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Abstract—We consider the problem of controlling an unknown
linear quadratic Gaussian (LQG) system consisting of multiple
subsystems connected over a network. Our goal is to minimize and
quantify the regret (i.e. loss in performance) of our learning and
control strategy with respect to an oracle who knows the system
model. Upfront viewing the interconnected subsystems globally
and directly using existing LQG learning algorithms for the global
system results in a regret that increases super-linearly with the
number of subsystems. Instead, we propose a new Thompson
sampling based learning algorithm which exploits the structure
of the underlying network. We show that the expected regret
of the proposed algorithm is bounded by (’)(n\/T ), where 7 is
the number of subsystems and 7 is the time horizon. Thus, the
regret scales linearly with the number of subsystems. We present
numerical experiments to illustrate the salient features of the
proposed algorithm.

Index Terms—Linear quadratic systems, networked control
systems, reinforcement learning, Thompson sampling.

I. INTRODUCTION

Large-scale systems comprising of multiple subsystems
connected over a network arise in a number of applications
including power systems, traffic networks, communication
networks and some economic systems [1]. A common feature of
such systems is the coupling in their subsystems’ dynamics and
costs, i.e., the state evolution and local costs of one subsystem
depend not only on its own state and control action but also
on the states and control actions of other subsystems in the
network. Analyzing various aspects of the behavior of such
systems and designing control strategies for them under a
variety of settings have been long-standing problems of interest
in the systems and control literature [2]-[6]. However, there
are still many unsolved challenges, especially on the interface
between learning and control in the context of these large-scale
systems.

In this paper, we investigate the problem of designing control
strategies for large-scale network-coupled subsystems when
some parameters of the system model are not known. Due to
the unknown parameters, the control problem is also a learning
problem. We adopt a reinforcement learning framework for
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this problem with the goal of minimizing and quantifying the
regret (i.e. loss in performance) of our learning-and-control
strategy with respect to the optimal control strategy based on
the complete knowledge of the system model.

The networked system we consider follows linear dynamics
with quadratic costs and Gaussian noise. Such linear-quadratic-
Gaussian (LQG) systems are one of the most commonly used
modeling framework in numerous control applications. Part
of the appeal of LQG models is the simple structure of the
optimal control strategy when the system model is completely
known—the optimal control action in this case is a linear or
affine function of the state—which makes the optimal strategy
easy to identify and easy to implement. If some parameters
of the model are not fully known during the design phase
or may change during operation, then it is better to design a
strategy that learns and adapts online. Historically, both adaptive
control [7] and reinforcement learning [8], [9] have been used
to design asymptotically optimal learning algorithms for such
LQG systems. In recent years, there has been considerable
interest in analyzing the transient behavior of such algorithms
which can be quantified in terms of the regret of the algorithm
as a function of time. This allows one to assess, as a function
of time, the performance of a learning algorithm compared to
an oracle who knows the system parameters upfront.

Several learning algorithms have been proposed for LQG
systems [10]-[22], and in most cases the regret is shown to be
bounded by O(d%®(d, + d,)v/T), where d, is the dimension
of the state, d, is the dimension of the controls, 1" is the
time horizon, and the O(-) notation hides logarithmic terms
in 7. Given the lower bound of Q(d%%d,v/T) (where Q(-)
notation hides logarithmic terms in 7') for regret in LQG
systems identified in a recent work [18], the regrets of the
existing algorithms have near optimal scaling in terms of
time and dimension. However, when directly applied to a
networked system with n subsystems, these algorithms would
incur O(n*2d%5(d, + d,)v/'T) regret because the effective
dimension of the state and the controls is nd, and nd,, where
d, and d, are the dimensions of each subsystem. This super-
linear dependence on n is prohibitive in large-scale networked
systems because the regret per subsystem (which is @(ﬁ))
grows with the number of subsystems.

The learning algorithms mentioned above are for a general
LQG system and do not take into account any knowledge of
the underlying network structure. Our main contribution is to
show that by exploiting the structure of the network model, it is
possible to design learning algorithms for large-scale network-
coupled subsystems where the regret does not grow super-
linearly in the number of subsystems. In particular, we utilize



a spectral decomposition technique, recently proposed in [23],
to decompose the large-scale system into L decoupled systems,
where L is the rank of the coupling matrix corresponding
to the underlying network. Using the decoupled systems, we
propose a Thompson sampling based algorithm with @(n
d%5(d, + dy)V/T) regret bound.

a) Related work: Broadly speaking, three classes of low-
regret learning algorithms have been proposed for LQG systems:
certainty equivalence (CE) based algorithms, optimism in the
face of uncertainty (OFU) based algorithms, and Thompson
sampling (TS) based algorithms. CE is a classical adaptive
control algorithm [7]. Recent papers [15]-[19] have established
near optimal high probability bounds on regret for CE-based
algorithms. OFU-based algorithms are inspired by the OFU
principle for multi-armed bandits [24]. Starting with the
work of [10], [11], most of the papers following the OFU
approach [12]-[14] also provide similar high probability regret
bounds. TS-based algorithms are inspired by TS algorithm
for multi-armed bandits [25]. Most papers following this
approach [19]-[22] establish bounds on expected Bayesian
regret of similar near-optimal orders. As argued earlier, most
of these papers show that the regret scales super-linearly with
the number of subsystems and are, therefore, of limited value
for large-scale systems.

There is an emerging literature on learning algorithms for
networked systems both for LQG models [26]-[31] and MDP
models [32]-[34]. The papers on LQG models propose dis-
tributed value- or policy-based learning algorithms and analyze
their convergence properties, but they do not characterize their
regret. Some of the papers on MDP models [33], [34] do
characterize regret bounds for OFU and TS-based learning
algorithms but these bounds are not directly applicable to the
LQG model considered in this paper.

