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. . .or how stochastic programmers can stop

worrying and use state space models.




Let’s revisit the notion of state

in stochastic dynamical systems




Notion of state in deterministic dynamical systems

Input: Uy —»

Dynamical
System

— Output: Yq

Yt — ft(u1:t)'
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Notion of state in deterministic dynamical systems

Dynamical

— Output: Y
System P ‘

Input: Uy —»

u;, U

Timing diagram

Yi = fe(Ug.e).
EQUIVALENCE RELATIONSHIP

Let H, = U;.¢_; denote the history of inputs
until time t.

H,(c” ~ ng) if for all future inputs Uy.1, the
Future outputs Y!!) and Y(2) are the same:

ft:T(Hg )> ut:T) — ft:T(H’(CZ) y ut:T)

P> Nerode, “Linear Automaton Transformation”, 1958. P> Minsky, “Computation: Finite and Infinite Machines”, 1967.
D> Witsenhausen, “Some remarks on the concept of state”, 1976.
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Notion of state in deterministic dynamical systems

STATE SUFFICIENT FOR I/O MAPPING

Let H; denote the space of all histories at
— Output: ¥y time t. Then, the state space at time t is the
quotient space I /~.

Dynamical

Input: Uy —»
P ‘ System

Yi = fe(Ug.e).
EQUIVALENCE RELATIONSHIP

Let H, = U;.¢_; denote the history of inputs
until time t.

H,(c” ~ ng) if for all future inputs Uy.1, the
Future outputs Y!!) and Y(2) are the same:

ft:T(Hg )> ut:T) — ft:T(H’(CZ) y ut:T)

P> Nerode, “Linear Automaton Transformation”, 1958. P> Minsky, “Computation: Finite and Infinite Machines”, 1967.
D> Witsenhausen, “Some remarks on the concept of state”, 1976.
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Notion of state in deterministic dynamical systems

Dynamical

— Output: Y.
System P ‘

Input: Uy —»

Yt — ft(u1:t)°
EQUIVALENCE RELATIONSHIP

Let Hy = U;.¢_; denote the history of inputs
until time t.

H ~ HI? ifforall Future inputs Uy.T, the
future outputs Y!!) and Y2 are the same:

fer(HU) Upr) = fer(HP, Upr)
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STATE SUFFICIENT FOR I/O MAPPING

Let H; denote the space of all histories at
time t. Then, the state space at time t is the
quotient space Hy/~.

PROPERTIES OF STATE

The state X; at time t is a “compression”
of past inputs that satisfes the following:
> UPDATES IN A RECURSIVE MANNER:

Xi4+1 = function(Xg, Uy).
D> SUFFICIENT TO PREDICT OUTPUT:

Y = function(X¢, Uy).
(Ignore: measurability and minimality)




Notion of state in stochastic dynamical systems

Controlled input: Uy —

Stochastic input: W, —

Stochastic
System

— Output: Y

Yt - ft(u1:t)W1:t)-
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Notion of state in stochastic dynamical systems

Controlled input: Uy —» STOCHASTIC INPUT IS OBSERVED

Stochastic _
System — Output: Ve o H¢ = (Uy.¢_1, Wj.t_1) denote the history

of inputs until time t.
There are two wavys to define state:
Yt — ft(u1:t)W1:t)- y

Stochastic input: W, —
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Notion of state in stochastic dynamical systems

Controlled input: Uy —
Stochastic

— Output: Y
System P ‘

Stochastic input: W; —

Yt - ft(u1:t>W1:t)-

PREDICTING OUTPUTS ALMOST SURELY

Hi” ~ Hiz) if for all future inputs (U¢.1, We.T),
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STOCHASTIC INPUT IS OBSERVED

Let Hy = (Uy.¢_1, Wi.¢_1) denote the history
of inputs until time t.
There are two ways to define state:




Notion of state in stochastic dynamical systems

Controlled input: U, —s STOCHASTIC INPUT IS OBSERVED

Stochastic _
Systen | OUEpUE: Yo | ot Hy = (Uy.¢_1, Wi.c_1) denote the history

of inputs until time t.
There are two ways to define state:

Stochastic input: W; —

Yt - ft(u1:t)W1:t)'

PREDICTING OUTPUTS ALMOST SURELY FORECASTING OUTPUTS IN DISTRIBUTION

HY ~ H!?) if for all future inputs (Ue.t, We.r), | H!") ~ H{?) if for all future CONTROL inputs Uy.T,
P(VEY I H{Y, Uer) = PV | HE, Ur)
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Now let’s construct the state space

PREDICTING OUTPUTS ALMOST SURELY
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Now let’s construct the state space

PREDICTING OUTPUTS ALMOST SURELY

HY ~ HIZ) i for all future inputs (U, We.T),

PROPERTIES OF STATE

The state X; at time t is a “compression” of
past inputs that satisfes the following:
D> UPDATES IN A RECURSIVE MANNER:

Xi4+1 = function(X¢, Ug, Wh).

B> SUFFICIENTTO PREDICT OUTPUT:

Yt — FUHCtiOﬂ (Xt, Ut, Wt) P> Kalman, “Mathematical description of linear dynamical systems”, 1963.
P> Balakrishnan, “Foundations of state-space theory of cts systems”, 1967.
> willems, “The generation of Lyapunov functions for|/O stable systems”, 1%
4
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Now let’s construct the state space

PREDICTING OUTPUTS ALMOST SURELY FORECASTING OUTPUTS IN DISTRIBUTION

H" < H{?) if for all Future inputs (U, We.r), ll H') ~ H{?) if for all future CONTROL inputs Uy.r,
]P)(Y‘EHJ | H‘(c”> ut:T) — P(Yizg | H‘(CZ)a ut:T)

PROPERTIES OF STATE

The state X; at time t is a “compression” of
past inputs that satisfes the following:
> UPDATES IN A RECURSIVE MANNER:

Xi+1 = function(X¢, U, W4).

[> SUFFICIENT TO PREDICT OUTPUT:
Yt = FUFICtiOFI(Xt, Ut, Wt)-
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Now let’s construct the state space

PREDICTING OUTPUTS ALMOST SURELY FORECASTING OUTPUTS IN DISTRIBUTION

Hp) ~ H?) if for all future inputs (U¢.1, We.T), Hg) ~ ng) if for all future CONTROL inputs Uy.,

Vi = s, PY D TR Uer) = POYE THP, Uy p)

PROPERTIES OF STATE PROPERTIES OF STATE

The state X; at time t is a “compression” of The state X; at time t is a “compression” of
past inputs that satisfes the following: past inputs that satisfes the following:
B> UPDATES IN A RECURSIVE MANNER: P> SUFFICIENT TO PREDICT ITSELF:

Xi.1 = function(Xg, Ug, Wy). P(X¢t1 [ He, Up) = P(Xegr | X, Ug).

P> SUFFICIENT TO PREDICT OUTPUT: P> SUFFICIENT TO PREDICT OUTPUT:
Y = function(Xg, Uy, Wy). P(Ye [ He, Up) = P(Ye | X, Uy ).
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We recover the two basic models
of Markov decision processes!




We recover the two basic models
of Markov decision processes!

What happens when the
stochastic input is not observered?




Notion of state in partially observed stochastic dynamical systems

Controlled input: Uy —

Stochastic input: W, —

Stochastic
System

— Output: Y

Yt - ft(u1:t)W1:t)-
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Notion of state in partially observed stochastic dynamical system

Controlled input: Uy —

Stochastic input: W, —

Stochastic
System

— Output: Y

Yt - ft(u1:t)W1:t)-
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STOCHASTIC INPUT IS NOT OBSERVED

Let Hy = (Uy.¢_1, Y7.t—1) denote the history
of inputs and OUTPUTS until time t.




Notion of state in partially observed stochastic dynamical system

Controlled input: Uy — STOCHASTIC INPUT IS NOT OBSERVED

Stochastic _
System — Output: Y op H¢ = (Uy.¢_1, Y1.t—1) denote the history

Stochastic input: W; —
P ' of inputs and OUTPUTS until time t.

Yi = fe(Upiey Wit).

TRADITIONAL SOLUTION: BELIEF STATES

|dentify a state {Si}t>o for predicting output assuming that
the stochastic inputs are observed.

