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Abstract—In this paper, we study the application of spatial user
clustering along with downlink beamforming in multiple-input
multiple-output sparse code multiple access (MIMO-SCMA)
systems. A user clustering algorithm based on a constrained
K-means method is proposed to limit the number of users in
each cluster. Subsequently, a two-stage beamforming approach
is developed in which a cluster beamformer and user-specific
beamformer obtained from each stage are combined to form the
final beamformer for each user. Specifically, in the first stage,
the block diagonalization technique is employed to design cluster
beamformers so that the inter-cluster interference is removed. In
the second stage, an optimization problem is formulated to de-
termine user-specific beamformers for all the users such that the
total transmit power is minimized under signal-to-interference-
plus-noise ratio (SINR) constraints. The performance of the
proposed user clustering and downlink beamforming approaches
in MIMO-SCMA systems is evaluated through simulations. The
results provide useful insights into the advantages of the proposed
scheme in terms of transmit power, and spectral efficiency over
benchmark approaches.

I. INTRODUCTION

Through spatial diversity, multiplexing or beamforming
gain, the multiple-input multiple-output (MIMO) techniques
can offer significant performance improvements in terms of
user capacity, spectral efficiency, and peak data rates [1].
Recently, the application of MIMO techniques along with non-
orthogonal multiple access (NOMA) has aroused great interest
as an enabling technology to meet the exacting demands of
fifth generation (5G) and beyond 5G (B5G) wireless networks.
In effect, by allowing multiple users to access overlapping time
and frequency resources in the same spatial layer, NOMA has
the potential to provide higher system throughput and solve
the massive connectivity needed for future wireless networks
[2].

Sparse code multiple access (SCMA) is a NOMA scheme
inspired from the well-known code division multiple access
(CDMA) technique. SCMA directly maps groups of bits into
a sequence of complex codewords derived from a predefined
codebook which can be interpreted as a coding procedure from
the binary domain to a multidimensional complex domain [3].
MIMO-SCMA combines MIMO techniques, which increase
capacity by transmitting different signals over multiple an-
tennas, and SCMA which improves spectral efficiency and
device connectivity by transmitting multiple user signals over
the same radio resources.

In [4], a joint sparse graph is constructed for a MIMO-
SCMA system model, and the corresponding virtual SCMA
codebooks are designed for the detector, wherein the message
passing algorithm (MPA) is employed to reconstruct the trans-
mitted data bits. In [5], a joint decoding algorithm is proposed
for MIMO-SCMA systems based on space frequency block
codes (SFBC), which exhibits lower computational complexity
than MPA and yet achieves a similar block error rate (BLER).
A novel downlink MIMO mixed-SCMA scheme is proposed
in [6], such that the transmitted codewords for each user over
different antennas come from different codebooks. The authors
in [7] propose near-optimal low-complexity iterative receivers
based on a factor graph for a downlink MIMO-SCMA system
over frequency selective fading channels. The design of robust
radio resource allocation and beamforming approaches for
MIMO-SCMA systems under C-RAN is studied in [8], where
the aim is to maximize the total sum rate of users subject to
a minimum required rate for each slice.

In spite of its potential benefits in terms of spectral effi-
ciency and transmit power, the joint problem of user clustering
and beamforming has not received considerable attention in the
literature on MIMO-SCMA. Motivated by such consideration,
we propose herein novel user clustering and downlink beam-
forming approaches in a MIMO-SCMA system, assuming that
the channel state information (CSI) is known at the base station
(BS). We approach the user clustering problem by proposing
a so-called constrained K-means algorithm, in order to limit
the number of users in each cluster. We then conceive a
two-stage beamforming approach wherein the beamforming
matrices obtained from each stage are multiplied to form a
single beamformer. In the first stage, a block diagonalization
(BD) technique is adopted to design the cluster beamformers.
BD removes the inter-cluster interference, thereby enhancing
the quality-of-service (QoS) for intra-cluster users and al-
lowing the system to use a common codebook among users
in different clusters. In the second stage, the user-specific
beamformers are designed, such that the total transmit power
is minimized subject to signal-to-interference-plus-noise ratio
(SINR) constraints. Through simulations, it is shown that
applying the proposed design to a MIMO-SCMA system can
greatly improve spectral efficiency compared to competing
ones in the literature.
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II. SYSTEM MODEL

