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Abstract—Sparse dictionary learning aims at training 
appropriate redundant dictionaries for specific tasks of signal 
processing, such as signal estimation, compression and 
classification. Most of the existing dictionary learning algorithms 
for compressive speech sensing only exploit speech samples to 
construct the dictionary. In this paper, we propose to leverage both 
the speech signal and its linear prediction coefficients jointly to 
learn a structured and sparse dictionary. The proposed dictionary 
is designed based on a new optimization strategy using both ࢒૙ 
and ࢒૛ norms to enforce sparsity and structure, respectively. The 
resulting optimization problem can be solved by a fast iterative 
algorithm in two stages. Experimental results indicate that our 
proposed algorithm converges faster than the reference methods 
while yielding a better objective evaluation performance in terms 
of segmental signal-to-noise ratio, perceptual evaluation of speech 
quality and short-time objective intelligibility of the reconstructed 
speech. 

Keywords—dictionary learning; speech processing; compressive 
sensing; optimization  

I. INTRODUCTION 

Sparse representation theory plays a vital role in many fields 
such as speech processing, image denoising, pattern recognition, 
computer vision, and machine learning [1]. The core of a sparse 
signal representation lies in the construction of a sparsifying 
matrix, i.e., an orthonormal basis or overcomplete dictionary, 
along with the design of a sparse approximation algorithm. For 
the majority of applications, the specification of an appropriate 
sparsifying matrix determines the sparsity of the signal and 
further affects the overall performance of the signal processing 
system [2]. Compared with a simple and fixed orthonormal 
basis, such as the discrete cosine transform (DCT), an 
overcomplete dictionary learned through training can better 
capture the inherent structure and characteristics of the signal, 
yielding a sparser and more efficient representation.  

The existing dictionary learning algorithms can be classified 
into two categories, namely: supervised and unsupervised [3]. 
Supervised learning aims to train the dictionary to balance the 
approximation error and the discrimination between various 
classes. Thus, supervised dictionary learning approaches are 
best suited for classification problems. In contrast, unsupervised 
dictionary learning focuses on reducing approximation errors 
with the constraint of sparsity. As such, the dictionary obtained 
by unsupervised learning is reconstructive [3] and suitable for 
applications such as compressive sensing (CS) [4]. 

With large sets of training data, unsupervised dictionary 
learning algorithms typically solve an ݈଴ -norm or ݈ଵ -norm 
minimization problem iteratively [5], [6] to generate redundant 
dictionaries. K-SVD [7] and online dictionary learning (ODL) 
[8], [9] are two representative and prevailing approaches among 
unsupervised dictionary learning methods. Nonetheless, in the 
context of speech processing, these algorithms only take 
advantage of the speech samples for learning the dictionary 
without considering the fundamental characteristics of speech 
signals, therefore limiting the capability of compressive speech 
sensing systems to exploit the signal sparsity and improve the 
quality of the reconstructed speech.  

In this paper, by using the speech signal along with its linear 
prediction coefficients jointly, we propose a new optimization 
strategy to train a structured dictionary for speech sensing. In 
detail, a new structured dictionary learning (SDL) algorithm is 
designed to solve an original optimization problem where the ݈଴ 
and ݈ଶ  norms are employed to simultaneously enforce the 
sparsity and structure. Our experimental results show that our 
new dictionary learning algorithm outperforms the state-of-the-
art reference methods K-SVD and ODL in terms of both 
objective evaluation of the reconstructed speech and the 
convergence behavior of the optimization procedure. 

This paper is organized as follows: Section 2 gives a review 
of CS and selected unsupervised dictionary learning algorithms. 
In Section 3, we provide details of our proposed SDL algorithm. 
Section 4 presents some experimental results for the proposed 
method with comparison to two reference methods with respect 
to different objective performance measures. Finally, we 
conclude the paper in Section 5. 

