observations and control action should
be an information state for optimization for the problem at
the designer. For this reason in Definition 4, we define the
information state at time ‘¢ as

iy = Pr(Xy, "Ry, By | "' ) 47)
which is the “conditional probability density” of the “state”
conditioned on the all the past observations and “control

2Fictitious play [42], which is used in game theory to find Nash equilibrium,
is a variation of orthogonal search.
3See [45] for different notions of state.
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actions” of the designer. Technically ‘m; is not a conditional
probability measure, rather it is a unconditional probability
measure. But this fact is immaterial for the methodology to
solve the problem. The result of Lemma 3 shows that ‘m; is
indeed an information state for optimization which leads to
the sequential decomposition given by Theorem 3.

VII. SOME POSSIBLE EXTENSIONS

We have presented the real-time communication problem
for the case of zero-delay, first-order Markov source, memo-
ryless forward and backward channels, and finite time horizon.
None of these assumptions are crucial; they were made for the
ease of exposition. We will briefly describe how to proceed
when these assumptions are relaxed. Due to lack of space, we
do not present the details of how to proceed in the general
case. The details are very similar to the extensions presented
in [24] for the case of real-time communication problem with
no feedback.

Suppose the distortion measure is not zero-delay but toler-
ates a fixed-finite delay d. So, for the first d time steps the
receiver does not generate the variables X 1. X 4. From d+1
onwards, at time ¢ the receiver generates an estimate X + of the
source output X;_4 at time ¢ — d, and incurs an instantaneous
cost of p(X;_q, Xt). This problem can be converted into a
problem equivalent to Problem 1 by using the sliding window
repackaging of the source, similar to what is done in [16],
[23], [24]. A similar approach can be used when the source is
k™ order Markov. A sliding window repackaging converts the
source to a first-order Markov source and the results of this
paper can be used.

If the forward and the backward channels have memory, the
encoder and the decoder need to keep track of the state of the
channels. Suppose “S; and *S; denote the state of the forward
and the backward channel, respectively, at time ¢. Modify the
definitions of beliefs as

‘B =Pr (RS, ', \ e,

),

fori=1,...,4,t=1,...,T. Then the results of Section III
and V can be proved using these modified beliefs. The proof
follows along the lines of [24, Section 6].

The formulation of Problem 1 can be extended to infinite
horizon, both for the total expected discounted distortion
criterion and the average distortion per unit time criterion.
Such an extension will result in a corresponding extensions of
Problem 2 to infinite horizon, which are standard centralized
infinite horizon problems and can be solved by usual fixed
point techniques. If the system is “well behaved”, the meta-
design will be stationary. But the control actions of the
deterministic optimization problem, which correspond to the
decision rules of Problem 1, will vary with time. So, optimal
infinite horizon strategies will be time varying [30], [31].

iAt =Pr (iEta iStv igt

VIII. CONCLUSION

We have presented a systematic methodology for designing
an optimal communication strategy for real-time communi-
cation systems with noisy feedback. Optimal communication

strategies can be determined by solving the nested optimality
equations of Theorem 3. Note that these are not typical
dynamic programming equations as each step is a functional
optimization problem. Hence, although the systematic method-
ology presented here exponentially simplifies the complexity
of finding an optimal design as compared to a brute force
approach, solving the resultant nested optimality equations is
a formidable computational task. We hope that this problem
will motivate researchers to investigate computational methods
for decentralized optimization problems similar to Problem 1.
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APPENDIX A
RELATION BETWEEN THE BELIEFS

Proof of Lemma 1: We prove the four results separately.
1) Recall that e;:= (*e;_1, 2¢), 'ry :==my_1, and lpt=1.—
(*¢*=2,1;_1). Consider any ‘e, and '7;, then
1bt(17“t) =Pr (17} ‘ 1€t; 1¢t_1)
=Pr(me_1 | *erm1, 245672, 11)

44—
= > Pr(yea,mu1,mio| ey, w00 % 1)

Yyt—1€Y
m¢—2€M

44—
= Pr(me |y 1, me s, e 1, w500 % 1)

1 4,42
SIS X Pr (yr—1,me—z | *erm1, ;0" 2, 1i1)

w > Tmey =lia(ye1,mi2)]

4, . 4,t-2
anfiigi}/l X Pr (ye—1,my—a | ey 19" ?)

