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Abstract— Jointly detecting the signals from the source and
relay in a spatial multiplexing (SM) multiple-input multiple-
output (MIMO) relaying system improves the transmit reliability
significantly. However, the existing joint detection schemes for
SM MIMO relaying systems, which achieve full diversity, such
as the near maximum likelihood (ML) decoder, suffer from high
complexity. In this paper, we propose a weighted combining (WC)
algorithm, which is applied before the detector in the SM MIMO
decode-and-forward relaying system. The proposed algorithm
merges the received signal vectors from the source and relay
into a combined signal without expanding their dimension,
and formulates an equivalent MIMO channel matrix for the
combined signal, resulting in a lower complexity for the sub-
sequent detection. We analyze the performance of the proposed
WC algorithm with ML detection in terms of the diversity order
and computational complexity. An approximate upper bound on
the symbol error probability (SEP) for the proposed algorithm
is also derived. Simulation results show that in symmetric
networks, the proposed WC algorithm achieves substantially
lower complexity, while maintaining an SEP performance similar
to that of the benchmark NML decoder. The consistency of the
derived upper bound on the SEP is also verified by simulations.

Index Terms— Signal combining, spatial multiplexing (SM),
multiple-input multiple-output (MIMO) relaying, decode-and-
forward, maximum likelihood (ML) detector, pairwise error
probability.

I. INTRODUCTION

FADING is the main cause of signal distortion and outage
in wireless communication networks. Relaying schemes

offer an efficient way to combat signal fading (and shadowing)
by providing additional transmission link capabilities. In addi-
tion, they can be used to increase network density in hotspots
and extend network coverage in areas where there is little
to no signal. Due to their flexible placement and cost effec-
tiveness, relays have been widely adopted within the fourth
generation (4G) LTE Advanced standard [2], [3]. Among the
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available protocols for relay systems, non-regenerative
amplify-and-forward (AF) and regenerative decode-and-
forward (DF) are most commonly used. The former applies a
linear transformation to the signals received at the relay before
forwarding them to the destination, while the latter attempts
to decode the receive signals and retransmit original copies.

When the nodes in the relaying systems are configured
with multiple antennas, i.e., in the case of a multiple-input
multiple-output (MIMO) relaying system, the transmission
reliability and the spectral efficiency can be increased signifi-
cantly. The MIMO relaying system integrates the advantages
of MIMO and relay techniques, which further broadens its
realm of application into the next generation of wireless
communication systems, e.g., by enhancing the quality and
uniformity of service in dense urban areas [6] or improving
the transmission reliability in device-to-device (D2D) com-
munications [7]. It has been demonstrated that by using
transmit diversity techniques, such as orthogonal space-time
block codes (OSTBC) [8], [9], beamforming [10]–[12] and
antenna selection [13], both MIMO AF and DF relaying
systems can achieve full diversity with the combining algo-
rithms designed for single-input single-output (SISO) relaying
systems [14]–[16]. However, the spectral efficiency for MIMO
relaying systems using transmit diversity techniques is lower
than that of spatial multiplexing (SM) MIMO relaying sys-
tems. To meet the exacting transmission requirements set
forth for the fifth generation (5G) of wireless networks, the
SM MIMO relaying scheme is a promising choice, since it
can achieve high data rates and cooperative diversity gain
simultaneously with the ML detector or its lower-complexity
variants, such as the sphere decoder (SD).