An important special class of network-coupled systems is
mean-field coupled subsystems [35], [36]. There has been
considerable interest in reinforcement learning for mean-field
models [37]-[39], but most of the literature does not consider
regret. The basic mean-field coupled model can be viewed as
a special case of the network-coupled subsystems considered
in this paper (see Sec. VI-A). In a preliminary version of this
paper [40], we proposed a TS-based algorithm for mean-field
coupled subsystems which has a O((1 4 1/n)v/T) regret per
subsystem. The current paper extends the TS-based algorithm
to general network-coupled subsystems and establishes scalable
regret bounds for arbitrarily coupled networks.

b) Organization: The rest of the paper is organized as
follows. In Section II, we introduce the model of network-
coupled subsystems. In Section III, we summarize the spectral
decomposition idea and the resulting scalable method for syn-
thesizing optimal control strategy when the model parameters
are known. Then, in Section IV, we consider the learning
problem for unknown network-coupled subsystems and present
a TS-based learning algorithm with scalable regret bound. We
subsequently provide regret analysis in Section V and numerical
experiments in Section VI. We conclude in Section VII.

¢) Notation: The notation A = [a”/] means that A is
the matrix that has a as its (i,j)-th element. For a matrix
A, AT denotes its transpose. Given matrices (or vectors) Aq,

..., A, with the same number of rows, [Ay,..., A,] denotes
the matrix formed by horizontal concatenation. For a random
vector v, var(v) denotes its covariance matrix. The notation
N (u, %) denotes the multivariate Gaussian distribution with
mean vector p and covariance matrix X..

For stabilizable (A, B) and positive definite matrices Q, R,
DARE(A, B, @, R) denotes the unique positive semidefinite
solution of the discrete time algebraic Riccati equation (DARE),
which is given as

S=A"SA— (ATSB)(R+ B'SB)"(B"SA) + Q.

II. MODEL OF NETWORK-COUPLED SUBSYSTEMS

We start by describing a minor variation of a model of
network-coupled subsystems proposed in [23]. The model in
[23] was described in continuous time. We translate the model
and the results to discrete time.

A. System model

1) Graph stucture: Consider a network consisting of n
subsystems/agents connected over an undirected weighted
simple graph denoted by G(N, E, ¥), where N = {1,...,n}
is the set of nodes, £ C N x N is the set of edges,
and ¥ = [¢)Y] € R™*" is the weighted adjacency matrix.
Let M = [m%] € R™ ™ be a symmetric coupling matrix
corresponding to the underlying graph G. For instance, M may
represent the underlying adjacency matrix (i.e., M = ) or
the underlying Laplacian matrix (i.e., M = diag(¥1,) — ).

2) State and dynamics: The states and control actions of
agents take values in R% and R%:, respectively. For agent
i € N, we use i € R% and u! € R to denote its state and
control action at time t.

The system starts at a random initial state x1 = (2% );en,
whose components are independent across agents. For agent i,
the initial state z} ~ A(0,Z!), and at any time ¢ > 1, the
state evolves according to

z},, = Az} + Buj + Dxy T Budt +wl, €))

where z;”" and w;" are the locally perceived influence of the
network on the state of agent ¢ and are given by

G, _ ij .0 G, _ ij,J
T = g mx; and w/ = g m*uy,
JEN JEN

VZ 7Z

@

A, B, D, E are matrices of appropriate dimensions, and
{wi}i>1,i € N, are i.i.d. zero-mean Gaussian processes which
are independent of each other and the initial state. In particular,
wi € R% and w! ~ N(0,W). We call 2/ and u{"* the
network-field of the states and control actions at node 7 at
time t.

Thus, the next state of agent ¢ depends on its current local
state and control action, the current network-field of the states
and control actions of the system, and the current local noise.

We follow the same atypical representation of the “vectorized”
dynamics as used in [23]. Define z; and wu; as the global state
and control actions of the system:

=[x}, 2" and w, = [u},....,ul].



We also define w; = [w},....,w}]. Similarly, define =¥ and
uY as the global network field of states and actions:

g,1 Gg,1 g,
mtg = [2; 1.

29" and Wf = [ud?t, .. ul

yoee ey Ly

Note that z;,29, w, € R%*™ and us,uy € R“*" are
matrices and not vectors. The global system dynamics may be
written as:

Tyy1 = Axy + Bug + D:L'tg + Eufg + wy. 3)
Furthermore, we may write
act =, M" =2,M and utg =uM" = u, M.

3) Per-step cost: At any time ¢ the system incurs a per-step

cost given by
Z Z [ ()T

i€EN jEN

ot ur) (27) + i (u) TR(u])] - (4)
where ) and R are matrices of appropriate dimensions and
hi and hiJ are real valued weights. Let H, = [h%] and
H, = [h¥]. It is assumed that the weight matrices H, and
H,, are polynomials of M, i.e.,

K, K.
H, =) qM* and H, =) rM" )
k=0 k=0

where K, and K, denote the degrees of the polynomials and
{gr}rz, and {ry.};, are real-valued coefficients.

The assumption that [, and H, are polynomials of M
captures the intuition that the per-step cost respects the graph
structure. In the special case when H, = H,, = I, the per-step
cost is decoupled across agents. When H, = H, = I + M,
the per-step cost captures a cross-coupling between one-hop
neighbors. Similarly, when H,, = I+ M +M?, the per-step cost
captures a cross-coupling between one- and two-hop neighbors.
See [23] for more examples of special cases of the per-step
cost defined above.

B. Assumptions on the model

Since M is real and symmetric, it has real eigenvalues. Let L
denote the rank of M and AV, ... A\(X) denote the non-zero

eigenvalues. For ease of notation, for £ € {1,..., L}, define
Ko K
0 = Z GOV and O = Z r(AO)E,
k=0 k=0

where {Qk}f:io and {rk}kK;O are the coefficients in (5). Fur-
thermore, for £ € {1,..., L}, define:

A = A4+ 9D and BY = B+ \YE.

We impose the following assumptions:
(A1) The systems (A, B) and {(A®), BO)}L_ are stabi-
lizable.
The matrices () and R are symmetric and positive
definite.
The parameters qo, 7o, {15, and {r()}}_| are
strictly positive.

Assumption (A1) is needed to ensure that the average cost
under the optimal policy is bounded. Assumptions (A2) and
(A3) ensure that the per-step cost is strictly positive.