In this work, we consider downlink cellular transmission in
a MIMO-SCMA system with one BS, as illustrated in Fig. 1.
The transmitter is equipped with M antennas, and serves J
single-antenna users. The latter are partitioned into K non-
overlapping clusters, indexed by k ∈ K , {1, . . . ,K} with
the kth cluster comprising Jk users, indexed by j ∈ Jk ,
{1, . . . , Jk}. For each user, the BS utilizes the SCMA encoder
and beamforming simultaneously.

A. SCMA Encoder

In SCMA, groups of user data bits are directly mapped to
sparse N -dimensional codewords. The latter are selected from
a codebook specified for each user and then transmitted over
N radio resources, e.g., orthogonal frequency division multiple
access (OFDMA) subcarriers. Hence, the SCMA encoder for
the ith user can be defined as a one-to-one mapping from the
set of U -bit tuples to a codebook Xi ⊂ CN , using a function
fi : BU → Xi, where we define B = {0, 1}. The codebook
contains N -dimensional codewords, with cardinality |Xi| =
2U . Specifically, for b = [b1, ..., bU ] ∈ BU , the corresponding
codeword is obtained as,

x = fi(b) = [x(1), ..., x(N)] (1)

where x is a sparse vector with C < N non-zero elements.
Each user is assigned C subcarriers such that no two users

occupy the same set of subcarriers. Hence, only q users can
be supported by SCMA, as given by [9],

q =

(
N
C

)
=

N !

C!(N − C)!
. (2)

In this work, we group users into K clusters of size Jk ≤ q and
remove inter-cluster interference so that the users in different
clusters can use common codebooks.

Figure 1: Downlink MIMO-SCMA system model.

The SCMA encoder can be expressed as fi(b) = Sigi(b)
where gi : BU → CC is a mapping from the set of U -bit tuples
to a C-dimensional constellation point with non-zero elements,
while matrix Si maps this latter point into an N -dimensional
codeword. It is worth noting that Si contains N − C all-zero
rows and an identity matrix of order C is obtained by removing
them. Hence, all the codewords in Xi contain 0 in the same
N − C positions.

The positions (or indices) of the non-zero elements of the
binary indicator vector obtained by fi = diag(SiS

T
i ) ∈ BN×1

determine the set of subcarriers occupied by user i. In effect,
the complete SCMA encoder structure for q users and N
subcarriers can be represented by a factor graph, with asso-
ciated matrix F = [f1, ..., fq] ∈ BN×q . In this interpretation,
subcarrier node n and user node i are connected if and only
if the corresponding element of matrix F is equal to 1, i.e.,
[F]n,i = 1.

B. Signal Model

Let hj,k(n) ∈ C1×M denote the channel vector from BS to
the jth user in the kth cluster over the nth subcarrier. The
channel vectors are assumed to be known at the BS. The
received signal at the jth user in the kth cluster over the nth
subcarrier is given by

rjk(n) =hjk(n)z(n) + ηjk(n) (3)

where z(n) ∈ CM×1 is the transmit signal of the BS over the
nth subcarrier and ηjk(n) ∼ CN (0, σ2

jk) is an additive noise
term.

Let xjk(n) ∈ C denote the codeword element intended for
the jth user in the kth cluster over the nth subcarrier which
can be either 0, or a non-zero element due to the sparsity of
the SCMA encoder. If xjk(n) is non-zero, its is normalized
to one, i.e., E{|xjk(n)|2} = 1 and it is transmitted from the
BS by employing the beamforming vector wjk(n) ∈ CM×1.
Hence, we have

z(n) =
K∑
k=1

∑
j∈Un,k

wjk(n)xjk(n) (4)

where Un,k denotes the set of users in the kth cluster occupy-
ing the nth subcarrier.