= Z Lime—1 = le—1(ye—1, me—2)]

1}1’::;8\}4 X 4bt*1(yt*17 Me_2)
= 1F(4bt_17 lt_l)(mt_l) = 1F(4bt—17 lt—l)(lrt)7

(48)

where (a) follows from the sequential order in which
the system variables are generated.
2) Recall that 2e,:=(Yey, 2;), 2ryi=(ys, my—1), and ¢t~ 1:=
(*¢*=1, ¢,). Consider any 2e; and 2ry, then
2 2t
bt(QTt) =Pr (27”t | 2615; ¢t 1)
14—
=Pr (Z/nmt—l | 162&72’75; o' 1,Ct)
14—
=Pr (yt ‘ 1€t72t,mt71§ ¢t 1act)
1 —
x Pr(mi—1|er, 210" )

b
® Pn(ny € Nty = h(z,my))

x Pr(my_1 | ey 'o'Y)
= PN (Tlt S N LY = h(Zt,TLt)) 1bt(mt_1)

= 2F (", 2t) (ys, me—1) = 2F ("by, 2¢) (Pre),
(49)
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where (b) follows from the sequential order in which
the system variables are generated.

3) Recall that 3¢, = 2e,, 3ry = (y;, ms_1), and ¢!~ =
(*¢*=1, g;). Consider any 3¢; and ®r,, then

Bbt(Brt) — Pr (3rt | 36“ 3¢t71)

= Pr (ye, me—1 | %es 20", g1)

D Pr (e, me_1 | 2e;20'Y)

= th(ytamtfl) = zbt(Brt)a (50)

where (c) follows from the sequential order in which
the system variables are generated.

4) Recall that *e;:=(%es, §¢ ), “rs:=(ys, ms_1), and Apt—1.=
(®¢*=1,&,). Consider any *e¢; and *r;, then

4bt (47"15) =Pr (4rt | 4615; 4¢t—1)
= Pr (ys, me—1 ‘ Ser, e 20", Ct)

_Pr (yesmu—1, Gt | Bes; 20t &)

Pr (7 | %es; Spt=1,¢) eb
Now consider
Pr (G, ye, mi—1 | Pes; St Ct)
= Z Pr (:&t, 2ty Yt, Mi—1 } Ses; 3¢t_1v 5t)
zez
= Z Pr (e | Ze, e, my—1, Se; B, Ct)
€2 x Pr (ét |y,5,mt47 Ser; P71, Et)
X Pr (ye, mi—1 |3et;3¢t_l,5t)
@ ZPN (th eEN: G = ;L(ft,flt))
z€Z x [z = C(ye, mp—1)]
X Pr (yr, my—1 | ®e; %071
= ZP~ (th eEN: G = ;L(ft,flt))
se3 x T [z = ¢ (ye, my—1)]
% 3y (ye, my_1), (52)

where (d) follows from the sequential order in which the
system variables are generated. Observe that Pr(7; | ®ey;
3¢t=1 &) is the marginal of the LHS of (52). Com-
bine (51) and (52) to obtain

Wi (Yre) = *F by, Gt, ) (Yo, mi—1)
=F by, Gr, &) (*re),  (53)

where *F is defined by (51) and (52).

|
Proof of Lemma 2: We prove the five results separately.

1) Recall that ‘e, == («f, 2=, ¢*~1), 'R, == m;_,, and
Lpt=1 = (¢t=1, g1, &1, 1*~1). Consider any 'e; and

Ly, then
'ar(*er) =Pr (‘e | 'Ryl
= Pr(at, 2§ s Tpt=1)
1
N Pr (mt_l | 1¢t_1)
% Z Pr(zf, 2ty gt mt gt
1

t—1 6yt7

ng‘*QeM‘*Q

(54)
Now consider
Pr (xt’ A1 ytel gt el ‘ 1¢t—1)
= Py, (21)I[z1 = c1(21))]
x Py(n1 € N i yr = h(z1,n1)) I[Z1 = &(y1)]
X PN(’fll S ./\7 : 271 = B(El,ﬁl)) I [m1 = ll(yl)]
t—1

X H{Pxixi_l(% | zi-1)

i=2
x I [zi = ci(xi, P g“)]
x Py (ni € N i yi = h(zi,n5))
x 1[z; = é(ys, mi—1)]
x Pg (i € Nt §i = h(Zi, 7))

x I[m; = li(yi7mi—1)]}

X PXt‘Xt—l (xt | mt—l)' (55)
Observe that Pr(m;_; | '¢*~!) is the marginal of the
LHS of (55). Combine (54) and (55) to obtain
1&t(16t)