(A2)

(A3)

C. Admissible policies and performance criterion

There is a system operator who has access to the state
and action histories of all agents and who selects the agents’
control actions according to a deterministic or randomized (and
potentially history-dependent) policy u; = m (1.4, U1:4—1)-

Let 07 = [A, B, D, E] denote the parameters of the system
dynamics. The performance of any policy 7 = (71,72, ...) is
measured by the long-term average cost given by

T
J(m;0) = limsup %E” {Z c(zy, ut)} . (6)

T—o00 =1
Let J(#) denote the minimum of J(m; #) over all policies.
We are interested in the setup where the graph coupling
matix M, the cost coupling matrices H, and H,, and the cost
matrices () and R are known but the system dynamics 6§ are
unknown and there is a prior distribution on . The Bayesian
regret of a policy m operating for a horizon 7" is defined as

T

R(T;7) :=E" [Z clzy,ur) — TJ()|,

t=1

@)

where the expectation is with respect to the prior on 6,
the noise processes, the initial conditions, and the potential
randomizations done by the policy .

III. BACKGROUND ON SPECTRAL DECOMPOSITION OF THE
SYSTEM

In this section, we summarize the main results of [23],
translated to the discrete-time model used in this paper.

The spectral decomposition described in [23] relies on the
spectral factorization of the graph coupling matrix M. Since
M is a real symmetric matrix with rank L, we can write it as

L
M = Z A© O (T
=1

where (A, ..., A()) are the non-zero eigenvalues of M and
(v, ..., v(1) are the corresponding eigenvectors.

We now present the decomposition of the dynamics and the
cost based on (8) as described in [23].

®)

A. Spectral decomposition of the dynamics and per-step cost
For /e {1,...,

:cg[) = 2,00 (v(e))T and ui‘f) = w0 (’U(Z))T,

L}, define eigenstates and eigencontrols as

®

respectively. Furthermore, define auxiliary state and auxiliary
control as

(Z) and U; = up — Zum
=1 =1

respectively. Similarly, define w@

Lo (0
— 2wy
We now obtain the dynamics of the eigen and auxilary states.
Multiplying (3) on the right by v(“) (v(?)T and observing that
v® is an eigenvector of M, we get

29 = (A+ 29Dzl + (B + 2O By +w?.

p‘qh

(10)

= ww® ()T and w; =

(1)



Substituting (3) and (11) in (10), we get

.fi't+1 == A{\lét + B'Ijt + ﬁ}t. (12)
Let :rgz)’i and ufﬁ " denote the i-th column of x(Z) and u(e)
respectively; thus we can write
l £),1 £),n £),1 £),n
I’E):[IE) ,....,xg) ] and uf 7[() ....,ug) ]

Similar interpretations hold for wt([)’l and W}

Looking at a particular column of (10) and rearranging terms,
we can decompose the state and control action at each nodf;
ieNasai=x+Yr, 2" and i = i + S u ul?
Eq. (11) implies that the dynamics of eigenstate xﬁ“’ depend

(68 *, and are given by

only on u, )" and wgz)’

7y = (A+ 2O D)2 + (B A B + w7, (13)

Similarly, Eq. (12) implies that the dynamics of the auxiliary

state &} depend only on i} and w0, and are given by
I, = A%, + Bij + ). (14)

Furthermore, [23, Proposition 2] implies that per-step cost
decomposes as follows:

L
= Z [QOE(fi, ﬁi)+z gOcO (04 4O
=1

ieN

oz, ug) (15)

where!

grvi v i gi 1o
C(xtaut) = (xt)Tth + ( ) Rut’

70

= (@")7Qat"" + o ()T Ruf.

() (,.(0),
(a7, o)

0),i
ui)

Following [23, Lemma 2], we can show that for any 7 € N,

Var(wt(e)’i) = (O)2W  and var(w}) = (8°)2W, (16)

where (#)2 = 1 — Y2 (v(@#)2, These covariances do not
depend on time because the noise processes are i.i.d.

B. Planning solution for network-coupled subsystems

We now present the main result of [23], which provides a
scalable method to synthesize the optimal control policy when
the system dynamics are known.
Based on the decomposition presented in the previous section,
we can view the overall system as the collection of the following
subsystems:
o Eigen-system (¢,7), ¢ € {1,...,L} and ¢ € N with state
xy)’i, controls uff)'i, dynamics (13), and per-step cost
g OO (201 407y,

e Auxiliary system i, i € N, with state ¥, controls i,
dynamics (14), and per-step cost qo¢(%, i%).

Let ()T = [A), BO] == [(A + A9 D), (B + AW E)],
¢ € {1,...,L}, and §7 = [A, B] denote the parameters of

the dynamics of the eigen and auxiliary systems, respectively.

IRecall that (A3) ensures that go and {q(lg)}%:1 are strictly positive.

Then, for any policy m = (71, m3,...), the performance of
the eigensystem (¢,7), £ € {1,..., L} and i € N, is given by
gD JOi (7,01, where

T
1
JO:(7;0®)) = limsup —E™ {Z c(a:y)’ uy) )}
T—o00 T =1
Similarly, the performance of the auxiliary system i, ¢ € N, is
given by qo.J*(7; ), where

T
Fi( . 5 . Lon vi wi
J(m;0) = h:rrn_)sol(l)p TE {Z c(xt,ut)} .
t=1
Eq. (15) implies that the overall performance of policy 7 can
be decomposed as

L
0)=> qoJ (m;0)+ > > ¢ DT (m;60). (17)
i€EN iEN (=1

The key intuition behind the result of [23] is as follows.
By the certainty equivalence principle for LQ systems, we
know that (when the system dynamics are known) the optimal
control policy of a stochastic LQ system is the same as the
optimal control policy of the corresponding deterministic LQ
system where the noises {w} };>1 are assumed to be zero. Note
that when noises {w}};>1 are zero, then the noises {wt(é)’i}tzl
and {w}};>1 of the eigen- and auxiliary-systems are also zero.
This, in turn, implies that the dynamics of all the eigen- and
auxiliary systems are decoupled. These decoupled dynamics
along with the cost decouphng in (17) imply that we can
choose the controls {ut “}i>1 for the elgensystem ((0),1),
¢e{l,...,L} and i € N, to minimize?> J©-*(7;0*)) and
choose the controls {ut}t>1 for the auxiliary system 4, i €
N, to minimize? .J (s 9) These optimization problems are
standard optimal control problems. Therefore, similar to [23,

Thoerem 3], we obtain the following result.