Upon substitution of (4) into (3), we can express the
received signal of this user as a sum of the desired signal, the
interference from the other users in that cluster (intra-cluster
interference), the inter-cluster interference and the noise. The
SINR of the jth user in the kth cluster over the nth subcarrier
with non-zero codeword element is

γjk(n) =
|hjk(n)wjk(n)|2

I
(1)
jk (n) + I

(2)
jk (n) + σ2

jk

(5)

where the first term in the denominator represents the intra-
cluster interference and the second term shows the inter-cluster
interference, i.e.,

I
(1)
jk (n) =

∑
j′ 6=j,j′∈Un,k

|hjk(n)wj′k(n)|2 (6)
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I
(2)
jk (n) =

∑
k′ 6=k

∑
j′∈Un,k′

|hjk(n)wj′k′(n)|2. (7)

In this work, we seek to reduce the total transmit power
of a MIMO-SCMA system under QoS requirements, while
supporting a larger number of users by sharing a common
codebook. We conceive efficient algorithms for user clustering
and beamforming design with low complexity to obtain the
desired solution. Specifically, we propose a user clustering
algorithm based on the constrained K-means method in Sec-
tion III to group users into non-overlapping clusters. Then,
the beamformer design is addressed in Section IV by means
of a two-stage energy-efficient approach which removes inter-
cluster interference and allows codebook sharing among the
users in different clusters.

III. USER CLUSTERING

Although an exhaustive search for spatial user clustering
can achieve maximum capacity, this type of approach entails
high computational complexity, which grows exponentially
with the number of users. Alternatively, under the assumption
of known CSI, we can employ a low-complexity algorithm
based on machine learning to group users into clusters. In this
section, we first introduce the proposed constrained K-means
algorithm for user clustering and then apply the elbow method
to determine the number of clusters.

A. Constrained K-means Clustering

K-means is a popular method for clustering data points
such that a similarity criterion within clusters is maxi-
mized [10]. Given a set of J multi-dimensional data points
{d1,d2, ...,dJ}, K-means attempts to group these points into
K clusters by finding cluster centers {c1, c2, ..., cK} such that
similarities between the points in the same group are high
while similarities between the points in different groups are
low. Two key factors in the K-means method are the number
of clusters K, which is pre-determined, and the similarity
metric [11].

In this work, to account for variations of channel gains
due to fading and other propagation effects, the averages of
normalized channel vectors over the available subcarriers are
treated as the data points in the application of the K-means
method, i.e.,

dj =
1

N

N∑
n=1

hj(n)

‖hj(n)‖2
(8)

where hj(n) ∈ C1×M for j ∈ J , {1, ..., J} are the known
channel vectors of all users prior to clustering. Hence, the sub-
carrier index is removed in this section and the user clustering
algorithm is carried out once for every N subcarriers. In the
current MIMO-SCMA application, if users in a cluster have
highly correlated channels, a better beamforming performance
will be obtained. Indeed, high correlation between the channel
vectors of the users in a cluster can provide more degrees
of freedom for the inter-cluster interference cancellation (as

explained in Section IV). In this work, the Euclidian distance
is utilized as a metric to quantify the similarity between a
user’s data point and the cluster centers.

The K-means method can be presented as an optimization
problem for finding the K best centers such that the sum of
squared Euclidean (SSE) distance between the data points and
their nearest cluster centers is minimized. Specifically, this
optimization problem can be expressed as follows,

min
C

∑
j

min
k∈K
‖dj − ck‖22 (9)

where C , {ck|k ∈ K}. By introducing selection variables
ι , {ιj,k|j ∈ J , k ∈ K} and using the linear programming
duality theory, we can reformulate problem (9) as the follow-
ing program,

min
ι,C

∑
j

∑
k

ιj,k‖dj − ck‖22 (10a)

s.t.
∑
k

ιj,k = 1, ∀j ∈ J (10b)

ιj,k ∈ {0, 1}, ∀j ∈ J , k ∈ K (10c)

where ιj,k = 1 if the jth data point is closest (or belong) to
the kth cluster center, and ιj,k = 0 otherwise.