Define a BELIEF STATE By € A(8):
Bi(s) =P(St =s| Y1 =Yre—1, U1 =Uj¢—1), S ES.

P> Astrom, “Optimal control of Markov decision processes with incomplete state information,” 1965. B> Striebel, “Sufficient statistics in the optimal control of
stochastic systems,” 1965. P> Baum and Petrie, “Statistical inference for probabilistic functions of finite state Markov chains,” 1966.
P> Stratonovich, “Conditional Markov processes,” 1960.
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Partially observed Markov decision processes (POMDPs):
Pros and Cons of belief state representation

Value function is piecewise linear and convex.

Is exploited by various efficient algorithms.

P> Smallwood and Sondik, “The optimal control of partially observable Markov process over a finite horizon,” 1973.
D> Chen, “Algorithms for partially observable Markov decision processes,” 1988.

> Kaelbling, Littmam, Cassandra, “Planning and acting in partially observable stochastic domains,” 1998.

D> Pineau, Gordon, Thrun, “Point-based value iteration: an anytime algorithm for POMDPs,” 2003.
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Partially observed Markov decision processes (POMDPs):
Pros and Cons of belief state representation

Value function is piecewise linear and convex. When the state space model is not known
analytically (as is the case for black-box
models and simulators as well as some
real world application such as healthcare),
belief states are difficult to construct and
difficult to approximate from data.

Is exploited by various efficient algorithms.

P> smallwood and Sondik, “The optimal control of partially observable Markov process over a finite horizon,” 1973.
B> Chen, “Algorithms for partially observable Markov decision processes,” 1988.

B> Kaelbling, Littmam, Cassandra, “Planning and acting in partially observable stochastic domains,” 1998.

B> Pineau, Gordon, Thrun, “Point-based value iteration: an anytime algorithm for POMDPs,” 2003.
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Are there other ways to model
partially observed systems which is
more amenable to approximations?

Let’s go back to first principles.




Notion of state in partially observed stochastic dynamical systems

Controlled input: Uy —

Stochastic input: W, —

Stochastic
System

— Output: Y

Yt - ft(u1:t)W1:t)-
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WHEN THE STOCHASTIC INPUT IS NOT OBSERVED

Let Hy = (Uy.¢_1, Y7.t—1) denote the history
of inputs and OUTPUTS until time t.




Notion of state in partially observed stochastic dynamical system

. _ WHEN THE STOCHASTIC INPUT IS NOT OBSERVED
Controlled Input. Ut — = === - - - - =~ - - = —=]

Stochastic _
System | OUEput:Ye et Hy = (Us.c_1, Y1._1) denote the history

Stochastic input: W, —
° ' of inputs and OUTPUTS until time t.

Yt - ft(u1:t>W1:t)-

PREDICTING OUTPUTS ALMOST SURELY

Hi” ~ Hiz) if for all future inputs (U¢.1, We.T),
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Notion of state in partially observed stochastic dynamical system

. _ WHEN THE STOCHASTIC INPUT IS NOT OBSERVED
Controlled Input. Ut — = === - - - - =~ - - = —=]

Stochastic _
Systen | OUEput:Ye et Hy = (Us.c_1, Y1._1) denote the history

Stochastic input: W, —
° ' of inputs and OUTPUTS until time t.

Yt - ft(u1:t)W1:t)'

PREDICTING OUTPUTS ALMOST SURELY FORECASTING OUTPUTS IN DISTRIBUTION

HY ~ H!?) if for all future inputs (Ue.t, We.r), | H!") ~ H{?) if for all future CONTROL inputs Uy.T,
P(VEY I H{Y, Uer) = PV | HE, Ur)

> Grassberger, “Complexity and forecasting in dynamical systems,” 1988.
D> Cruthfield and Young, “Inferring statistical complexity,” 1989.
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Notion of state in partially observed stochastic dynamical system

. _ WHEN THE STOCHASTIC INPUT IS NOT OBSERVED
Controlled Input. Ut — = === - - - - =~ - - = —=]

Stochastic _
Systen | OUEput:Ye et Hy = (Us.c_1, Y1._1) denote the history

Stochastic input: W, —
° ' of inputs and OUTPUTS until time t.