II. COMPRESSIVE SENSING AND UNSUPERVISED 

DICTIONARY LEARNING 

The essence of CS is to implement simultaneous sampling 
and compression of a signal at an encoder and then to reconstruct 
effectively the original signal from its projections at a decoder. 
To guarantee the sparsity of the signal, CS makes use of a 
redundant dictionary, represented here by a matrix ࢸ ∈ℝ௅×௃(ܮ < (ܬ  whose columns denoted by ࢊ௝(݆ = 1,2,⋯ ,  (ܬ
are referred to atoms. Let a signal vector ࢞ ∈ ℝ௅ be ܭ sparse 
with respect to a dictionary matrix ࢸ, i.e.,  

 ࢞ = with ‖࢙‖଴ ࢙ࢸ ≤  (1)  ܭ
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where ࢙ ∈ ℝ௃  is the sparse coefficient vector and ‖∙‖଴ 
denotes the ݈଴  norm, defined as the number of nonzero 
elements in a vector. Suppose that an underdetermined sensing 
matrix ࢶ ∈ ℝெ×௅ (ܯ <  is employed to project the signal (ܮ
vector ࢞  onto a lower-dimensional space. Then, the 
measurement vector ࢟ ∈ ℝெ can be expressed as 

 ࢟ = ࢞ࢶ =  (2) .࢙ࢸࢶ

The sensing matrix ࢶ  needs to satisfy the restricted 
isometry property (RIP) [10] to guarantee effective recovery 
of	࢞. Certain random matrices have been shown to fulfill this 
property, such as the Gaussian and Bernoulli random matrices 
[11]. With the above constraint on the sparsity of the coefficient 
vector ࢙, one can achieve effective recovery from (2) by using 
the basis pursuit (BP) [12] or the orthogonal matching pursuit 
(OMP) [13] algorithms.  

Unsupervised dictionary learning algorithms have been 
developed to learn the dictionary by solving a sparsity-
promoting minimization problem over a large set of training 
data. For example, the K-SVD [7] algorithm utilizes an 
alternating iterative method to solve an ݈଴-norm based sparse 
approximation problem, 

 min	ࡿ,ࢸ ࢄ‖ ிଶ‖ࡿࢸ−  s.t. ‖࢙௜‖଴ ≤  (3) ݅∀ ,ܭ

where ࢄ is the training data matrix, ࡿ the sparse coefficient 
matrix, ࢙௜ the ݅୲୦ column vector of ࡿ, and ‖∙‖ி denotes the 
Frobenius norm, defined as the square root of the sum of all the 
squared entries in a matrix. The main motivation behind the K-
SVD algorithm is to employ the singular value decomposition 
(SVD) to iteratively update all atoms ࢊ௝(݆ = 1,2,⋯ ,  of the (ܬ
dictionary [7]. At each iteration, the representation error matrix ࡱ௞	of the ݇୲୦	atom to be updated is computed as 

௞ࡱ  = ࢄ − ∑ ௝ࢊ ത࢙௝௝ஷ௞   (4) 

where ത࢙௝ refers to the ݆୲୦ row of the sparse coefficient matrix ࡿ . Then, SVD is applied to this error matrix, giving ࡱ௞  .ࢁ ௞ is updated by the first column ofࢊ and the atom ,்ࢂࢤࢁ=
All atoms are updated in this way at each iteration and the 
iteration process continues until a stopping rule is satisfied. 

Alternatively, the ODL algorithm [8] is based on the 
following optimization problem, 

 	minࡿ,ࢸ 	 ଵଶ ࢄ‖ ிଶ‖ࡿࢸ− +  ଵ (5)‖ࡿ‖߬

where ‖∙‖ଵ  denotes the ݈ଵ  norm, defined as the sum of 
absolute values of all the entries in a matrix or a vector. The ODL 
algorithm exploits the fast iterative shrinkage thresholding 
algorithm (FISTA) to iteratively update the sparse coefficient 
matrix [9]. Following this step, all the atoms of the dictionary 
are sequentially updated at each iteration by solving the 
following problem, 

ࢸ  = argmin				ࢸ − 2tr(்ࢸ்ࡿࢄ) + tr(ࢸ்ࢸ்ࡿࡿ). (6) 

III. PROPOSED STRUCTURED DICTIONARY LEARNING 

Motivated by deep learning concepts [14], the performance 
of a training network depends greatly upon the amount of 
auxiliary information fed into the network, apart from the raw 

data. To some extent, the dictionary can be likened to the 
weights of a deep neural network [14]. Thus, we may expect the 
dictionary to be better trained if both the raw data samples and 
their basic modeling features are utilized simultaneously.    