Theorem 1 Ler S and {SO}L | be the solution of the
following discrete time algebraic Riccati equations (DARE):

S(0) = DARE(4, B, Q, °R), (18a)
and for £ € {1,... L},
SO (09) = DARE(A®, B, Q, 55 R).  (18b)
Define the gains:
500\ T&() r -1 TS
G(0) = —((B) S(0)B + q—gR) (B)'S(9)A,
(19a)
and for £ € {1,...,L},
G(f)(g(ﬁ)) - _((B(f))TS(l) (g(f))B(€)+
Lo R) T (BO)TSO(9)AO, (19b)
Then, under assumptions (Al)—(A3) the policy
= G(6) ”+ZG<Z 2 (20)

2The cost of the eigensystem ((£),4) is ¢(&) J(©¥(xr; 6(0)_. From (A3), we
know that ¢(©) is positive. Therefore, minimizing q(Z)J(ZW(W; 9(2)) is the
same as minimizing J(©)-¢(7; §(0)).



minimizes the long-term average cost in (6) over all admissible
policies. Furthermore, the optimal performance is given by

=> a0 (0) + ZZq“U“ @), @
iEN iEN =1
where J'(0) = (8")2 Tr(WS) and for € € {1,...,L},
JOEHO) = (2 Tr(WSO). (22)

IV. LEARNING FOR NETWORK-COUPLED SUBSYSTEMS

For the ease of notation, we define z(e)’ = vec(x,(f)’i, uy)’i)

and 2} = vec(¥i,u}). Then, we can write the dynamics (13),
(14) of the eigen and the auxiliary systems as

207 = (0O Wl vie Nvee (1,..., L},

(23a)

B = (0)75 4 i, Vi e N. (23b)

A. Simplifying assumptions

We impose the following assumptions to simplify the
description of the algorithm and the regret analysis.

(A4) The noise covariance W is a scaled identity matrix

given by 02 1.

(AS) For eachi € N, ¥ # 0.

Assumption (A4) is commonly made in most of the literature
on regret analysis of LQG systems. An implication of (A4) is
that var(wi) = (5%)2I and var(w!”"") = (¢(91)21, where

(52 = ()20 and (009 = (vO7)202.  (24)

Assumption (A5) is made to rule out the case where the
dynamics of some of the auxiliary systems are deterministic.

B. Prior and posterior beliefs:

We assume that the unknown parameters 0 and {60 M| lie
in compact subsets © and {©“}L | of R(detdu)xde et
0% denote the k-th column of . Thus 6 = [f%,... 0%].
Similarly, let #¢)-F denote the k-th column of #(). Thus,
00 =91 . 9D)de], We use plg to denote the restriction
of probability distribution p on the set O.

We assume that § and {9()}}_| are random variables that
are independent of the initial states and the noise processes.
Furthermore, we assume that the priors p; and {pge)}é‘:l on @
and {0V}, respectively, satisfy the following:

(A6) i is given as: iy (0) — [Hk & wk)] y
(€]
o), & =

for k € {1,. N(jik, 1) with mean

i € Rdetdu and positive-definite covariance ¥, €
R (o) % (datdu)

For each ¢ € {I1,...
¢ e o0k

W00 = (g oon]|
ke{l,...

o).k 0K w(t
1.0, €% = GO 5
lPF ¢ R(detdu) and positive-definite covariance
E%lé) € R(detdu)x (dotdu)

where

(A7) is given as:

where for

, LY, pT)

with mean

These assumptions are similar to the assumptions on the
prior in the recent literature on Thompson sampling for LQ
systems [20], [21].

Our learning algorithm (and TS-based algorithms in gen-
eral) keeps track of a posterior distribution on the unknown
parameters based on observed data. Motivated by the nature of
the planning solution (see Theorem 1), we maintain separate
posterior distributions on § and {0WYL . For each ¢, we
select a subsystem z}(f) such that the i*e)—th component of
the eigen-vector v(® is non-zero (ie. v £ 0) . At
time ¢, we maintain a posterior distribution pg) on 0
based on the corresponding eigen state and action history
of the ig)—th subsystem. In other words, for any Borel subset
B of R(d=tdu)xda py) (B) gives the following conditional
probability
(@)J'Sf))

;&)
p(B)=P0OY € B2} ul)h (25)

We maintain a separate posterior distribution p; on 0 as
follows. At each time ¢ > 1, we select an subsystem j;_1 =
sty i £)2 3 ; ;
argmax;en 2y 2¢—1%;_1/(6})?, where 3;_1 is a covariance
matrix defined recursively in Lemma 1 below. Then, for any
Borel subset B of R(d=+tdu)xda

B(B) =P(0 € B | {&lr, 0l & heot}),  (26)
See [40] for a discussion on the rule to select j;_1.
Lemma 1 The posterior distributions p, O e {1,2,...,L},

and p; are given as follows:

1) p(lg) is given by Assumption (A7) and for any t > 1,

f) 9(@ [H 5 Z) k 9(1) k):|

0]
where for k € {1,...,d;}, §t+1 = (u§?1k72§?1)
and
0 (0,9, ()i 0 0),iONT
I A i G S (A
Pepr = e+ (0 0,9 0 _(0),i®
()2 4 (271 )T 50"
(27a)
(0) (€)1 1 ORSIROBSN,
(Et+1) =) (U(e),i(f)yzt (2 )
(27b)
where, for each t, uf denotes the matrix
g, .

2) p1 is given by Assumption (A6) and for any t > 1,

Py (0 {H §t+1 9k }

)

where for k € {1,...,d.}, §t+1 = N(jif, ,, Si41), and
Sz (8] — (ﬂt)Tujt)T
ft+1 = [ 28
feer = fie F (5]&)2 4 (V]t)Tz gie (28a)
g o 1
Ci) P =) )T (28b)

GO



where, for each t, fi; denotes the matrix [}, ..., [if=].