Yt - ft(u1:t)W1:t)'

PREDICTING ' 'TPUTS ALMOST SURF" . FORECASTING OUTPUTS IN DISTRIBUTION

Hp) ~ HP if for 2" Fucuic ~nuts (U, We.T), Hg) ~ Hiz) if for all future CONTROL inputs Uy.,
LER ¢ N PV TR, Uer) = P(YE | HEP), Upr)

Too restrictive

>4 Grassberger, “Complexity and forecasting in dynamical systems,” 1988.
D> Cruthfield and Young, “Inferring statistical complexity,” 1989.
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Now let’s consturct the state space

FORECASTING OUTPUTS IN DISTRIBUTION

H ~ HI%) if for all future CONTROL inputs Uy,
P(Y] I H{Y Uer) = P(YE | HEP, Uer)
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Now let’s consturct the state space

FORECASTING OUTPUTS IN DISTRIBUTION

H ~ HI%) if for all future CONTROL inputs Uy,
PV TH, Uer) = POGE | HE, Uer)

PROPERTIES OF INFORMATION STATE

The info state Z; at time t is a “compression”
of past inputs that satisfes the following:
P SUFFICIENT TO PREDICT ITSELF:

P(Zii1 | He,Ut) = P(Zeyr | Ze, Uy).

B> SUFFICIENT TO PREDICT OUTPUT:
P(Yt | Ht>ut) — P(Yt ’ Zt)ut)-

Approx. info state-(Mahajan)




Now let’s consturct the state space

FORECASTING OUTPUTS IN DISTRIBUTION

H ~ HI%) if for all future CONTROL inputs Uy,
PV TH, Uer) = POGE | HE, Uer)
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The info state Z; at time t is a “compression”
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Same complexity as identifying the state
sufficient for forecasting outputs for the
case of perfect observations (which was
Step 1 for belief state formulations)




Now let’s consturct the state space

FORECASTING OUTPUTS IN DISTRIBUTION Same complexity as identifying the state
sufficient for forecasting outputs for the
case of perfect observations (which was
Step 1 for belief state formulations)

H ~ HI%) if for all future CONTROL inputs Uy,
P(Y’£1'F) | H’(c”)ut:T) = P(Y’EZT) | H’(LZ)>ut:T)

PROPERTIES OF INFORMATION STATE KEY QUESTIONS

The info state Z; at time t is a “compression” B> Can this be used for dynamic
of past inputs that satisfies the following: programming?
P> SUFFICIENT TO PREDICT ITSELF:

> What is the right notion of approx-
P(Ziyq [Hey W) = P(Zygq | Ze, Ug).

imations in this framework?

> SUFFICIENTTO PREDICT OUTPUT:
P(Yt | Ht>U—t) — P(Yt ’ Zt)ut)-
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An information state for dynamic programming




Predicting output vs optimizing expected rewards over time

Controlled input: Uy —

Stochastic input: Wy —

Stochastic
System

— Output: Yy

— Reward: R Choose U; = g¢(Y7.t—1,Uj.¢_1) to

T
Yt = ft(u1:t>W1 :t)) max & L; Rt:|
Rt = Tt(U1;t,W1:t)°
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Predicting output vs optimizing expected rewards over time

Controlled input: Uy —

Stochastic input: Wy —

Stochastic
System

— Output: Y

— Reward: R; Choose U, = gie(Yq.4-1,Us.¢-1) to

.
Yt = ft(u1:t>W1 :t)» max & |:; Rt:|
Re = ¢ (Ug.4, Wit).