One of the most efficient models to generate and 
approximate speech signals is the linear prediction model whose 
parameters, i.e. the linear prediction coefficients, play a very 
important role in speech coding. A ݌-order linear prediction 
model can be formulated as 

 ݁(݊) = (݊)ݔ − ∑ ܽ௜ݔ(݊ − ݅)௣௜ୀଵ  (7) 

where ܽ௜	(݅ = 1,2 ∙∙∙, (݌  and ݁(݊)  represent the prediction 
coefficients and the prediction error individually. Due to the 
characteristics of speech signals, the prediction error is 
considered to be sparse [15]. By forming frames of ܮ 
consecutive speech samples each and using (7), the speech 
signal for a particular frame can be written in vector form as 

 ࢞ =  (8) ࢋ࣐

where ࢞ = ሾ(1)ݔ ⋯ ሿ்(ܮ)ݔ represents the speech vector, ࢋ = ሾ݁(1) ⋯ ሿ்(ܮ)݁  is the prediction error vector, and 
matrix	࣐ is given by 

 ࣐ =
ێێۏ
ۍێێ
1 0 0 ⋯ ⋯ 0−ܽଵ 1 0 ⋯ ⋯ 0⋮ −ܽଵ 1 ⋯ ⋯ 0−ܽ௣ ⋱ ⋱ ⋱ ⋱ ⋮⋮ ⋱ ⋱ ⋱ ⋱ 00 ⋯ −ܽ௣ ⋯ −ܽଵ ۑۑے1

ېۑۑ
ିଵ

. (9) 

Matrix ࣐ , which is referred to as a basis in the current 
framework, is given in (9) as the inverse of a lower triangular 
matrix, and is therefore also lower triangular. Based on the 
sparsity of the prediction error vector ࢋ  in practice, speech 
vector ࢞  is considered sparse with respect to the basis ࣐ . 
Moreover, the matrix ࣐  is constructed from the linear 
prediction coefficients of speech and thus can be regarded as 
better capturing the internal structure of speech. Here, we 
propose a new optimization strategy to learn a dictionary which 
shall behave like the basis in (9). Unlike the existing dictionary 
learning algorithms which do not impart any predetermined 
structures on the dictionaries, our proposed dictionary ࢸ ∈ℝ௅×௅௖ is structured by concatenating multiple square matrices ࣒௝	(݆ = 1,2,⋯ ܿ) ∈ ℝ௅×௅, i.e., 

ࢸ  = ሾ࣒ଵ ࣒ଶ ⋯ ࣒௖ሿ (10) 

where each submatrix ࣒௝	is expected, after training, to have a 
similar structure as ࣐  in (9). As will be demonstrated in 
Section 4, this new structure plays a significant role in 
performance improvement. 

Within this framework, we propose the following 
optimization problem for dictionary training,   

 minࡿ,ࢸ 	ଵଶ ࢄ‖ − ிଶ‖ࡿࢸ + ఒଶ ∑ ∑ ฮ࣐௜ − ࣒௝ฮிଶே௜ୀଵ௖௝ୀଵ   

 s.t. ‖࢙௜‖଴ ≤  (11) ݅∀ ,ܭ

where the matrix ࢄ = ሾ࢞ଵ ࢞ଶ ⋯ ࢞ேሿ  consists of ܰ 
training speech frames as its columns, the matrices ࣐௜  are 
generated according to (9) based on the linear prediction 
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coefficients of the ݅୲୦  speech frame/vector in ࢄ , and ࡿ =ሾ࢙ଵ ࢙ଶ ⋯ ࢙ேሿ is the sparse coefficient matrix with its ݅୲୦ 
column vector ࢙௜  being the sparse coefficient vector 
corresponding to ࢞௜  under dictionary ࢸ . The parameters ߣ 
and ܭ in (11) control the quality of the sparse approximation, 
the level of sparsity and the closeness of the dictionary to the 
true basis. Below, we propose to solve the optimization problem 
(11) by alternating between the sparse coding stage and 
dictionary updating stage.  