In SM MIMO relaying systems, the different information
signals transmitted by the source antennas are superimposed
at each one of the destination antennas. As a result, the com-
bining algorithms developed for SISO relaying systems are
not efficient for SM MIMO relaying systems. One widely
adopted algorithm for SM MIMO AF relaying systems is
vector combining (VC), whereby the signals received from
different links are concatenated prior to the detection at the
destination [17], [18]. Unfortunately, the increased signal
dimension in VC leads to an exponential growth in the
complexity of the subsequent ML detection. To overcome this
problem, a ML combining (MLC) algorithm was proposed
in [19], where a combined signal vector and an equivalent
channel matrix with same dimensions as those for the source-
to-destination link are derived and exploited to reduce the
complexity of the subsequent detection. For the case of
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MIMO DF relaying systems, a near ML (NML) detector
was first derived in [20] to achieve the full diversity; nev-
ertheless, the intensive computation load of NML makes it
prohibitive for practical use. Subsequently, the authors of [21]
approximated the pairwise error probability (PEP) in the NML
criterion with the Chernoff bound in order to transform the
joint detection problem into a point-to-point MIMO detec-
tion form. Although the complexity of this modified NML
(M-NML) algorithm is lower than that of NML, especially
in terms of the numbers of visited nodes in the tree search
process and multiply-and-accumulate operations in the real
field, the complexity order for the M-NML detection is iden-
tical to that of NML, that is, O(�2Ns ) where � and Ns denote
the cardinality of the symbol constellation and the number
of source antennas, respectively. Meanwhile, [19] provided an
extended cooperative maximum ratio combining (EC-MRC)
algorithm, which realized a significant complexity reduction
to O(�Ns ) at the cost of a diversity loss.

In this paper, in order to achieve a better trade-off between
performance and complexity for SM MIMO DF relaying
systems, we propose a weighted combining (WC) algorithm,
whereby a combined signal vector and an equivalent channel
matrix are derived from the received signals and corresponding
channels of the different links based on a weighted linear
transformation. The main virtue of the new algorithm, when
compared to the above cited works, is to reduce the complexity
order to O(�Ns ) while preserving the same diversity as that
of NML. In particular, using the estimated value of the
detection error vector at the relay, the combined signal and
equivalent channel matrix can be transformed into special
forms which have the same dimensions as those of the received
signal and channel matrix for the source-to-destination link,
respectively. This dimensionality preserving approach for com-
bining the signals from the source and the relay yields a lower
complexity order of the subsequent symbol detection. Addi-
tionally, the performance gap between the proposed WC and
NML algorithms can be reduced by properly selecting the
value of the underlying weighting factor. We evaluate the
performance of the proposed algorithm theoretically in terms
of diversity order and computational complexity, and validate
the findings with simulations. We also derive an approximate
upper bound on the symbol error probability (SEP) based on
an upper bound for the PEP. Finally, it is shown by numerical
simulations that the derived upper bound provides consistency
with the experimental SEP in the high SNR regime.

The rest of this paper is organized as follows. The system
model is introduced in Section II, whereas the existing joint
detection schemes and the proposed WC algorithm are detailed
in Section III. In Section IV, the WC algorithm with ML detec-
tion is theoretically analyzed in terms of its diversity order
and computational complexity, followed by the derivation of
an approximate upper bound on the SEP. Simulation results
are presented in Section V and conclusions are drawn in
Section VI. Additional proofs are contained in Appendices.

II. SYSTEM MODEL

Consider a MIMO DF relaying system consisting of three
nodes: a source (S), a relay (R) and a destination (D) as

Fig. 1. Three nodes SM MIMO DF relaying system.

depicted in Fig. 1, where nodes S, R and D are equipped with
Ns, Nr and Nd antennas respectively. At R, Nrr antennas are
used to receive the signal from S, while Nrt antennas are used
for transmission to D, and Nr = max(Nrt, Nrr). We assume
that Ns = Nrt and the transmit antennas at S and R work
in SM mode. At any given time instance, the relay-assisted
transmission is completed in two time orthogonal phases.
In Phase I, S broadcasts its signal to R and D, whereas in
Phase II, R forwards the recovered signal to D while S keeps
silent. It is further assumed that all the propagation channels
are flat fading and remain approximately constant during each
transmission period, and that R and D can obtain the required
channel matrices of different links through the application of
existing channel estimation methods [22], [23].