= (a2 )
='Ky(far,me-n, L ETL I (Yer),  (56)
where 'K (-) is given by (54) and (55).
2) Recall that %e; = (Ye;,2), 2Ry = (y;,my_1), and
Zpt=1 = (*¢t~1, ¢;). Consider any 2e, and 2, then
2a;(%es) = Pr (Qet | ’Ry; 2¢t_1)
=Pr (1€t, 2t | Yt, Mi—1; l(bt_l, Ct)
_ Pr (1€t, Zty Yt ‘ me_1; ot Ct)
Pr (yt | my_y; gt Ct)

(57)

Now consider

Pr(Yes, 2,y | me—1; "¢ )
=Pr (y ‘ e, Yo me—; ' ct)
x Pr (2 | Yey,my1; oL, ct)
x Pr (1et ‘ Mi_1; 1¢t71,ct)

@ Py (ny € Nty = h(zi,m4))

x I [zt = ct(let)]
X Pr (16,5 ‘ My—1; 1¢t_1)
= Pn(ne € Ny = h(ze, 1))
x I [z = ci(er)]
x tas(ter), (58)
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where (a) follows from the sequential order in which the
system variables are generated. Observe that Pr(m;_1 |
1yt=1 ¢,) is the marginal of the LHS of (58). Com-
bine (57) and (58) to obtain

= QK(lflmyt, Ct)(1€t7 Zt)
=2K(Yas, ys, cr) er),  (59)

where 2K() is given by (57) and (58).
3) Recall that %e; := (*e;_1, x4, 2¢). Consider any z; and
2r,, then

dt(xt) =Pr (ft } 2Rt§ Q(btil)
= Z Pr (xt, 24, ter_1 } Ry; 2¢t71)

2t €EZ
er—1€%61

= ZQQt(xt,Zt,Aletfl) = K(Zat)(xt)-

2t €Z
er—1€% -1

2(1,5 (Qet)

4

4

4) Recall that %e; = 2e;, Ry := (y;,ms_1), and 2¢'~1 ==
(?¢*=1, g;). Consider any 3¢; and ®r,, then
3at(3€ ) — Pr (36t |3R ,3¢t71)
=Pr (es | ye,mu—150""", g1)

- Pr (2 |yt7mt 13 d)t 1)
=2a;(%er) = 2a;(er). (60)
where (b) follows from the sequential order in which
the system variables are generated.

5) Recall that ‘e, == (3¢, ), “Ry = (y;, me_1), and
4pt=1.= (3¢!~1 ). Consider any *¢; and r, then

Ya;(tey) = Pr (4et | ‘Ry; 4¢)t_1)
=Pr (36t7 gt ‘ Y, M—13 3¢t71 ) Et)
1

© py Cew Gt | ye,me, 25 %01, &)

= Pr (5¢ | er, g, mu—1, 245 St
x Pr (36t | Yt, M1, 2157 3¢t7176t)
d ~ T P
@ Py (nt eN = h(zt,nt))
x Pr (Pe |y, my—1;°¢" 1)
= PN (’th € ./\7 : gt = iL(Zt,TNLt)) 3at(3€t)
=K (Car, 2) Cer, i) = K Car, 20) (M),
(61)

where (c) follows from (4) and (d) follows from the
sequential order in which the system variables are gen-
erated.

APPENDIX B
RELATION BETWEEN INFORMATION STATES
Proof of Lemma 3: We prove the four results separately.

1) Recall that 2r; == (y;, ) 2ot = (Yot ¢y), 2 =
ct(w¢, 'ry), and 2y, = 2F( b, z¢). Consider a component
of 27Tt,

=Pr (24,7, % | 20 1)

P (o g e 260
Z Pr (xta Yt, 2, 1Tt; 1bt7 th | Zd)t_l) dlb

1p,cip €2
= / Z Pr (th } T, Y, 20, e, by Tt ct)
weetB #€F X Pr(ye | e, 2, ' s Tt )
x Pr (zt | Ty, e, thy 1¢t*1,ct)
< Pr(z¢,'re, by | 1o ) d 'y
_ / S L = 2 (b, 20)]
wes %€ X Py(ng € Nt ye = h(ze, 1))
x I [z = co(ae, 'by)]
x Pr (x4, 'y, "oy [ o' 1) d b
_ / S L = 2F (b, 20)]
es #€% X Py(ng € Nt ye = h(ze, 1))
x I [z = co(ae, 'by)]
x 1 (e, e, Tbr)d by
="'Q(cy) 'my (62)
2) Recall that 3r, :=2r,, 3b,:=2b;, and >¢'~1:= (¢!~ 1, g,).
Consider a component of 37,
Se(24, %1, 3by) = Pr (2, r, 3, ‘ 3¢t—1)
=Pr (a:t, 2r,, b, ‘ 2ot gt)
(@) Pr (wt, 2, 2p, | 2¢t—1)
=: 2my(e, 2re, 2y), (63)
where (a) follows from the sequential order in which
the system variables are generated.
3) Recall that 4r; =37, Yot =1 = (P¢t =1 &), 2 = & (ry),
and b, = *F ( be, t, Ct). Cons1der a component of 47,
A (2, e, 4bt) =Pr (xt, 4y, | 4¢t71)