While at most q users can be supported by the SCMA
encoder in the current application, the K-means method does
not have a priori constraint on the number of users in each
cluster [12]. We propose adding explicit constraints to problem
(10) to avoid solutions with more than q data points in a
cluster, i.e.,

min
ι,C

∑
j

∑
k

ιj,k‖dj − ck‖22 (11a)

s.t. (10b), (10c) (11b)∑
j

ιj,k ≤ q, ∀k ∈ K. (11c)

Problem (11) can be solved iteratively by uncoupling cluster
center and selection variables. Specifically, in each iteration,
the constrained K-means algorithm alternates between solving
a linear program for variable ι with fixed c and solving a
convex problem for c with fixed ι. The overall constrained
K-means algorithm for solving problem (11) is summarized
in Algorithm 1, where the superscript t denotes the iteration
index. We can use a mixed integer linear programming solver
such as MOSEK [13] for tackling the cluster assignment
subproblem.

B. Number of Clusters

The choice of the number of clusters K plays a key role
in the performance of K-means clustering [14]. Herein, the
elbow method is utilized to determine the number of clusters.
In effect, the elbow method runs the clustering algorithm on
the dataset and evaluates a clustering criterion for different
values of K. The sum of the normalized within-cluster SSE
distance (WK) is generally used as a clustering criterion for
applying the elbow method along with K-means. The plot
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Algorithm 1: The proposed constrained K-means al-
gorithm for user clustering.

Initialization: Choose K cluster centers c(0) = {c(0)1 ,
c
(0)
2 , . . . , c

(0)
K } from the dataset randomly. Set t = 0.

Repeat:
1) Cluster assignment: Solve the following linear

program with fixed c(t).

ι(t) = arg min
ι

∑
j

∑
k

ιj,k‖dj − c
(t)
k ‖

2
2

s.t. (10b), (10c), (11c).

2) Cluster update: Update the cluster centers as,

c
(t+1)
k =

∑
j ι

(t)
j,kdj∑
j ι

(t)
j,k

, ∀k ∈ K.

3) Set t← t+ 1.

Until: c
(t)
k = c

(t−1)
k ,∀k ∈ K.

of WK versus K resembles an arm in which the elbow
point (the point where the curve visibly bends) determines
the appropriate number of clusters for the dataset.

In a given cluster Ck, the within-cluster SSE distance
between the data points is given by,

Dk =
1

2

∑
di∈Ck

∑
di′∈Ck

‖di − di′‖22. (12)

Hence, the sum of the normalized within-cluster SSE distances
can be expressed as,

WK =
K∑
k=1

1

|Ck|
Dk (13)

where |Ck| shows the cardinality of the cluster Ck. It should be
noted that although the sum of the normalized within-cluster
SSE distance can give a proper measure of the compactness
of the clustering, we may encounter cases with more than one
elbow point or no elbow point. In such cases, other reliable
methods, e.g. [15], can be used to find the best K.

IV. DOWNLINK BEAMFORMING

Our aim is to minimize the total transmit power subject
to the SINR constraints, while removing the inter-cluster
interference through the design of the beamforming vectors.
Hence, the users in different clusters can use a common
codebook. In order to reduce the computational complexity, we
propose a two-stage energy-efficient beamforming approach
such that

wjk(n) = Bk(n)vjk(n) (14)

where Bk(n) ∈ CM×a is the kth cluster beamformer obtained
in the first stage, which should eliminate the inter-cluster inter-
ference, and vjk(n) ∈ Ca×1 is the user-specific beamformer
for the jth user in the kth cluster optimized in the second
stage. The dimension parameter a will be determined as part
of our developments below.