In Phase I, the received signals at R and D are respectively
given by

yr = Hsrx + nr, (1)

yd,1 = Hsdx + nd,1, (2)

where x denotes the Ns × 1 transmitted signal vector whose
entries are selected from a normalized M-ary constellation X
of complex valued symbols with cardinality � = |X |,
Hsr and Hsd represent the Nrr × Ns and Nd × Ns complex-
valued channel matrices for the S-R and S-D links, and
nr and nd,1 denote the Nrr × 1 and Nd × 1 additive noise
vectors at R and D, respectively. The entries of Hsr, Hsd,
nr and nd,1 are independent and identically distributed (i.i.d.)
zero-mean circular symmetric complex Gaussian (ZMCSCG)
random variables with variances σ 2

sr and σ 2
sd for the channel

matrices and σ 2
r and σ 2

d for the noise vectors, respectively.
At R, the source signal information contained in yr is obtained
by a ML decoder, yielding

x̆ = arg min
x∈X Ns

‖yr − Hsrx‖2 , (3)

where ‖·‖ denotes the 2-norm of a vector. Meanwhile, yd,1 is
stored in memory at D for the subsequent combining purpose.

In Phase II, the received signal at D is given by

yd,2 = Hrdx̆ + nd,2

= Hrd(x + e) + nd,2, (4)

where e = x̆−x denotes the detection error vector at R, Hrd is
the Nd × Nrt channel matrix of the R-D link, and nd,2 is the
Nd × 1 additive noise vector at D in the second phase. The
entries of Hrd and nd,2 are modeled as i.i.d. ZMCSCG random
variables with variance σ 2

rd and σ 2
d , respectively.
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III. JOINT DETECTION SCHEMES FOR SM MIMO
DF RELAYING SYSTEMS

In this section, we first give a brief introduction to some
of the existing joint detection schemes that are available for
determining the transmitted signal from S, given the noisy
signal observations at D. Then, a new WC algorithm, to be
used prior to the detector at D, is derived in order to achieve
a better trade-off between the SEP and complexity.

A. Existing Joint Detection Schemes

To recover the original signal vector x transmitted by S,
we need to jointly consider the noisy signals received at
D during the two transmission phases, as given in (2) and (4).
One way of jointly detecting the signals from S and R is
to extend the cooperative maximum ratio combining scheme
to MIMO relaying systems [21]. The detection metric of the
resulting EC-MRC is given as

x̃EC-MRC = arg min
x∈X Ns

{∥∥yd,1 − Hsdx
∥∥2 + α

∥∥yd,2 − Hrdx
∥∥2

}
,

(5)

where 0 ≤ α ≤ 1 controls the relative weight given to the two
phases. Since the search is over X Ns , the detection complexity
increases in O(�Ns ). However, in EC-MRC, the detection
errors at R are neglected and the effect of the S-R link is only
considered through the selection of the combining factor α.
Therefore, the use of EC-MRC in SM MIMO DF relaying
systems does not achieve cooperative diversity.

An alternative approach to the joint signal detection problem
at D is to use the NML decoder [20], with detection criterion
given as

x̃NML = arg min
x∈X Ns

{∥∥yd,1−Hsdx
∥∥2

+ min
x̆∈X Ns

(∥∥yd,2−Hrdx̆
∥∥2−σ 2

d ln P(x→ x̆|Hsr)
)}

. (6)

In this expression, P(x → x̆|Hsr) denotes the conditional PEP
between x̆ and x for the S-R link, which can be expressed as

P(x → x̆|Hsr) = Q

⎛
⎝

√
‖Hsr(x̆ − x)‖2

2σ 2
r

⎞
⎠, (7)

where

Q (x) =
∫ ∞

x
exp

[
−t2/2

]
dt, x ∈ R. (8)