= Pr (xtv Brta 4bt ‘ 3¢t_17 6t)

> Pr (e, 2 e Pre, e, e | P00 E) dPb
3p, 3B Z€Z
J+€Y
:/ ST Pr (Y 20, 2, P e Y6 )
3b, €38 g X Pr (§y | w4, 2, *re, 20 201, )
. XPI‘(Zt|ZIIt, Tt, bt, (bt L ~t)

x Pr (x4, %, %by | 2071, &) d by

® / Z [*br = "F (e, G, )]
3p, €38 ;E; x Py (nt eN: = fz(ét,ﬁt))
x L% =& (%ry)]
x Pr (x4, %y, %by |20 1) d®b
:/ ST = 4P (b, i )]
3b.c3B yg X Pg (g € Nt G = h(Z,iy))
x I =& (%ry)]
x 3 (e, 31y, Bbt)det
=°Q(&) °my, (64)

where (b) follows from the sequential order in which
the system variables are generated.
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4) Recall that ‘¢! := (*¢'=1,1,), rip1 = l(*ry), and
R 1F(4bt, I4). Consider a component of 1,1,

1 1 1
Tt+1 ($t+1, Tt+1, bt+1)

= Pr (@141, "res1, Dig1 | 10Y)

4. 1 4 1 1,4\ 74
= E Pr(zeg1, e, 're, g, by, b | 10) d by
T €X
T €R,

Z 4, Ay 4t
:/ Pr(irta Tt, bt| ¢t 1alt)
4 4
4,18 J:eegzt X Pr(Yrepr [ @, tre, bt 1)
4 44
X Pr (o1 | @, Mre, e, s t00 T 1)

1 4.1 4 4,41 4
X Pr (*best | @eg1, @, tre, g, the ot 1) d by

© ST I b = TF (" 1)
b, €48 472‘664% X Py yjo (Te41 | @)
x I [17}“ = lt(4rt)]
x Pr (24, *ry, by | 10" 1) d b
:/ ST b = P (1)
4,18 47‘3'5664% X Py o (Te41 | @)
x I [17}“ = lt(4rt)]
x Ay (24, 41y, by ) d by

= Q) *mt,

where (c) follows from the sequential order in which
the system variables are generated.
5) Recall that ?r; == (y;,m;_1) and &; = g¢(*r¢). Consider

E {p(z¢,2:) | 2¢t7179t}
= Z Pr (l’t,zft|2¢t7179t) P(mtvgt(2Tt))

T EX
2r€2Ry

Z Pr (z¢,%r | o) p(xe, g:(Pre))
T EX
ZT‘tEZRt
= Z 27Tt(9€t7 QTt)P(xtagt(QTt)) = ﬁ(Qﬂtagt)a

e €X
2r€2Ry

4bt 6484

(65)

(66)

where 2m; (¢, %r;) is the marginal of 2m (x4, %rs, %by).

The linearity of *Q(-), Q(-), and *Q(-) in the corresponding
imy, and the concavity of p in 27 follow immediately from
their definition. n

APPENDIX C
CONCAVITY OF VALUE FUNCTIONS

Proof of Theorem 4: Recall that 'Q(-), i = 1,3,4, is
a linear transformations of the corresponding ‘r and / is
a concave function in 27. We will prove concavity of the
value function by backward induction. Observe that Vi
is a concave function of 7. Now assume that 1Vt+1 is a
concave function of 7. We will show that V;, i = 1,...,T
are concave functions of ‘7. Define

Wy (Y, 1) = Ve (PQU) ). (67)

As a function of *, W is a composition of a concave function

with a linear transformation. Hence *W is concave in 7. Now,

Wi('m) = min W (', ). (68)
c

Since 4Wt is concave in “*m, and 4Vt is the point-wise

minimum of 4Wt, 4Vt is concave in *r. Similar argument
extends to the other three cases. Hence in 1S concave in
ir, i = 1,...,4. Thus, by induction 'V;, i = 1,...,4,
t=1,...,T is concave in r. [
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