PROOF Note that the dynamics of z'" )it

and ¢ in (23) are
. . 0),i9 s .
linear and the noises wé V57 and w; are Gaussian. Therefore,
the result follows from standard results in Gaussian linear

regression [41, Theorem 3]. ™

C. The Thompson sampling algorithm:

We propose a Thompson sampling based algorithm called
Net-TSDE which is inspired by the TSDE (Thompson sam-
pling with dynamic episodes) algorithm proposed in [20], [21]
and the structure of the optimal planning solution described in
Sec. III-B. The Thompson sampling part of our algorithm is
modeled after the modification of TSDE presented in [42].

The Net-TSDE algorithm consists of a coordinator C and
|L| + 1 actors: an auxiliary actor A and an eigen actor A’ for
each £ € {1,2,...,L}. These actors are described below and
the whole algorithm is presented in Algorithm 1.

o At each time, the coordinator C observes the current
global state x;, computes the eigenstates {:;;E“}ZL: and
the auxiliary states Z;, and sends the eigenstate a:]g to
the eigen actor A(®), ¢ € {1,...,L}, and sends the
auxiliary state Z; to the auxiliary actor A. The eigen
actor AY), ¢ € {1,..., L}, computes the eigencontrol
uy) and the auxiliary actor A computes the auxiliary
control 1, (as per the details presented below) and both
send their computed controls back to the coordinator C.
The coordinator then computes and executes the control
action ui = S5 u{™"" 4+ @ for each subsystem i € N .

o The eigen actor AWB ¢ € {1,...,L}, maintains the
posterior pg) on #) according to (27). The actor works

in episodes of dynamic length. Let t,(f) and T,EZ) denote

the starting time and the length of episode k, respectively.

Each episode is of a minimum length Trfm)n + 1, where

Téﬁ)n is chosen as described in [42]. Episode k ends if

the determlnant of covariance E(Z) falls below half of its

value at time ¢, (6 (i.e., det(X; S )) < = detZ (z)) or if the
length of the ep1sode is one more than the length of the
previous episode (i.e., t — t,i) > Tlge_l). Thus,

t— t,(f) > Tk(i)l or

() : () ©
t =min{t >t +1,
ket det Eg) < % det Zt(e)

k

min

At the beginning of episode k, the eigen actor A
sampl ot i i
ples a parameter 6, according to the posterior

0

distribution p NoE During episode k, the eigen actor .A(®)

generates the e1gen controls using the sampled parameter
0\, ie. uf? = GOO)af).

o The auxiliary actor A is similar to the eigen actor. Actor
A maintains the posterior p; on 6 according to (28).
The actor works in episodes of dynamic length. The
episodes of the auxiliary actor A and the eigen actors
A1 e {1,2,..., L}, are separate from each other.?
Let tk and T}, denote the starting time and the length of

3The episode count k is used as a local variable for each actor.

Algorithm 1 Net-TSDE

1: initialize eigen actor: 0, (1§, S4), th = —Tomin, TY1 =
Tmln’ k= 0 0Z =
2: initialize aux1llary actor: 0, (fi1,21), to =
T—l* m1nak*0 ek*O
3: fort=1,2,... do
4 observe
(O~ L < :
5. compute {z;  };_, and &, using (9) and (10).
6: for/=1,2,...,L do
7 (0)
8
9

_Trnin,

uf) + EIGEN-ACTOR(z; ')
Uy <— AUXILIARY-ACTOR (&)
: forve N do

10: Subsystem i applies control u} = uif)’i + i
1: function EIGEN-ACTOR(:cg'Z))
2 global var ¢
3:  Update pff) according to (27)
4 i (1=t > Thy) and
5: ((t - t,(f) > T,Ee_)l) or (det £{Y < 3det X))
6 then g
7 T,gé) —t—
8 sample 0“
9. return GO (6"

8 ke k1,80 o
PO

) (5)

1: function AUXILIARY-ACTOR(Z;)

2 global var ¢

3:  Update pt according to (28)

4 if (t — tk > Tmm) and

5: ((t — tk > Tk 1) or (det Zt <3 det Et(e)))
6 then

7 Tk<—t—fk,]€<—k‘+1,tuk<—t

8 sample Hk ~ Dy

9:  return G(0;)%,

episode k, respectively. Each episode is of a minimum
length Tmerl where Tmln is chosen as described in [42].
The termination condition for each episode is similar to
that of the eigen actor A, In particular,

tffk>ji'k_1 or }

fk+1:1nirl t>fk+T i o o
{ T det By < Ldet By,

At the beginning of episode k, the auxillary actor A
samples a parameter 0 from the posterior distribution
Dy, - During episode k, the auxiliary actor A generates
the auxiliary controls using the the sampled parameter 0y,
ie., iy = G(0r)iy.

Note that the algorithm does not depend on the horizon T

D. Regret bounds:

We impose the following assumption to ensure that the
closed loop dynamics of the eigenstates and the auxiliary states
of each subsystem are stable.

(A8) There exists a positive number ¢ € (0,1) such that



,L} and 6, () ¢ 0

© 50
[AW)’ W)] we have

o for any ¢ € {1,2
where (§())T =

p(AL) + B GO (1)) < 6.

o for any 0,4 € ©, where (6)7
have

= [Aé,B(;], we

p(Ay + BiG(d)) < 6

This assumption is similar to an assumption made in [42]
for TS for LQG systems. According to [43, Lemma 1] (also
see [18, Theorem 11]), (A8) is satisfied if

00 = 10 - o5 <},
O = {f € RU=Fd)xde 1 1g — §, || < &},

{010 ¢ R(detdu)xde

where 0() and 6 are stabilizable and £(¥) and & are sufficiently
small. In other words, the assumption holds when the true
system is in a small neighborhood of a known nominal system.
Such a the small neighborhood can be learned with high
probability by running appropriate stabilizing procedures for
finite time [18], [43].

The following result provides an upper bound on the regret
of the proposed algorithm.