At the sparse coding stage, with a fixed dictionary ࢸ, the 
sparse coefficient matrix is determined through solving the 
following problem,  

 minࡿ ࢄ‖	 ிଶ‖ࡿࢸ−  s.t. ‖࢙௜‖଴ ≤  (12) .݅∀ ,ܭ

This optimization problem can be further divided into ܰ 
distinct subproblems with respect to the sparse coefficient 
vectors, i.e. the column vectors of the sparse matrix ࡿ, 

 min࢙೔ 	‖࢞௜ − ௜‖ଶଶ s.t. ‖࢙௜‖଴࢙ࢸ ≤    ,ܭ

 for  ݅ = 1,2,⋯ܰ. (13) 

Even though a typical ݈଴-norm based minimization problem is 
NP-hard, we can utilize a greedy pursuit algorithm like OMP as 
an alternative to estimate the sparse coefficient vectors. 

At the dictionary updating stage, with the sparse coefficient 
matrix ࡿ obtained from the sparse coding stage, the dictionary ࢸ can be updated by solving the following problem, 

 minࢸ 	 ଵଶ ࢄ‖ − ிଶ‖ࡿࢸ + ఒଶ ∑ ∑ ฮ࣐௜ − ࣒௝ฮிଶே௜ୀଵ௖௝ୀଵ . (14) 

In this paper, we propose to update the dictionary ࢸ block by 
block, unlike the traditional atom-by-atom update as in K-SVD 
and ODL. The coefficient matrix ࡿ can be partitioned per rows 
according to the order of the bases in ࢸ , i.e., ࡿ =ሾࣂଵ் ଶ்ࣂ ⋯ ௖்ࣂ ሿ் . In this case, the gradient of (14) with 
respect to ࣒௝  can be written as −(ࢄ ௝்ࣂ(ࡿࢸ− ∑ߣ+ ൫࣒௝ − ࣐௜൯ே௜ୀଵ . By letting it be zero, the submatrix ࣒௝  in 
the dictionary can be updated as 

 ࣒௝ = ቀ൫ࢄ − ∑ ࣒௞ࣂ௞௞ஷ௝ ൯ࣂ௝் + ∑ߣ ࣐௜ே௜ୀଵ ቁ ൫ࣂ௝ࣂ௝் +            ൯ିଵࡵܰߣ

  (15) 
where ࡵ ∈ ℝ௅×௅ is an identity matrix. The pseudo-code of our 
proposed SDL algorithm is presented in Algorithm 1. 

Algorithm 1: Structured Dictionary Learning Algorithm 
Input: data matrix ࢄ, true bases ࣐௜(݅ =   ߬ ,ߣ ,(ܰ⋯,1,2
Initialization: randomly select ܿ true bases and fill them into (10) 
to generate the initial dictionary ࢸ଴. 
Iteration: at the ݈୲୦ iteration, 
Sparse coding stage: with the dictionary ࢸ௟ିଵ, OMP is employed 
to solve the following optimization problem to update the sparse 
coefficient matrix, ࡿ௟ = argmin						ࡿ 	ฮࢄ − ฮிଶࡿ௟ିଵࢸ  s.t. ‖࢙௜‖଴ ≤  .݅∀ ,ܭ
Dictionary updating stage: the sub-matrices in the dictionary are 
updated sequentially. The residual of the data excluding the ݆୲୦ 
square matrix can be calculated as  ࡾ௝௟ = ࢄ − ∑ ࣒௞௟ିଵࣂ௞௟௞ஷ௝   

and the ݆୲୦ square matrix is updated as 

࣒௝௟ = ቀࡾ௝௟ࣂ௝௟் + ߣ ∑ ࣐௜ே௜ୀଵ ቁ ቀࣂ௝௟ࣂ௝௟் +   .ቁିଵࡵܰߣ

The dictionary is obtained as ࢸ௟ = ሾ࣒ଵ௟ ࣒ଶ௟ ⋯ ࣒௖௟ ሿ . The 
above iteration continues until a stopping criterion is satisfied. 
Output: Sparse coefficient matrix ࡿ and dictionary ࢸ.  