PROPERTIES OF INFORMATION STATE (SUFFICIENT FOR DYNAMIC PROGRAMMING)

The info state Z; at time t is a “compression” of past inputs that satisfes the following:
P> SUFFICIENT TO PREDICT ITSELF:

P(Zt+1 | Ht>ut) — P(Zt+1 | Zt>ut)-

P> SUFFICIENT TO ESTIMATE EXPECTED REWARD:
]E[Rt ’ Ht)ut] — ]E[Rt | Ztaut]-




Dynamic programming using information state

PROPERTIES OF INFORMATION STATE
SUFFICIENT FOR DYNAMIC PROGRAMMING

The info state Z, at time t is a “compression”
of past inputs that satisfes the following:
B> SUFFICIENTTO PREDICT ITSELF:

PIZT+I I Ht,\ut.I — PIZt+I I ZnUtI-

D SUFFICIENT TO ESTIMATE EXPECTED REWARD:
IEIRt I Ht)utI — IEIRt I Zt»utI-
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Dynamic programming using information state

PRELIMINARY THEOREM PROPERTIES OF INFORMATION STATE
(SUFFICIENT FOR DYNAMIC PROGRAMMING)

IF{Z}t>1 is any information state process. Then: The info state Z, at time t is a “compression”

B> There is no loss of optimality in restricting attention oF past inputs that satisfies the following:
D SUFFICIENT TO PREDICT ITSELF:

to policies of the form P(Zeor | Hy, Uy) = P(Zoys | Zo, Uy).

ut — Qt (Zt) D> SUFFICIENT TO ESTIMATE EXPECTED REWARD:
E[R; | Hi, U] = E[R¢ | Z¢, U].

P> There is a hint about this result in Kumar and Varaiya, “Stochastic Systems: estimation, identification, and adaptive control,” 1986.
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Dynamic programming using information state

PRELIMINARY THEOREM PROPERTIES OF INFORMATION STATE
(SUFFICIENT FOR DYNAMIC PROGRAMMING)

IF{Z}t>1 is any information state process. Then: The info state Z, at time t is a “compression”

> There is no loss of optimality in restricting attention of past inputs that satisfies the following:
> SUFFICIENT TO PREDICT ITSELF:

to policies of the form P(Zeor | Hy, Uy) = P(Zoys | Zo, Uy).

ut — Qt (Zt) B> SUFFICIENT TO ESTIMATE EXPECTED REWARD:

. - E[R; | Ht)ut} = E[R; | Zt)ut]-
> Let {V,}]] denote the solution to the following

dynamic program: V1 q(z7.1) =0
and fort € {T,...,1},
Qt(zt,ue) = ERy + Vip1(Zeg1) | Zy = z¢, U = uyl,

Vt(Zt) = Mmax Qt(zt,ut).
uel

A policy {gi}{_;, g: Z¢ — U, is optimal if it satisfes
Gi(z:) € arg max Q(z¢, u).

B> There is a hint about this result in Kumar and Varaiya, “Stochastic Systems: estimation, identification, and adaptive control,” 1986.
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What about approximations?




Preliminary: A family of pseudometrics on probability distributio

INTEGRAL PROBABILITY METRIC (IPM)

Let P denote the set of praobability measures
on a measurable space (X, &). Given a class §
of real-valued bounded measureable functions
on (X, &), the integral probability metric (IPM)
between two probability distributions w,v € P
is given by:
dz (1, v) = supJ fdu—J fdv|.
x x

fesg

P> Miiller, “Integral prabability metrics and their generating classes of functions,” 1997.
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Preliminary: A family of pseudometrics on probability distributio

INTEGRAL PROBABILITY METRIC (IPM)

Let P denote the set of praobability measures
on a measurable space (X, &). Given a class §
of real-valued bounded measureable functions
on (X, &), the integral probability metric (IPM)
between two probability distributions w,v € P
is given by:

dg(u,v):supj fdp—J fdv|.
feg|Jx X

EXAMPLES

> IFF={f:lflo <1}
dz = Total variation distance.

> P ={f:[flL <1},
dz = Wasserstein distance.

B IFF ={f: [[flloc + IflL < T},
dz = Dudley metric.

> Miiller, “Integral probability metrics and their generating classes of functions,” 1997.
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Approximate information state

(&, 8)-APPROXIMATE INFORMATION STATE (AIS)

Given a function class §, a compression {Z;};>1 of
history (i.e., Z = @(H¢)) is called an {(e¢, d¢)}t>1 AIS
if it satisfes:
> ‘]E[RtlHt = h¢, Ug = uyl

— ER¢|Z; = @ (h), Uy = ut” < &t

> Forany Borel set A of Z, define
we(A) = P(Ziyr € Al Hy = he, Up = uy)

and
Vi(A) =P(Ziy1 € A| Z¢ = @(he), Uy = uy).