Theorem 2 Under (A1)—(AS8), the regret of Net-TSDE is
upper bounded as follows:

R(T;Net-TSDE) < O(a

962 d03 (d, + du)VT),
where o9 = Zngl ¢ + qo(n —L).
See Section V for proof.

Remark 1 The term o in the regret bound partially captures
the impact of the network on the regret. The coefficients 7
and {r¥}£_, depend on the network and also affect the regret
but their dependence is hidden inside the O(-) notation. It is
possible to explicitly characterize this dependence but doing
so does not provide any additional insights. We discuss the
impact of the network coupling on the regret in Section VI
via some examples.

Remark 2 The regret per subsystem is
R(T;Net-TSDE)/n, which is proportional to

owin=o(t) +o(5) =0(1+2).

Thus, the regret per-subsystem scales as O(1 + L/n). In
contrast, for the standard TSDE algorithm [20], [21], [42],
the regret per subsystem is proportional to a9(TSDE)/n =
O(n%®). This clearly illustrates the benefit of the proposed
learning algorithm.

given by

V. REGRET ANALYSIS

For the ease of notation, we simply use R(T) instead of
R(T;Net-TSDE) in this section. Based on (15) and Theo-
rem 1, the regret may be decomposed as

L
= w0+ 3> dRT)

iEN i€EN =1

(29)

and, for £ € {1,...

- T
ROYT) :=E| > @ (af?" uf”") - TJ“M(H(@))} .

Based on the discussion at the beginning of Sec. III-B,
90 Ri (T), i € N, is the regret associated with auxiliary system 4
and ¢qOROYT), ¢ € {1,...,L} and i € N, is the regret
associated with eigensystem (¢,4). We now bound R*(T') and
ROYT) separately.

A. Bound on RO-(T)

Fix ¢ € {1,..., L}. For the component z',(f), the Net -TSDE
algorithm is exactly same as the variation of the TSDE
algorithm of [21] presented in [42]. Therefore, from [42,
Theorem 1], it follows that

HO)

ROFT) < O((002de 5 (d, + du)VT)).

We now show that the regret of other eigensystems (£,4) with
1 ig) also satisfies a similar bound.

Lemma 2 The regret of eigensystem (£,1), £ € {1,...,L}
and i € N, is bounded as follows:

ROYT) < O((0D")2d2" (dy + du)VT).

(30)

€1y}

PROOF Fix ¢ € {1,...,L}. Recall from (9) that z\") =
zv® (vO)T, Therefore, for any i € N,

20 — @O0 — yOsiga®),

where the last equality follows because v(“)-% is a scalar. Since
we are using the same gain G (6\")) for all agents i € N,
we have

uﬁ“”‘ = G“N@,ﬁ”)xﬁ“”‘ = v(é)’iG(Z)(Qg))xtv(z).

Thus, we can write (recall that ig)
0), for all : € N,

(Z) i -(£) . (6)7Z -(£)
()i (€),i{ 0,i_ (Y (0),1.
T, = ( O (l))m and u, 7 = (v(e),iﬁe))ut .

Thus, for any ¢ € N,

. »
is chosen such that v(9#*"

(0

00

; ; 2 O i
O (mgl)’lmgz)’l = ( ) c“%xﬁ”’ 3 ,ug)’ S ). (32)

Moreover, from (22), we have

Ty = (

By combining (32) and (33), we get
0
RO = () B0 )

(Z), :(€)
Substituting the bound for R (T') from (30) and observing
that (v /p®:i7)2 = (D1 /5(O:i7)2 gives the result. m

(0©).

(0t ) i (33)

00,0



B. Bound on R(T)
The update of the posterior p; on 6 does not depend on the

history of states and actions of any fixed agent . Therefore,

we cannot directly use the argument presented in [42] to bound
the regret Ri (T). We present a bound from first principles
below.

For the ease of notation, for any episode k, we use ék and
Sy to denote G(6) and S(6y) respectively. From LQ optimal
control theory [44], we know that the average cost J 2(016) and
the optimal policy i} = kat for the model parameter 0,
satisfy the following Bellman equation:

v . ]

TH(Ok) + (2))" Swit] = (i}, )

SNT & (aT i | i
E[(kat + wt) Sk (0,:21‘/ + wt)].
Adding and subtracting E[(2,,)7 Sk$t+1 | 2{] and noting that
Ty = o7 Zy + w;, we get that

k) + (&
)Tz —

v

Jz(g l)Tgkﬁ - E[(fiﬂ)Tgkfiﬂ&ﬂ
+(072) TSk (( (0727 Sk((0)T2)). (34)

Let K denote the number of episodes of the auxiliary actor

A A2

é(‘rtv ut)

until horizon T'. For each k& > IU(T, we define 1), to be T + 1.

Then, using (34), we have that for any agent ¢,

Kr
_Eb:ﬁﬁ@w—Tfﬁﬂ
k=1

regret due to sampling error =:R6(T)

E> >

|:KT£k+1 1
k=1 ¢={,

Skxt (xiﬂ)TS’kgﬁH]}

regret due to time-varying controller =: R (T")

[(072)TS((0)72]) (35)

LS00z

regret due to model mismatch =:R%(T")

Lemma 3 The terms in (35) are bounded as follows:
1) Ry(T) < O((5")*(ds + du)**VT).
2) RY(T) < O((5")*(dy + du)*VT).
3) By(T) < O((6%)2d*(dy + du)VT).

Combining these three, we get that

RY(T) < O((6")d0° (dg + du)VT). (36)

See Appendix for the proof.

C. Proof of Theorem 2

For ease of notation, let R* = O(d%(d, + d,,)v/T). Then,
by subsituting the result of Lemmas 2 and 3 in (29), we get
that

ZQO

iEN

R* + Z Z q(g) 5)7

i€EN L=1

L
o2 R* + Z Z ¢ (v(l)’i)QU?DR*

iEN (=1

(2 Z qo(0 )2

i€EN

L
) (qo(n -L)+ > q(z))oiR*, 37)
=1
where (a) follows from (24) and () follows from observing
that 3", (v(9))2 = 1 and therefore Y, (9)? = n — L.
Eq. (37) establishes the result of Theorem 2.