IV. EXPERIMENTAL RESULTS  

In this section, we evaluate the reconstruction performance 
of our proposed SDL algorithm by using the speech corpus 
GRID [16]. GRID is a multi-talker corpus, consisting of speech 
utterances from 18 males and 16 females with the maximum 
signal amplitude normalized to 1. We randomly select 5 male 
and 5 female speakers from this corpus and downsample the 
utterances to 16 KHz. For each speaker, 70 sentences are 
selected randomly as training data, while another 10 sentences 
distinct from the training set are used as the test set. Due to lack 
of space, in this paper, we only present the results for the speaker 
dependent case, i.e. where the test dataset and training dataset 
are from the same speakers. However, the results for the 
speaker-independent case show similar improvements in 
comparison to the benchmark methods like K-SVD and ODL. 

We employ segmental signal-to-noise ratio (SSNR) [17], 
perceptual evaluation of speech quality (PESQ) [18], and short-
time objective intelligibility (STOI) score [19] as objective 
measures to evaluate the quality of the recovered speech. We 
also compare our method with two state-of-the-art dictionary 
learning algorithms, namely, K-SVD [7] and ODL [8]. The 
parameters used in our experiments are set as follows: frame 
length ܮ = 512 , linear prediction model order ݌ = 8 , 
regulation factor ߣ = 0.01 , sparsity level ܭ = 5  and 
dictionary size ܿ = 3 (i.e., the dictionary size is three times the 
frame size). The simulation results are averaged over all the 
testing data of male and female speakers. In what follows, we 
show the convergence behavior and the performance evaluation 
results of the proposed SDL algorithm with comparison to K-
SVD and ODL. We consider two cases, that is, the noise-free 
case where the observations are not corrupted by noise, and 
the noisy case in which observations are corrupted by zero-
mean additive white Gaussian noise (AWGN). In the noise-
free case, the BP algorithm is employed to reconstruct the 
speech signals using the dictionaries returned by SDL, K-
SVD and ODL.  

Table I presents the average PESQ of the reconstructed 
speech in the noise-free case using different dictionaries for both 
male and female speakers at various compression rates. It is 
obvious that our structured dictionary achieves better average 
PESQ scores than the reference methods. For instance, when ܯ ܮ = 0.5⁄ , the average PESQ score for female speakers is 
increased from 2.47 in K-SVD and 2.49 in ODL to 2.74 in the 
proposed SDL algorithm. Fig. 1 demonstrates the average SSNR 
of the reconstructed speech at different compression rates for 
male speakers (a) and female speakers (b) based on different 
dictionaries. The average SSNRs of the SDL algorithm are 
larger than those of the K-SVD and ODL at all the compression 
rates. For example, when the compression rate is 0.5, the average 
SSNR of male speakers with our proposed dictionary is 20.54 
dB which is about 5 dB higher than that resulting from K-SVD 
and ODL, clearly showing the advantage of SDL in speech 
coding under noise-free condition.  
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TABLE I.  AVERAGE PESQ RESULTS IN NOISE-FREE ENVIRONMENT 

ܯ  ⁄ܮ  
Male Speaker Female Speaker 

K-SVD ODL SDL K-SVD ODL SDL 
0.3 2.13 2.22 2.35 2.17 2.22 2.22 
0.4 2.28 2.38 2.57 2.32 2.35 2.50 
0.5 2.43 2.51 2.78 2.47 2.49 2.74 
0.6 2.60 2.67 2.94 2.63 2.65 2.81 
0.7 2.76 2.82 3.10 2.81 2.81 3.18 
0.8 2.96 2.97 3.27 2.99 3.00 3.39 

 
(a) 

 
(b) 

Fig. 1. Average SSNR results in noise-free environment: (a) Male speakers; 
(b) Female speakers. 