Subsequently, to avoid the difficulties posed by the evaluation
of the Q-function in the solution of (6) and reformulate the
detection into a point-to-point MIMO ML detection form,
the authors of [21] simplified the NML detector based on the
Chernoff bound approximation of (7). The detection criterion
of the resulting M-NML detector is given as

x̃M-NML = arg min
x∈X Ns

{∥∥yd,1−Hsdx
∥∥2

+ min
x̆∈X Ns

(∥∥yd,2−Hrdx̆
∥∥2+ σ 2

d

4σ 2
r

‖Hsr(x̆−x)‖2
)}

. (9)

Equivalently, the solution to (9) can be expressed as a point-
to-point MIMO ML detection problem over the extended
space X2Ns , as given by [21]

[x̃T
M-NML, x̃T ] = arg min

xM∈X 2Ns
‖yM − HMxM‖2, (10)

where

yM =
[
yT

d,1, yT
d,2, 0T

2Nr

]T
, (11)

HM =
⎡
⎣

Hsd 0Nd×Ns

0Nd×Ns Hrd
σd
2σr

Hsr − σd
2σr

Hsr

⎤
⎦, (12)

xM = [xT , x̆T ]T , (13)

and (·)T denotes transpose. In (11) and (12), 02Nr and 0Nd×Ns

represent the 2Nr × 1 vector and Nd × Ns matrix with zero
elements, respectively.

Although the M-NML detector in (10) avoids the com-
putation of the Q-function, similar to the NML detector,
the symbol vector to be estimated is the concatenation of
x and x̆. Consequently, the detection complexity of both
schemes increases in O(�2Ns ), i.e., as an exponential function
of twice the number of transmit antennas. This increase in
complexity is quite significant and limits the real-time appli-
cation of these methods to small values of � or Ns .

B. The Proposed WC Algorithm

Considering the pros and cons of these existing joint detec-
tion schemes, we propose a WC algorithm to be applied before
the ML detection at D, which offers a better trade-off between
the complexity and diversity performance. We first extend the
joint detector in (9) to a weighted NML detector (W-NML).
Specifically, upon substituting x̆ by x + e and replacing the

factor
σ 2

d
4σ 2

r
in (9) with a positive weighting factor w, we obtain

x̃W-NML = arg min
x∈X Ns

{∥∥yd,1−Hsdx
∥∥2

+ min
e∈ENs

(∥∥yd,2−Hrd (x+e)
∥∥2+w‖Hsre‖2

)}
, (14)

where E = {e = x − y|x, y ∈ X} denotes the set of possible
values for the individual symbol errors, and the purpose of
w will be further discussed below. This extension enables
the detector to take more flexible forms while the system
performance can be improved by properly selecting w, as will
be explained. Secondly, the discrete set of values for the error
vector e, i.e., ENs is relaxed to the complex space C

Ns , so that
the detector in (14) can be approximated as

x̃WC = arg min
x∈X Ns

{∥∥yd,1 − Hsdx
∥∥2

+ min
e∈CNs

(∥∥yd,2 − Hrd (x + e)
∥∥2 + w‖Hsre‖2

)}
. (15)

The above formulation allows us to evaluate the inner mini-
mization in closed form. Indeed, we can find an optimal value
of e by equating the Wirtinger derivative of the inner term
with respect to (w.r.t.) e∗ to zero [24], i.e.,

∂

∂e∗
(∥∥yd,2 − Hrd (x + e)

∥∥2 + w‖Hsre‖2
)

= 0. (16)
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This yields

emin = �HH
rd

(
yd,2 − Hrdx

)
, (17)

where we define matrix

� =
(

HH
rd Hrd + wHH

sr Hsr

)−1
, (18)

while (·)∗ and (·)H denote the conjugate and conjugate trans-
pose operations, respectively. Note that condition Ns = Nrt

is assumed in Section II to guarantee the existence of �.
Substituting (17) back into (15), the latter can be equivalently
expressed as a point-to-point MIMO ML detection form,
as given by

x̃WC = arg min
x∈X Ns

{∥∥yd,1 − Hsdx
∥∥2

+
∥∥∥yd,2 − Hrdx − Hrd�HH

rd

(
yd,2 − Hrdx

)∥∥∥
2

+ w
∥∥∥Hsr�HH

rd

(
yd,2 − Hrdx

)∥∥∥
2
}

= arg min
x∈X Ns

{
yH

d,1yd,1 + yH
d,2yd,2 − yH

d,2Hrd�HH
rdyd,2

− xH
(

HH
sdyd,1 + wHH

sr Hsr�HH
rd yd,2

)