VI. SOME EXAMPLES
A. Mean-field system

Consider a complete graph G where the edge weights are
equal to 1/n. Let M be equal to the adjacency matrix of the
graph, i.e., M = f]lnxn Thus, the system dynamics are given
by

zi,, = Az} + Bu} + DT, + Bt + wj,
where z, = 23>, @i and 4, = = >, ui. Suppose K, =
K,=1land gqo =19 =1/n and ¢ = 11 = k/n, where x is a
positive constant.

In this case, M has rank L = 1, the non-zero eigenvalue
of M is A1) = 1, the corresponding normalized eigenvector
is ﬁ]lnxl and ¢V =) = go + ¢4 = (1 + k)/n. The
eigenstate is given by x} = [Z;,...,Z;] and a similar structure
holds for the eigencontrol u;. The per-step cost can be written
as (see (15))

c(ze,w) = (14 k) [2{ QT + 4] Ry

o3 (w2

iEN

Q(x} — 2¢) + (uy — )" R(uj — )]

Thus, the system is similar to the mean-field team system
investigated in [6].

For this model, the network dependent constant a9 in the
regret bound of Theorem 2 is given by a9 = (1 + %) =
O(1 + 1). Thus, for the mean-ficld system, the regret of
Net-TSDE scales as O(1 + +) with the number of agents.
This is consistent with the discussion following Theorem 2.

We test these conclusions via numerical simulations of a
scalar mean-field model with d, = d,, = 1, O’w =1, A=1,
B=03,D=05FE=02 Q=1 R=1, and x = 0.5.
The uncertain sets are chosen as ©1) = {#() ¢ R?: A4 D +
(B+E)GM (M) < 6} and © = {# € R? : A+ BG(0) <
d} where § = 0.99. The prior over these uncertain sets is
chosen accordmg to (A6)—(A7) where ji; = (1) =[1,1]" and
Z = Zl = 1. We set Tin = 0 in Net - TSDE. The system
is simulated for a horizon of 7" = 5000 and the expected
regret R(T) averaged over 500 sample trajectories is shown
in Fig. 1. As expected, the regret scales as O(v/T) with time
and (9(1 + 717) with the number of agents.

B. A general low-rank network

We consider a network with 4n nodes given by the graph
g = G° ®C,, where G° is a 4-node graph shown in Fig. 2
and C, is the complete graph with n nodes and each edge
weight equal to E Let M be the adjacency matrix of G which
is given as M = M° ® n]lan, where M° is the adjacency
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Figure 3: Regret for general low-rank network.

matrix of G° shown in Fig. 2. Moreover, suppose K, = 2 with
g =1,q =—2,and g2 =1 and K,, = 0 with ryp = 1. Note
that the cost is not normalized per-agent.

In this case, the rank of M° is 2 with eigenvalues =p,
where p = 1/2(a? 4+ b2) and the rank of %ﬂan is 1 with
eigenvalue 1. Thus, M = M°® %]lnxn has the same non-zero
eigenvalues as M° given by A() = p and A(?) = —p. Further,
¢ = (1 =292 and r® =1, for £ € {1,2}. We assume
that a? + b2 # 0.5, so that the model satisfies (A3).

For this model, the scaling parameter o in the regret bound
in Theorem 2 is given by

= (1—-p)*+ (1 +p)?+(4n —2) = dn + 2p°.

Recall that p? = (A(1))2 = (A\(2))2. Thus, a¥ has an explicit
dependence on the square of the eigenvalues and the number
of nodes.

We verify this relationship via numerical simulations. We
consider the graph above with two choices of parameters (a, b):
(1) a = b = 0.05 and (ii) a = b = 5. For both cases, we consider
a scalar system with parameters same as the mean-field system
considered in Sec. VI-A. The regret for both cases with different
choices of number of agents 4n € {4, 40,80, 100} is shown
in Fig. 3. As expected, the regret scales as O(v/T) with time
and O(4n + 2p?) with the number of agents.

VII. CONCLUSION

We consider the problem of controlling an unknown LQG
system consisting of multiple subsystems connected over a
network. By utilizing a spectral decomposition technique, we
decompose the coupled subsystems into eigen and auxiliary sys-
tems. We propose a TS-based learning algorithm Net-TSDE
which maintains separate posterior distributions on the unknown
parameters 0) ¢ € {1,..., L}, and 0 associated with the
eigen and auxiliary systems respectively. For each eigen-system,
Net ~TSDE learns the unknown parameter ) and controls the
system in a manner similar to the TSDE algorithm for single
agent LQG systems proposed in [20], [21], [42]. Consequently,
the regret for each eigen system can be bounded using the
results of [20], [21], [42]. However, the part of the Net -TSDE
algorithm that performs learning and control for the auxiliary
system has an agent selection step and thus requires additional
analysis to bound its regret. Combining the regret bounds for the
eigen and auxiliary systems shows that the total expected regret
of Net-TSDE is upper bounded by O(nd%®(d, + d,)V/T).
The empirically observed scaling of regret with respect to
the time horizon 7' and the number of subsystems n in our
numerical experiments agrees with the theoretical upper bound.

The results presented in this paper rely on the spectral
decomposition developed in [23]. A limitation of this decom-
position is that the local dynamics (i.e., the (A, B) matrices)
are assumed to be identical for all subsystems. Interesting
generalizations overcoming this limitation include settings
where (i) there are multiple types of subsystems and the (A, B)
matrices are the same for subsystems of the same type but
different across types; and (ii) the subsystems are not identical
but approximately identical, i.e., there are nominal dynamics
(A°, B°) and the local dynamics (A?, B?) of subsystem i are
in a small neighborhood of (A°, B°).

The decomposition in [23] exploits the fact that the dynamics
and the cost couplings have the same spectrum (i.e., the
same orthonormal eigenvectors). It is also possible to consider
learning algorithms which exploit other features of the network
such as sparsity in the case of networked MDPs [33], [34].
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APPENDIX
A. Preliminary Results
Since S '(-) and G(-) are continuous functions on a com-
pact set ©, there exist finite constants M. J,M MS,MG
such that Tr(S(G)) < MJ,||9|| < Mv 15()|| < Mg and
1, G(6)T]T|| < Mg for all 6 € © where I - |l is the induced
matrix norm.