It is also worth-considering the robustness of the proposed 
SDL algorithm in the noisy environment. In this setting, the 
standard deviation of the AWGN is 0.002. Here, we have 
employed the basis pursuit denoising (BPDN) algorithm [12] as 
the recovery method. Table II and Fig. 2 give the average PESQ 
scores and average SSNR results using the different dictionaries 
in the noisy environment. Again, the results show the proposed 
SDL based dictionary gives better performance than the other 
two algorithms. For instance, when ܯ ܮ = 0.5⁄ , the average 
PESQ scores of our proposed SDL algorithm are 2.60 and 2.55 
for male and female speakers. At the same compression rate, K-
SVD can achieve the PESQ scores of 2.39 and 2.42 respectively 
for both genders, while those of ODL are 2.47 and 2.51 
respectively. Moreover, under the same condition, the average 
SSNRs of the SDL algorithm are respectively around 5dB and 
4dB higher than that of K-SVD and ODL for male speakers and 
female speakers. From Fig. 3, we can also see that the average 
STOI scores of the reconstructed speech signals from the SDL-
based dictionary are higher than those of the other methods, 
demonstrating that the SDL dictionary can lead to a better 

intelligibility of the reconstructed speech. For example, in Fig. 
3(a), the improvement of our proposed SDL algorithm in STOI 
is 0.07 and 0.04 respectively over K-SVD and ODL at the 
compression rate of 0.5 for male speakers. One can also 
conclude that the SDL algorithm is more robust than the K-SVD 
and ODL algorithms in noisy environment. Moreover, in 
informal listening tests, we find that the speech files processed 
with the proposed SDL method exhibit improved quality and 
more naturalness than those processed with reference methods. 

Similar to [20], we evaluate the convergence behavior of our 
proposed algorithm via the increment of the sparse coefficient 
matrix sequences {ࡿ௟} , defined as ‖ࡿ௟ାଵ − ௟‖ிࡿ  versus the 
iteration number. As stated in [7], convergence of the K-SVD 
algorithm cannot be guaranteed; hence, we compare only our 
algorithm with ODL which is proved to be convergent in [8]. 
The average values of the sequence {‖ࡿ௟ାଵ −  ௟‖ி} for the twoࡿ
algorithms versus the iteration number are plotted in Fig. 4. In 
terms of this metric, the proposed SDL algorithm converges 
faster than the ODL algorithm. 

TABLE II.  AVERAGE PESQ RESULTS IN NOISY ENVIRONMENT 

ܯ  ⁄ܮ  
Male Speaker Female Speaker 

K-SVD ODL SDL K-SVD ODL SDL 
0.3 2.25 2.34 2.38 2.26 2.37 2.27 
0.4 2.33 2.42 2.50 2.36 2.45 2.45 
0.5 2.39 2.47 2.60 2.42 2.51 2.55 
0.6 2.43 2.51 2.66 2.48 2.56 2.64 
0.7 2.46 2.53 2.70 2.51 2.59 2.70 
0.8 2.49 2.55 2.74 2.54 2.61 2.76 

 
(a) 

 
(b) 

Fig. 2. Average SSNR results in noisy environment: (a) Male speakers; (b) 
Female speakers. 
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(a) 

 
(b) 

Fig. 3. Average STOI scores in noisy environment: (a) Male speakers; (b) 
Female speaker. 

 

Fig. 4. Convergence behavior of SDL and ODL algorithms: increment norm 
of sparse coefficients matrix versus iteration number 

V. CONCLUSION 

In this paper, we have proposed a structured dictionary 
learning algorithm for compressive speech sensing by 
formulating and solving a novel optimization problem. In 
contrast to the existing dictionary learning methods, our 
dictionary is constructed by taking advantage of the linear 
prediction model and a special structure. It is trained with both 
speech samples and corresponding linear prediction coefficients 

as known features. It is shown through extensive experimental 
studies that the proposed dictionary learning method yields a 
higher quality of reconstructed speech in both noise-free and 
noisy conditions and a fast convergence as compared to two 
state-of-the-art methods. 
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