Stage 1: BD beamforming can be adopted in a MIMO-
SCMA system to remove the inter-cluster interference. Specif-
ically, the former projects the transmitted signal onto the null-
space of the interfering channels. To find the corresponding
null-space, let us define,

Hk(n) = [h1k(n)T . . .hJk(n)T ] ∈ CM×Jk (15)

H̄k(n) = [H1(n) . . .Hk−1(n) Hk+1(n) . . .HK(n)] (16)

where k ∈ K and H̄k(n) ∈ CM×(J−Jk) is the matrix
containing all interfering channels for the kth cluster. We
seek Bk(n) orthogonal to the column span of H̄k(n), i.e.,
H̄k(n)TBk(n) = 0. It is assumed that the total number of
antennas M is larger than the total number of users J .

The singular value decomposition (SVD) can be employed
to calculate the cluster beamformers. Applying the SVD to
H̄k(n) yields,

H̄k(n) = Uk(n)Σk(n)Vk(n)H (17)

where Uk(n) ∈ CM×M and Vk(n) ∈ C(J−Jk)×(J−Jk) are
unitary matrices and Σk(n) ∈ RM×(J−Jk) is the rectangular
diagonal matrix of singular values. Let r denote the rank of
matrix H̄k(n), which corresponds to the number of non-zero
diagonal entries in Σk(n). The null-space of the interfering
channel matrix H̄k(n) is spanned by the left singular vectors
(i.e. columns of matrix Uk(n)) associated to the zero singular
values of H̄k(n). We can express the kth cluster beamformer
as,

Bk(n) = [ur+1,k(n) ur+2,k(n) . . .uM,k(n)] (18)

where ui,k(n) denotes the ith column of Uk(n). It can be
seen that a = M − r.

Stage 2: To guarantee the QoS among users, our aim is
to determine the user-specific beamformers such that the total
transmit power is minimized subject to SINR constraints. This
optimization problem can be formulated as

min
vj,k(n)

∑
n

∑
k

∑
j

‖wjk(n)‖2 (19a)

s.t. wjk(n) = Bk(n)vjk(n), ∀ j, k, n (19b)

γjk(n) ≥ γmin, ∀n ∈ Njk (19c)

where γmin is the minimum required SINR for the user over
the subcarriers and Njk denotes the set of subcarriers occupied
by the jth user in the kth cluster.

As mentioned before, using cluster beamformer Bk(n) ob-
tained from BD can remove inter-cluster interference. Hence,
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the SINR of the jth user in the kth cluster over the nth
subcarrier can be expressed as,

γjk(n) =
|hjk(n)wjk(n)|2∑Jk

j′ 6=j |hjk(n)wj′k(n)|2 + σ2
jk

(20)

where the inter-cluster interference term is removed. Then,
problem (19) can be equivalently rewritten as

min
vjk(n)

∑
n

∑
k

∑
j

‖wjk(n)‖2 (21a)

s.t. wjk(n) = Bk(n)vjk(n) (21b)√∑
j′ 6=j

|hjk(n)wj′k(n)|2 + σ2
jk ≤

hjk(n)wjk(n)
√
γmin

(21c)

where in (21c), we have restricted hjk(n)wjk(n) to be posi-
tive, which incurs no loss of optimality since we can always
phase-rotate the vector wjk(n) such that hjk(n)wjk(n) is pos-
itive real without affecting the cost function or the constraints.
Problem (21) is convex and can be solved via any general-
purpose solver using interior-point methods [16].