Then,

Approx. info state-(Mahajan)




Approximate information state

Approx. info state-(Mahajan)

(e, &)-APPROXIMATE INFORMATION STATE (AIS)

Given a function class §, a compression
{Z,}>1 of history (i.e., Z, = @(H,)) is called
an {(e, 8¢)} =1 AIS ifit satisfes:
> ‘E[Rt“"[t = hy, U = uy]

— ER{Z; = @ (hy), Uy :ut]‘ < &t

B ror any Borel set A of Z, define
W(A)=P(Z,; €cA|lH =h, U =u

and
Vi(A) =P(Ziy € Al Zy = @i(hy), Uy

Then,
ds(utﬂ/t) < 8.




Approximate information state

MAIN THEOREM

Given a function class §, let {Z}>1, where Zy = @(Hy),
be an {(e¢, &+)}+>1 AlS. Recursively define the following
fFunctions: \A/TH (zr41)=0and fort € {T,...,1},

Qt(luut) = ER¢ + Vi1 (Zes1) | Zy = z¢, U = uyl,

Vt(zt) = Mmax Qt(zt,ut).

u e
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(e, &)-APPROXIMATE INFORMATION STATE (AIS)

Given a function class §, a compression
{Z,}>1 of history (i.e., Z, = @(H,)) is called
an {(&¢, 8¢)}i>1 AIS ifit satisfes:
B> [ER(H, = hy, Uy =

—ERZ, = (pl(ht))ul :ul]‘ < &

D for any Borel set A of Z, define
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Then,
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Approximate information state

MAIN THEOREM

Given a function class §, let {Z}>1, where Zy = @(Hy),
be an {(e¢, &+)}+>1 AlS. Recursively define the following
fFunctions: \A/TH (zr41)=0and fort € {T,...,1},

Qt(luut) = ER¢ + Vi1 (Zes1) | Zy = z¢, U = uyl,

Vt(zt) = Mmax Qt(zt,ut).

u e

Then, if there exist positive constants {K;};>7 such that
\A/t/Kt € §, then for any history hy,

-
[Vi(he) = V(@i (he))| S er+ D (es +Ks8s).

s=t
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(e, &)-APPROXIMATE INFORMATION STATE (AIS)

Given a function class §, a compression
{Z,}>1 of history (i.e., Z, = @(H,)) is called
an {(&¢, 8¢)}i>1 AIS ifit satisfes:
D |ERJH, = hy, Uy = w

—ERZ, = (pl(ht))ul :ul]‘ < &

B> For any Borel set A of Z,, define
W(A)=P(Z,; €cA|lH =h, U =u

and
Vi(A) =P(Ziy € Al Zy = @i(hy), Uy

Then,
dS(HuVL) < 8.




AIS: Some remarks

In the defnition of AIS, we can replace

by
> Z..7 = function(Z, Yiy1, Uy)
> dS(P(Yt“‘lt = he, Ue = ue), P(YelZe = @i (hy), Up =uy))

d%(P(ZtH He = he, Uy = Ut)> P(Zt+1 Zy = (pt(ht)>ut = ut))

< &4

~
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AIS: Some remarks

In the defnition of AIS, we can replace
d%(P(ZtH He = he, U = Ut)> P(Ztﬂ |Zy = (pt(ht)>ut = ut))
by
> Z..7 = function(Z, Yiy1, Uy)
B> dz(P(Ye[He = hyy Uy =), P(YelZy = @i (hy), Uy = uy)) < Oy

The AIS process {Z};>1 need not be Markov !!
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AIS: Some remarks

In the defnition of AIS, we can replace
d%(P(ZtH He = he, U = Ut)> P(Ztﬂ |Zy = (pt(ht)>ut = ut))
by
> Z..; = function(Z, Yiy1, Uy)
> dz(P(Ye[He = hyy Uy = uy), P(YelZy = @i (hy), Uy = uy)) < Oy

The AIS process {Z};>1 need not be Markov !!

