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TransmitterMarkov process ReceiverErasure channel
Xt Ut Yt X̂t

Xt+1 = aXt +Wt

Ut = ft(X0:t, U0:t−1), ∈ {0, 1}

X̂t = gt(Y0:t)ACK/NACK

Ht ∈ {ON(1-ε), OFF(ε)}

❉✐✣❝✉❧t②

❉❡❝❡♥tr❛❧✐③❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠❀ ♥♦♥✲❝❧❛ss✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡

❙❛❧✐❡♥t ❢❡❛t✉r❡s

◮ ❘❡❛❧✲t✐♠❡ tr❛♥s♠✐ss✐♦♥❀ s✐③❡ ♦❢ ❞❛t❛✲♣❛❝❦❡t ♥♦t ✐♠♣♦rt❛♥t❀ s❡♥s♦r✐♥❣ ✐s ❝❤❡❛♣

❝♦♠♣❛r❡❞ t♦ tr❛♥s♠✐ss✐♦♥

◮ ❑♥♦✇♥ ♣r✐♦r ♦❢ ♣❛❝❦❡t✲❞r♦♣✱ ❚❈P✲❧✐❦❡ ♣r♦t♦❝♦❧

▼♦❞❡❧

◮ a,Xt,Wt ∈ Z❀ Wt ∼ ✉♥✐♠♦❞❛❧ ❛♥❞ s②♠♠❡tr✐❝ ♣♠❢

◮ Yt = UtHtXt + (✶− UtHt)E

◮ P❡r✲st❡♣ ❞✐st♦rt✐♦♥✿ d(Xt − X̂t)❀ d(✵) = ✵✱ d(x) = d(−x)✱ d(x) ≤ d(x + ✶) ❢♦r ❛♥② x ∈ Z≥✵

P❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s

Dβ(f , g) := (✶− β)E(f ,g)
[ ∞∑

t=✵

βtd(Xt − X̂t)
∣
∣
∣ X✵ = ✵

]

Nβ(f , g) := (✶− β)E(f ,g)
[ ∞∑

t=✵

βtUt

∣
∣
∣ X✵ = ✵

]

.

❖♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s

◮ ❈♦st❧② ❝♦♠♠✉♥✐❝❛t✐♦♥✿

C ∗
β(λ) := ❛r❣ ✐♥❢(f ,g) Cβ(f , g ;λ) = ❛r❣ ✐♥❢(f ,g)Dβ(f , g) + λNβ(f , g)

◮ ❈♦♥str❛✐♥❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✿ α ∈ (✵, ✶)❀ D∗
β(α) := ❛r❣ ✐♥❢(f ,g):Nβ(f ,g)≤αDβ(f , g)

❙tr✉❝t✉r❡ ♦❢ ♦♣t✐♠❛❧ str❛t❡❣✐❡s

◮ Zt :=

{

Xt, ✐❢ Yt 6= E,

aZt−✶, ✐❢ Yt = E
✱ Z✵ = ✵✳

◮ ❊st✐♠❛t✐♦♥ str❛t❡❣②✿

X̂t = g∗
t (Zt) =

{

Xt, ✐❢ Yt 6= E

aZt−✶, ✐❢ Yt = E

◮ ❚r❛♥s♠✐ss✐♦♥ str❛t❡❣②✿ Et := Xt − aX̂t−✶✳

Ut = f ∗t (Et) =

{

✶, ✐❢ |Et| ≥ k

✵, ✐❢ |Et| < k

◮ ▼❛❥♦r✐③❛t✐♦♥✱ ❆❙❯ ❙❝❤✉r ❝♦♥❝❛✈✐t②

◮ ❇❡❧✐❡❢ st❛t❡s✱ P❖▼❉P

◮ {Et}t≥✵ ✐s ❛ r❡❣❡♥❡r❛t✐✈❡ ♣r♦❝❡ss

❋✐❣✉r❡✿ ✭❛✮ Y✶ 6= E

❋✐❣✉r❡✿ ✭❜✮ Y✶ = E

P❡r❢♦r♠❛♥❝❡ ♦❢ t❤r❡s❤♦❧❞✲❜❛s❡❞ str❛t❡❣②

◮ L
(k)
β (e) :=







ε
[

d(e) + β
∑

n∈Z pn−aeL
(k)
β (n)

]

, ✐❢ |e| ≥ k

d(e) + β
∑

n∈Z pn−aeL
(k)
β (n), ✐❢ |e| < k .

◮ M
(k)
β (e) :=







ε
[

✶ + β
∑

n∈Z pn−aeM
(k)
β (n)

]

, ✐❢ |e| ≥ k

✶ + β
∑

n∈Z pn−aeM
(k)
β (n), ✐❢ |e| < k .