V. NUMERICAL RESULTS

In this section, numerical experiments are carried out to
illustrate the performance of the proposed user clustering and
beamforming approaches in a MIMO-SCMA system. For this
purpose, we consider a single cell with one BS, which is
equipped with M antennas for downlink transmission. In our
simulations, we model the channel coefficients between the
transmit antennas of the BS and the receive antenna of each
user as the product of a path loss and complex Rayleigh fading
coefficient, with zero-mean and unit variance. The path loss
is given by L = γ(d0/d)η , where d is the distance between
the transmit and receive antennas, d0 = 1m is the reference
distance, γ = 0.01 is a constant, and η = 2 is the path loss
exponent. The users are distributed uniformly over a circular
cell with radius 200 m. Throughout the experiments, it is
assumed that the noise variance is the same for all users, which
is normalized to σ2

jk = −147 dBm.
Figs. 2a and 2b illustrate the determination of the opti-

mal number of clusters K and evaluate its impact on the
performance of the proposed scheme. In Fig. 2a, we plot
WK which serves as clustering criterion in the elbow method
described in Secition III.B. It can be seen WK decreases when
K increases and the elbow point can be found at K = 4.
To gain further insight into the impact of the number of
clusters, we investigate the transmit power performance versus
target SINR γmin in Fig. 2b, where the number of clusters
increases from 2 to 6. It is observed that the total transmit
power increases monotonically as γmin increases. Moreover,
the best performance is achieved when the number of clusters
is K = 4. On the one hand, for K < 4, an increase in
the number of users in a cluster results in larger intra-cluster
interference which results in higher transmit power. On the

(a) Elbow method (b) Transmit power vs. γmin

Figure 2: Impact of the number of clusters

other hand, increasing the number of clusters intensifies inter-
cluster interference which increases power consumption in the
first stage beamforming for interference cancellation.

Fig. 3 compares the achievable sum rate versus the total
transmit power among different transmission schemes. We
consider orthogonal multiple access (OMA) and power domain
non-orthogonal multiple access (PD-NOMA) as benchmarks
with similar parameters, except for the number of multiplexed
signals over each subcarrier. Specifically, in OMA, each user is
assigned only one subcarrier such that no interference occurs
with other user signals. Hence, the maximum number of
users in each cluster is equal to the number of subcarriers,
i.e., q = N . In PD-NOMA, all users have access to all
the subcarriers and no constraint is applied to the maximum

Figure 3: Sum rate vs. transmit power of different schemes
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Figure 4: Sum rate vs. transmit power

number of users in a cluster. Two different number of antennas
are considered for this purpose, i.e. M = 20 and 30. It is
observed that in both cases, the proposed SCMA scheme out-
performs OMA and PD-NOMA in terms of sum rate and the
performance gap gets larger as the transmit power increases.
For larger M , better beamforming results are expected as more
degrees of freedom will be left for the inter-cluster interference
cancellation. We can observe that when sum rate is 4 bps/Hz,
the total transmission power decreases by 7 W as the number
of antennas increases from 20 to 30 which is a consequence
of narrower beamforming.

In Fig. 4, we compare the sum rate versus transmit power
among different clustering algorithms. The cluster-head ap-
proach proposed in [17], which selects the K users with
the highest channel gains as the cluster centers, is used as
a benchmark for user clustering. The cluster assignment is
then used to group users into clusters. We also consider the
performance of the MIMO-SCMA system using exhaustive
and random search. As it can be seen from Fig. 4, the
proposed constrained K-means clustering algorithm exhibits
better performance in terms of sum rate and can partition
users more efficiently compared to cluster-head approach and
random search. While the performance of the K-means is
close to that of exhaustive search, the former entails less
computational complexity.

VI. CONCLUSION

In this work, we considered the joint design of user clus-
tering and downlink beamforming approach in a MIMO-
SCMA system, assuming that CSI is available at the BS. The
constrained K-means algorithm was proposed and applied to
spatially partition users into non-overlapping clusters based
on the correlation between channel vectors. The cluster and
user-specific beamformers were designed in a two-stage beam-
forming approach to remove the inter-cluster interference and

reduce total transmit power, respectively. In the first stage, the
BD beamforming approach was employed to design the cluster
beamformers. In the second stage, the design of user-specific
beamformers was determined by minimizing the total transmit
power under the SINR constraints. Simulation results showed
that applying the proposed design to MIMO-SCMA systems
can effectively decrease total transmit power and improve
spectral efficiency compared to the benchmark approaches.
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