Two ways to interpret the results:
> Given the information state space Z, find the best compression @: Hy — Z
> Given any compression function @: H¢ — Z¢, Aind the approximation error.
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AIS: Some remarks

In the defnition of AIS, we can replace
d%(P(ZtH He = he, U = Ut)> P(Ztﬂ |Zy = (pt(ht)>ut = ut))
by
> Z..7 = function(Z, Yiy1, Uy)
B> dz(P(Ye[He = hyy Uy =), P(YelZe = @i (hy), Uy = uy)) < Oy

The AIS process {Z};>1 need not be Markov !!

Two ways to interpret the results:
> Given the information state space Z, find the best compression @: Hy — Z
> Given any compression function @: 3¢ — Z¢, Aind the approximation error.

Results naturally extend to infinite horizon

Approx. info state-(Mahajan)




Some examples




Analytic example: Error bounds on state discretization

Consider an MDP with state space X and per-step reward Ry = (X, Uy).
Suppose X is quantized to a discrete set Z using @: X — Z.

B> Let z = ¢(x) denote the label for x.
> Then ¢ '(z) denote all states which have label z.

Approx. info state-(Mahajan)




Analytic example: Error bounds on state discretization

Consider an MDP with state space X and per-step reward Ry = 1(Xy, Uy).
Suppose X is quantized to a discrete set Z using @: X — Z.

B> Let z = ¢(x) denote the label for x.
> Then ¢~ '(z) denote all states which have label z.

{Z}¢>1 1S AN (g, 0) AIS

e= sup  [r(xu)—T(@(x),u)
(x,u)eXxU

5= sup dz(P(Z, [ X=x,U=u),P(Z,|Xc o "(pkx)),U=mu)).
(x,u)exXxU

Approx. info state-(Mahajan)




Numerical example: Reinforcement learning for POMDPs

RNN: p

State: Ci_;

Approx. info state-(Mahajan)

NN: Tlo

Softmax

U

|

NN: ¥

To environment
Develop a three time-scale AlS-based actor-critic algorithm for RL in POMDPs.




Numerical example: Reinforcement learning for POMDPs

RNN: p

State: C¢_;

e

— Planning solution
— AIS
RPG

Performance
Performance

60000 80000 100000 120000 140000
Samples

Voicemail problem
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NN: 719 Softmax
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|

NN: ¥

To environment
Develop a three time-scale AlS-based actor-critic algorithm for RL in POMDPs.

—— Planning solution
— AIS
RPG

0 20000 40000 60000 80000 100000 120000 140000
Samples

Tiger problem

N
o

Performance
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=

—— Planning solution
— AIS
RPG

60000 80000 100000 120000 140000
Samples

4 x 4 grid problem




Summary
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Summary

PREDICTING OUTPUTS ALMOST SURELY

H{" ~ H!?) if for all future inputs (U, We.t),

(1) _ y(2)
Y‘[:T - Y’t:T’ a.s.

PROPERTIES OF STATE

The state X, at time t is a “compression” of
past inputs that satisfies the following:
P> UPDATES IN A RECURSIVE MANNER:

Xi4+1 = function(Xg, Uy, Wy).

> SUFFICIENT TO PREDICT OUTPUT:
Y; = function(Xg, U, Wy).

Lﬂ)prox. info state-(Mahajan)

Now let’s construct the state space

FORECASTING OUTPUTS IN DISTRIBUTION

H{" ~ H!%) if for all future CONTROL inputs Uy.T,
P(Y‘EIT) | Hp))ut:T) — P(YJLZ"R | H‘((Z)>ut:T)

PROPERTIES OF STATE

The state X, at time t is a “compression” of
past inputs that satisfies the following:
P> SUFFICIENT TO PREDICT ITSELF:

P(Xer | Hey Ue) = P(Xeqr | Xy, Us).

P> SUFFICIENT TO PREDICT OUTPUT:
]P(Yt | Ht)u‘i) — ]P)(Yt | X‘i)ut)-

Approx. info state-(Mahajan)




Summary

~
Notion of state in partially observed stochastic dynamical systems

Controlled input: U; —» STOCHASTIC INPUT IS NOT OBSERVED

Stochastic )
Spstem | OUEPUE: Yt | ot My = (Uj.e_1, Yi:c_1) denote the history

Stochastic input: W; —
P L of inputs and QUTPUTS until time t.