▼❛tr✐① ❢♦r♠✉❧❛















✳✳✳

L
(✷)
β (−✷)

L
(✷)
β (−✶)

L
(✷)
β (✵)

L
(✷)
β (✶)

L
(✷)
β (✷)
✳✳✳















=













✳✳✳

εd(−✷)
d(−✶)
d(✵)
d(✶)
εd(✷)

✳✳✳













+ β













✳✳✳ . . . . . . . . . . . . . . . . . . . ✳✳✳

. . . εp✶ εp✷ εp✸ εp✹ εp✺ . . .

. . . p✷ p✶ p✷ p✸ p✹ . . .

. . . p✸ p✷ p✶ p✷ p✸ . . .

. . . p✹ p✸ p✷ p✶ p✷ . . .

. . . εp✺ εp✹ εp✸ εp✷ εp✶ . . .
✳✳✳ . . . . . . . . . . . . . . . . . . . ✳✳✳



























✳✳✳

L
(✷)
β (−✷)

L
(✷)
β (−✶)

L
(✷)
β (✵)

L
(✷)
β (✶)

L
(✷)
β (✷)
✳✳✳















◮ h(k) :=

[

. . . ε ε ✶ . . . ✶
︸ ︷︷ ︸

✷k−✶

ε ε . . .
]⊺

❀ h(k) ⊙ P ✐s s✉❜st♦❝❤❛st✐❝

◮ L
(k)
β = [I − βh(k) ⊙ P ]−✶h(k) ⊙ d , M

(k)
β = [I − βh(k) ⊙ P ]−✶h(k)

❘❡♥❡✇❛❧ r❡❧❛t✐♦♥s❤✐♣s

◮ ❋♦r k ∈ Z>✵✱ β ∈ (✵, ✶)✱

D
(k)
β (✵) := Dβ(f

(k), g∗) =
L
(k)
β (✵)

M
(k)
β (✵)

,

N
(k)
β (✵) := Nβ(f

(k), g∗) =
✶

M
(k)
β (✵)

− (✶− β),

C
(k)
β (✵;λ) := Cβ(f

(k), g∗;λ) =
L
(k)
β (✵) + λ

M
(k)
β (✵)

− λ(✶− β).

❖♣t✐♠❛❧ t❤r❡s❤♦❧❞

◮ ❈♦st❧②✿ ❋♦r β ∈ (✵, ✶]✱ K := {k ∈ Z≥✵ : D
(k+✶)
β (✵) > D

(k)
β (✵)}✳ ❋♦r kn ∈ K✱

λ
(kn)
β :=

D
(kn+✶)
β (✵)− D

(kn)
β (✵)

N
(kn)
β (✵)− N

(kn+✶)
β (✵)

✳
◮ ❋♦r ❛♥② kn ∈ K ❛♥❞ ❛♥② λ ∈ (λ

(kn−✶)
β , λ

(kn)
β ]✱ f ∗ = f (kn)

◮ C ∗
β(λ)✿ ❝♦♥t✐♥✉♦✉s✱ ❝♦♥❝❛✈❡✱ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ✐♥ λ✳

◮ ❈♦♥str❛✐♥❡❞✿ k∗ := s✉♣
{

k ∈ Z≥✵ : M
(k)
β ≤ ✶

✶+α−β

}

✱ θ∗ :==
M

(k∗+✶)
β − ✶

✶+α−β

M
(k∗+✶)
β −M

(k∗)
β

✳ ❚❤❡♥✱

◮ f ∗(e) =







✵, ✐❢ |e| < k∗;

✵, ✇✳♣✳ ✶− θ∗✱ ✐❢ |e| = k∗;

✶, ✇✳♣✳ θ∗✱ ✐❢ |e| = k∗;

✶, ✐❢ |e| > k∗.

◮ α(k) := Nβ(f
(k), g∗)✳ ❚❤❡♥✱ ❢♦r α ∈ (α(k+✶), α(k))✱ k∗ = k ❛♥❞ θ∗ = (α− α(k+✶))/(α(k) − α(k+✶))✳

◮ D∗
β(α) = θ∗D

(k∗)
β + (✶− θ∗)D

(k∗+✶)
β ✿ ❝♦♥t✐♥✉♦✉s✱ ❝♦♥✈❡①✱ ❞❡❝r❡❛s✐♥❣ ❛♥❞ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ✐♥ α

❋✐❣✉r❡s✿ ❖♣t✐♠❛❧ ♣❡r❢♦r♠❛♥❝❡s
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β
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β
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(λ
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β
, C
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β
(0;λ
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β
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α

D∗

β(α)

αc0 1

(N
(k+1)

β
(0), D

(k+1)

β
(0))

(N
(k)

β
(0), D

(k)

β
(0))

❊①❛♠♣❧❡✿ s②♠♠❡tr✐❝ ❜✐rt❤✲❞❡❛t❤ ▼❛r❦♦✈ ❝❤❛✐♥

◮ p = ✵.✸✱ β = ✵.✾✾✱ ε ∈ {✵, ✵.✸, ✵.✼}✳ ❈♦♥str❛✐♥❡❞ ♣❡r❢♦r♠❛♥❝❡
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