−
(

yH
d,1Hsd + wyH

d,2Hrd�HH
sr Hsr

)
x

+ xH
(

HH
sdHsd + wHH

sr Hsr�HH
rdHrd

)
x
}

= arg min
x∈X Ns

{
yH

C yC−xH HH
E yC−yH

C HEx+xH HH
E HEx

}

= arg min
x∈X Ns

‖yC − HEx‖2, (19)

where the equivalent channel matrix HE ∈ C
Ns×Ns and

combined signal vector yC ∈ C
Nd satisfy

HH
E HE = HH

sdHsd + wHH
sr Hsr�HH

rd Hrd, (20)

HH
E yC = HH

sdyd,1 + wHH
sr Hsr�HH

rd yd,2, (21)

respectively. In practice, these quantities can be efficiently
calculated as follows,

HE = Chol
(

HH
sdHsd + wHH

sr Hsr�HH
rd Hrd

)
, (22)

yC =
(

HH
E

)−1 (
HH

sdyd,1 + wHH
sr Hsr�HH

rd yd,2

)
, (23)

where Chol (X) denotes the right Cholesky factor of X. In this
way, we obtain an upper triangular form for HE, which
is particularly suitable for the reduced-complexity detection,
such as SD.

We next discuss the selection of the weighting factor w,
which is introduced in (14) to modify the weight given to
the detection errors at R in the detection metric. Since relays
are commonly utilized when the quality of the S-R-D link
is comparable or better than that of the S-D link, only the
case that min(SNRsr, SNRrd) � SNRsd is considered here.
In effect, w can be used to adjust the proportions in which
the direct S-D and cooperative S-R-D links contribute to
the detection metric. For instance, when the SNR of the
S-R-D link is better than that of the S-D link, the weight given
to the former should be increased in computing the equivalent
channel matrix (22) and combined signal vector (23), and vice

versa. Since w is a multiplicative factor for terms related to the
S-R-D link in (15), (22) and (23), it should be monotonically
increasing with the SNR of the S-R link and decreasing with
that of the S-D link. Based on the above considerations and
abundant simulation results, we propose the selection criterion
for w as

w∗ =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

1

2

⌊
σ 2

sr/σ
2
r

σ 2
sd/σ

2
d

⌋
≈ 1

2

⌊
Ndσ

2
d Tr(HH

sr Hsr)

Nrrσ
2
r Tr(HH

sdHsd)

⌋

when max(SNRsr, SNRrd) > SNRsd,

1.5 when SNRsr = SNRrd = SNRsd,

(24)

where 	x
 represents greatest integer which is less
than or equal to x , Tr (·) denotes the trace of a matrix.
Note that the quantities Tr(HH

sr Hsr)/(Nrr Ns) and
Tr(HH

sdHsd)/(Ns Nd) are used to estimate σ 2
sr and σ 2

sd
at D, respectively. Although this selection for w cannot be
theoretically proved optimal, the selected value of w makes
it possible to adjust the detection metric as the channel
conditions change over time. The effectiveness of this
approach has been demonstrated through exhaustive series of
computer simulations for various application scenarios, where
the choice of w in (24) provides superior SEP performance
most of the time, as will be further discussed in Section V-A.

The proposed WC algorithm is summarized in Algorithm 1.
Finally, with the computed values yC and HE, the MIMO
detection in (19) can be implemented by the ML detector or the
SD [25].