Yt - ft(u]:t)wl:t)'

TRADITIONAL SOLUTION: BELIEF STATES

Identify a state {St}t>o for predicting output assuming that
the stochastic inputs are observed.

[4=Is =N Define a BELIEF STATE B, € A(S):
Bi(s) =P(St =s|Yit—1 =Y1:e—1, Uie—1 =Urie—1), SES.
P> Astrom, “Optimal control of Markov decision processes with incomplete state information,” 1965. B> Striebel, “Sufficient statistics in the optimal control of

stochastic systems,” 1965. P> Baum and Petrie, “Statistical inference for probabilistic functions of Anite state Markov chains,” 1966.
P> Stratonovich, “Conditional Markoy processes,” 1960.

|/
e
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Summary

N Y
’Now let’s consturct the state space W

FORECASTING QUTPUTS IN DISTRIBUTION Same complexity as identifying the state
sufficient for forecasting outputs for the
case of perfect observations (which was
Step 1 for belief state formulations)

H{") ~ H!?) if for all future CONTROL inputs U,
PV THY, Uer) = POYIR | HEP, Uer)

PROPERTIES OF INFORMATION STATE KEY QUESTIONS

The info state Z; at time t is a “compression” B> Can this be used for dynamic
of past inputs that satisfes the following: programming?
D> SUFFICIENT TO PREDICT ITSELF:

> What is the right notion of approx-
P(Ztﬂ | Hi, Uy) = P(Ztﬂ | Zg, Uy).

imations in this framework?

> SUFFICIENTTO PREDICT OUTPUT:
]P(Yt | thut) — P(Yt | Zt»ut)-

mprox. info state-(Mahajan)
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,Approximate information state

(€, 5)-APPROXIMATE INFORMATION STATE (AIS)

Given a function class §, a compression {Z};>7 of
history (i.e., Zy = @+(H¢)) is called an {(e¢, 8¢)}t>1 AIS
if it satishes:
> ’]E[Rt|Ht = hy, Uy = U]

— E[R¢|Z¢ = @i(he), U = U«t]‘ < &t

> For any Borel set A of Z, define
He(A) = P(Zeyr € AlHe = he, Uy = wy)

and
Vi(A) =P(Zey1 € Al Ze = @(hy), Up = uy).

Then,
dz(He, ve) < Ot

Approx. info state-(Mahajan)




Summary
My . .

,WW

pproximate information state

MAIN THEOREM (&, 5)-APPROXIMATE INFORMATION STATE (AIS)

Given a function class §, let {Z{}¢>1, where Zy = @(Hy¢), Given a function class §, a compression
. . {Z}>1 of history (i.e., Z, = @(H,)) is called
be an {(e¢, 8¢)}t>1 AlS. Recursively define the following R e S & = o o

functions: \7T+1 (zry1)=0and fort e {T,...,1}, D [ERH, =hy, Uy =]
A — E[R¢|Zy = @ (hy), Uy = uy]| < &
Qt(Ztaut):E[Rt+vt+1(zt+1) |Zt:Zt»ut:ut]) A el U}‘

B> For any Borel set A of Z., define

N\
Vi(z¢) = max Q¢(ze, uy). w(A) =P(Zy €A|H =h,U =u

ueU
and

Vi(A) =P(Zi1 € Al Zy = @i (hy), Uy
Then, if there exist positive constants {K;};>1 such that Then,
5 o Q dg (e, vi) < 0.
V. /K¢ € §, then for any history hy, ol

-
[Ve(he) = Vi(@e(ho))| S er+ D (es +Kbs).

s=t

N Approx. info state-(Mahajan)
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Conclusion

In my biased opinion, the notions of information state and approximate information
state provide a conceptually clean framework to think about approximations (and online
reinforcement learning) in sequential decision making.

Discovering latent space models State aggregation

Environment Environment —‘

Agent A2 A3

A
i ApprOX. info State_(,\ﬂéjﬁ@fiﬁb\ POMDPs Online Multi-agent RL




