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Mean field games: Large number of small, anonymous agents with negligible
individual impact

Solution concept

e Mean field equilibrium and its refinements
are standard solution concepts in mean field
games.
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e This equilibrium is a generalization of Nash
equilibrium and mean field equilibrium.

e Development of a policy gradient based
algorithm to predict this equilibrium.
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Mean field game model Key assumptions
o Agent set: N :=11,...,n} agents; 1. An agent uses only its current state to pick actions: p!: X — A(A) and Al ~ ui(X}).
e State and action spaces for each agent: X, A (finite and identical for all agents); 2. 1t does not depend on time.
* Dynamical state evolution for ea.ch agept L .E N - 3. All agents play identical policies. Thus p ={u, 1, ..., 1}
PXi1 =x"| X1, Ard = P[Xi; = x" | Xy, Al = P(x' [ Xi, AY); 4. Each agent assumes that the population average is stationary. Thus agent i’s as-
e Empirical mean field (or population average): & € A(X), given by: sessment of its payoff is:
1 i d - i Al i
== 1{Xi=x), VxexX Via(X) = Eagxy | Y vl AL | Xh=x].
ieN t=0
e Per-step payoff to agent i: u(X}, A}, &) 5. We consider parametrized policies pg, where 0 € O (a closed, convex space).
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Stationary mean field equilibrium (SMFE) Gradient based SMFE (V-SMFE)
SMEE is a pair of a belief m € A(X) and a policy p : X — A(A), which satisfies the V-SMEFE is a pair of belief T € A(X) and a parametrized policy pg : X — A(A), where
following two properties: 0 € ©, which satisfies the followmg two properties:
1. Sequential Rationality: For any other policy fi: X — A(A), 1. Gradient based sequential rationality: Let Vp, be agents’ payoff assessment.
Vin(x) =2 Vig(x), VxeX. Then, VoVp » = 0.
2. Consistency: The belief 7 is stationary under policy , i.e., T = StatDist(m, u). 2. Consistency: The belief 7t is stationary under policy pg, i.e., T = StatDist(7, pg).
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Policy gradient based algorithm: Main proposition

y
Policy improvement

o If 0111 = [Ox + kG, Jo converges to a limit 0* along any sample path, then (0%, 7p-) is a V-SMFE. input  : 6 : Initial parameter; K : # iterations; & : initial
mean field dist; B : burn-in period; n, : # particles

e [ ikelihood ratio based gradient estimate: for iterations k = 1 : K do

Go, = Ex-[VeVox(X)], where VoV (x) = Ea (X, { Z Ag Vo,n(Xo) = X}- T = StatDist(&p, Mo, B, Nyp)
Gp, = PolicyGradient(0y, &, my)
e Simultaneous perturbation based gradient estimate: O < [0k + Golo
Go, = NJo+pnn — Jo—pnn)/2P return Oy
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Stationary distribution Example: Malware spread in networks
input : &y : Initial dist; e Dynamics ({n}t>0: 1.1.d. process):
O': parameter; . (Xi4 (1—Xi)n, for Al=0, " -
B : burn-in period; Xig1 = < - : 05 — 36
. 0, for A; =1,
n, : # particles \ | o4 ]
fori=1:n,do e The per-step payoft is: : . S (B §_3'7 — st
~ & u(x, q,&) = —(k+ E)x — Aq; | ”\W
fEraE :3 :. ])B&do Pl al); £ is the mean of & and k, A are given constants. 0 -39
_ torY e v e We consider threshold policies with © = [0, 1] ; S g
for x € X do , Yo 02 o0x 0% sa?n'8|es 1o 12 14 16 002 04 06 Sa%zes Lotz hd e O
i) = LT 1, = x) )= Hx< |
n, 1=1 B+1 Ho — 1 x>0 Fig. 3: Thresholds evolution Fig. 4: Performance evolution
return 7t (7 -
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Conclusions

e In this work an RL algorithm is used for planning. This implies that the iterates in our algorithm are not representative of the learning dynamics of individual agents.

—For this to be an RL algorithm, each agent would have to make an assumption on all other agents” behaviour in the learning phase.
—This coordination in learning is not easily justified in a competitive game with strategic agents, where the agents can try and influence their opponents during learning.

e Although we presented only policy based algorithms, bounded rationality can also be modelled using a critic only variant with function approximation.
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