Let Xi = &' 4 maxj<;<7 ||#!]. The next two bounds
follow from [42, Lemma 4] and [42, Lemma 5].

Lemma 4 For each node i € N, any ¢ > 1 and any T > 1,

E[%T))qq] < O(logT).
Lemma 5 For any q > 1, we have
< E[ (Z Z )} <O1). (398

t=14ieN

The next lemma gives an upper bound on the number of
episodes K.

Lemma 6 The number of episodes Kr is bounded as follows:

T—1 , 9
(X7)?

+ T1 -

(dy + dy)T log g 5

t=1

Kr<0O

PROOF We can follow the same argument as in the proof
of Lemma 5 in [42]. Let 7 — 1 be the number of times the
second stopping criterion is triggered for p;. Using the analysis



in the proof of Lemma 5 in [42], we can get the following
inequalities:
Kr < /21T,
det(X71) > 27 L det(X71) >

(39)

27—13d (40)

min»

where d = d, + d,, and )\mm is the minimum eigenvalue of
Z_

Comblmng (40) with Tr( Y/d > det( Ht/d we get
Tr(S7Y) > dApin20- /4, Thus
d (371
7 <1 1 —L ). 41
S +10g2 0g< D (41)
Now, we bound Tr(X7'). From (28b), we have
-1
Tr(X;7) =Tr(X]) Te(H (9T, (42
2 p & B
— 152
Note that ||5*|| = ||[I,G(6)")"#]"|| < Me|#'|| < MaX7.

Using ||#']2 < MG( 71)2 in (42) and substituting the
resulting bound on Tr(E ') in (41) and then combining it
with the bound on 7 in (39), gives the result of the lemma. g

Lemma 7 The expected value of Kr is bounded as follows:
E[Kr] < O (V{d: +d,)T)

PROOF From Lemma 6, we get

T

ned)

E[Kr] <O (E

™
= =
—~|
S~
N o
N—
N——

(dz +d,)T log(

_

(a)
< (9< (de +du)Tlog<]E

cof i s (e[S 5 B
t=1 1€
Q o/, T d)T)

where (a) follows from Jensen’s inequality and (b) follows
from Lemma 4. ]

B. Proof of Lemma 3

PROOF We will prove each part separately.

1) Bounding R} (T): From an argument similar to the proof
of Lemma 5 of [21], we get that R:(T) < (5°)2M,E[Kr).
The result then follows from substituting the bound on ]E[IV(T]
from Lemma 7.

2) Bounding R (T):

Kr
< E[D T, ) Sk, } < E[Z |sk||||fzk||2]
k=1 k=1
< MsE[Kr(X7)?] (43)
where the last inequality follows from ||S || < Mg. Using the

bound for K7 in Lemma 6, we get

i1 < o(WB (X3)? lg(T_ o )D
(44)
Now, consider the term
2ot (Z o))
2 [ (S
< JE(E) log<IEE_lleN D
<o) @s)

where (a) follows from Cauchy-Schwarz, (b) follows from
Jensen’s inequality and (c¢) follows from Lemma 4. The result
then follows from substituting (45) in (43).

3) Bounding R’( ): As in [21], we can bound the inner
summand in R5(T) as

(6727 (67 2)) — (6127 S ((0 ) )}

Therefore,

RT tpr1—1
=E[X;Z SIS - ) z?,f’ztn}
k=1 t=t,
kT Ek+1
SE[ S50 - ewnxXTm?fzﬂ
k=1 t=t,
Kr the1—1
< E[Z ||z;k°-5<9—ek>||2]
k=1

t=fk

{k+1_

IV(T 1
x E[Z (X;)?Hzgfétnﬂ @)
k=1

t=ty,



where the last inequality follows from Cauchy-Schwarz in-
equality.

Following the same argument as [42, Lemma 7], the first
part of (47) is bounded by

—00)|*| <0

> Z 155,50

k=1 t={,

Kr tht1—
E| (dy + d)T). @8)

For the second part of the bound in (47), we follow the same
argument as [42, Lemma 8]. Recall that :\min is the smallest
eigenvalue of 2“31—1. Therefore, by (28b), all eigenvalues of Xu]t_ !
are no smaller than S\min. Or, equivalently, all eigenvalues of
Y, are no larger than 1/ Mnin.

Using [11, Lemma 11], we can show that for any t €

{tiy -ty — 1},

Lo det 3,71
éz TZ éz D 2
(%) tktfdetzl(
< Fi(X%) (3)T8

=222 = 58

(49)
where Fi(X5) = (14 (MZ(X5)?/Amind2)) TminV and the
last inequality follows from [42, Lemma 10].

Moreover, since all eigenvalues of > are no larger than
1/)\mm, we have (2 )TZtéz <12/ Amin < ME(XE)?/ Amin-

Therefore,
72 (XE )2 LTS i
(fti)TEtéz < ((5_2’)2 v MCi(XT) )(1 A (%) EtZt)

min (5’L>2
i M2 (X'z )2 (vjr) Ztvh
ST

where the last inequality follows from the definition of j;. Let
F(X7) = ((6°) + (Amin/ME(XF)?)). Then,

é(zzfizﬁ < Fgo?%‘p)i(l A (()2))
)

T
o EO5VJt wJt T205
R CDNE =
@ T (X7
< Fy(XE) [2dlog (r(dT“)> — log det 211]

@ Loty 4 vy N~ (K32
t=1
(1)

— log det Ell}

where d = d, + d,, and (a) follows from (28b) and the
intermediate step in the proof of [45, Lemma 6]. and (b)
follows from (42) and the subsequent discussion.

Using (49) and (51), we can bound the second term of (47)
as follows

T

B[S (HPIELHI] < (4B R R(X)(H)

t=1
T
x log (Z

t=1

9

wr)l)

(52)

where the last mequahty follows

Fi( u%)ngig) (();T))z log(Y1_, (o” )2) is a polynomial in

i */&* multiplied by log Zt 1 2 ) and, using Lemma 5.
The result then follows by su stltuting (48) and (52)
in (47). ™
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