Algorithm 1 WC Algorithm
1: Compute w according to (24);
2: Compute the matrix products HH

sdHsd, HH
sr Hsr and HH

rd Hrd;
3: Use the results from Step 1 and 2 to compute � based

on (18);
4: Compute the equivalent channel matrix HE in (22) by

Cholesky decomposition;
5: Compute the combined signal yC in (23) using HE from

Step 4 and the received signals yd,1 and yd,2 in the two
transmission phases.

IV. PERFORMANCE AND COMPLEXITY ANALYSIS

In this section, we first derive an approximate upper bound
on the PEP for the proposed WC algorithm with ML detection.
Thereafter, the diversity order and an approximate upper bound
on the SEP for SM MIMO DF relaying systems employing the
WC algorithm and ML detector are presented. Finally, we ana-
lyze the computational complexity of different joint detection
schemes, including selected schemes from the literature and
the proposed WC algorithm with ML detection.

A. Approximate Upper Bound on PEP

Let x̂ denote the erroneously detected signal vector at D.
According to the definition in [26], the PEP for ML detection
with the WC algorithm can be calculated by

P(x → x̂) = P
(
m

(
x̂
)

< m (x)
)
, (25)
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P(x → x̂) <

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

1
2

(
1 + ‖t‖2σ 2

sd
4σ 2

d

)−Nd Ns∏
λi=1

∫ (
1 + (1+λi )λi‖t‖2σ 2

srw

4σ 2
r

)−1
f (λi )dλi , Nd � Nrr = Ns

1
2

(
1 + ‖t‖2σ 2

sd
4σ 2

d

)−Nd Ns∏
ηi=1

∫ (
1 + (2−ηi )ηi‖t‖2σ 2

rd
4σ 2

r

)−1

f (ηi )dηi , Nrr � Nd = Ns

(36)

where we define

m (x) = ∥∥yd,1 − Hsdx
∥∥2

+
∥∥∥yd,2 − Hrdx − Hrd�HH

rd

(
yd,2 − Hrdx

)∥∥∥
2

+ w
∥∥∥Hsr�HH

rd

(
yd,2 − Hrdx

)∥∥∥
2

(26)

as the detection metric, which is equal to ‖yC − HEx‖2

according to (19). Substituting (2) and (4) into (26) along with
some manipulations, the conditional PEP given the various
channel matrices and the detection error vector at R can be
expressed as

P(x → x̂|Hsd, Hsr, Hrd, e)

= P
(
�
[
tH

(
HH

sdnd,1+wHH
sr Hsr�HH

rd nd,2

)]
<−a−b

)
,

(27)

where

t = x − x̂, (28)

a = 1

2
tH

(
HH

sdHsd + wHH
rd Hrd�HH

sr Hsr

)
t ≥ 0, (29)

b = �
[
wtH HH

rd Hrd�HH
sr Hsre

]
, (30)

and � [·] stands for the real part of its argument. Since
� [

tH
(
HH

sdnd,1 + wHH
sr Hsr�HH

rd nd,2
)]

in (27) is a Gaussian
random variable with zero mean and variance σ̃ 2, as given by

σ̃ 2 = σ 2
d

2
tH

(
HH

sdHsd + w2HH
sr Hsr�HH

rd Hrd�HH
sr Hsr

)
t,(31)

(27) can be further written as

P(x → x̂|Hsd, Hsr, Hrd, e) = Q

(
a + b

σ̃

)
. (32)

From (29)-(32) we observe that it is difficult to compute the
PEP for ML detection with the WC algorithm by directly
averaging (32) w.r.t. Hsd, Hsr, Hrd and e. The PEP is thereby
approximately calculated in stages through the use of upper
bounds. First, eliminating the random effect of e in (32),
we have the following proposition.

Proposition 1: The conditional PEP based on Hsd, Hsr and
Hrd for ML detection with the WC algorithm can be upper
bounded as follows in the high SNR regime for the S-R or
S-D links:

P(x → x̂|Hsd, Hsr, Hrd)

<
1

2
exp

[
− 1

4σ 2
d

tH (HH
sdHsd

+ w(INrt
+ HH

rd Hrd�)HH
rd Hrd�HH

sr Hsr)t
]
, (33)

where IN denotes the N × N identity matrix.

Proof : see Appendix A.
In (33), HH

rd Hrd� is a square matrix, which has the follow-
ing Schur decomposition form

HH
rd Hrd� = UTUH , (34)

where U and T respectively denote a unitary matrix and
an upper-triangular matrix whose diagonal elements are the
eigenvalues of HH

rd Hrd�, i.e., λi ∈ [0, 1], i = 1, . . . , Ns when
Nd, Nrr � Ns. Substituting (34) into the right side of (33),
the approximate upper bound on the conditional PEP can be
rewritten as

P(x → x̂|Hsd, Hsr, Hrd)

<
1

2
exp

[
− 1

4σ 2
d

tH (HH
sdHsd

+ wU(INrt
+ T)TUH HH

sr Hsr)t

]
. (35)

Finally, by averaging (35) over Hsd, Hsr, U and T, we arrive
at the following proposition.

Proposition 2: The upper bound on the PEP for ML
detection with the WC algorithm in the high SNR regime
for the S-R or S-D links can be expressed as in (36) at the
top of this page, where ηi ∈ [0, 1], i = 1, . . . , Ns and f (·)
denote the eigenvalue of the square matrix wHH

sr Hsr� and
the probability density function (PDF) of the corresponding
argument, respectively.

Proof : see Appendix B.
Based on (18), matrices HH

rd Hrd� and wHH
sr Hsr� are

Jacobi-MANOVA ensembles, the joint PDF of whose eigen-
values can be derived as follows according to [30]:

g(x1, . . . , xNs )

= C	2(x)

Ns∏
i=1

xα
i (1 − xi )

β(1 + (σ−1 − 1)xi )
−(α+β+2Ns)

,

(37)

where C = 1/ det
Ns

[∫ 1
0 t j+k+α−2(1 − t)β(1+(σ−1 −

1)t)−(α+β+2Ns)dt], 	 (x) = ∏
1�i< j�Ns

xi − x j is the

Vandermonde determinant of vector [x1, x2, . . . , xNs ],
α = Nd − Ns, β = Nrr − Ns, σ = σ 2

rd/(wσ 2
sr) when xi = λi

and α = Nrr − Ns, β = Nd − Ns, σ = wσ 2
sr/σ

2
rd when xi = ηi .

Here det
N

[a( j, k)] represents the determinant of a N × N

matrix A [a( j, k)] with the ( j, k)th element given by a( j, k).
Therefore the marginal PDF f (λi ) and f (ηi ) in (36) can be
calculated by integrating (37) over the remaining eigenvalues,
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for simplicity we only provide f (xi ) for Ns = 2 as

f (xi) = C
Ns∑

l=1

det
Ns

[
φl,i

j,k (x)
]
, i = 1, 2 (38)

where φl,i
j,k (x) is given in (39) at the bottom of this page.

B. Diversity Analysis and Approximate Upper Bound on SEP

It can be observed from (36) that the approximate upper
bound on the PEP is the product of two terms, one associated
with the S-D link with diversity order Nd [26], and the
other associated with the S-R-D link which is the product
of PEP for the eigenvalues λi or ηi . Since each λi or ηi

can provide one diversity order, the diversity order for the
S-R-D link is equal to the number of eigenvalues, i.e., Ns when
min(Nd, Nrr) = Ns. As the data transmissions over these links
are independent, the diversity order of the SM MIMO DF
relaying system with the WC algorithm is the sum of that for
each link, i.e., Nd + Ns when min(Nrr , Nd) = Ns.

It is difficult to derive the exact SEP1 for the MIMO relaying
systems with the ML detection. However, its upper bound can
be obtained from the PEP according to [26] as follows:

Ps � 1

Ns

∑
x

PT (x)
∑
x 
=x̂

ne
(
x → x̂

)
P

(
x → x̂

)
, (40)

where Ps denotes the average SEP, PT (x) represents the
probability that the signal vector x is transmitted, ne

(
x → x̂

)
is the number of symbol errors when x is erroneously detected
as another signal vector x̂, and P

(
x → x̂

)
is the PEP. For

simplicity, let us assume that PT (x) follows an equiprobable
distribution and consider the most likely circumstance that
ne

(
x → x̂

)
= 1 and ‖t‖min = min

x1,x2∈X
|x1 − x2|. Under these

conditions, the approximate upper bound on the SEP can be
calculated by replacing the PEP in (40) with the approximate
upper bound on the PEP given in (36) , which yields the upper
bound on SEP given in (41) at the bottom of this page, where
c stands for the number of symbols which have the minimum
distance to a pre-selected symbol in the constellation X . Table I
lists the values of c for different transmit constellations of
interest. In particular, the value of c corresponding to 16QAM

1A single symbol error occurs when a particular entry in x̂ is different from
the corresponding entry in x.

TABLE I

VALUES OF PARAMETER c FOR DIFFERENT TRANSMIT CONSTELLATIONS

is computed by averaging symbols with different amplitudes
in the constellation.

C. Computational Complexity Analysis
Next, we analyze the computational complexity of existing

detection schemes from the literature as well as that of the
proposed WC algorithm in terms of the number of complex
multiplications (CM). In order to achieve a fair comparison,
the ML detector is used in connection with our proposed
WC algorithm. The complexity evaluation is carried out
according to the following guidelines:

• The Cholesky decomposition of an N × N sym-
metric positive-definite complex-valued matrix requires
3.5N3 CM [27];

• The inverse of an N × N complex-valued matrix requires
4N3 CM [27];

• The ML detection for a MIMO system with M transmit
and N receive antennas requires N(M + 1)�M CM [28].

Note that the Cholesky decomposition also provides an
approach for extracting the square root of a matrix. Thus
for the EC-MRC scheme [21], the calculation of the equiv-
alent channel matrix and combined signal vector requires
7.5N3

s + N2
s Nd + N2

r Nd + Ns Nd + Nr Nd + N2
s CM, while

the ML detection requires Ns(Ns + 1)�Ns CM. Similarly,
the proposed WC algorithm requires 7.5N3

s + 6N3
r + N2

s Nr +
N2

r Nd + N2
s Nd + Ns Nd + Nr Nd + N2

r + N2
s CM to obtain

the equivalent channel matrix and combined signal vec-
tor, among which 5N3

r + N2
s Nr + N2

r Nd CM are spent
on computing wHH

sr Hsr�, while the detection complex-
ity is Ns(Ns + 1)�Ns . In contrast, the ML detection for
M-NML requires (2Ns + 1) (2Nd + Nr) �2Ns CM. NML
requires (Nr Ns + Nr) �2Ns CM to first compute the PEP at R,
and then

[
Nd(Ns + 1)�Ns

]2
CM to perform the ML detection.

The total computational complexities of all the above schemes
are summarized in Table II.

We can observe from Table II that the complexities of the
proposed WC algorithm and EC-MRC are mostly determined
by the ML detection, which is an exponential function of

φl,i
j,k (x) =

⎧⎪⎨
⎪⎩

xα+ j+k−2(1 − x)β(1 + (σ−1 − 1)x)
−(α+β+2Ns), j = l∫ 1

x t j+k+α−2(1 − t)β(1 + (σ−1 − 1)t)
−(α+β+2Ns)dt, j 
= l, i = 1∫ x

0 t j+k+α−2(1 − t)β(1 + (σ−1 − 1)t)
−(α+β+2Ns)dt, j 
= l, i = 2

(39)

Ps <

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

c

2

(
1 + ‖t‖2

minσ
2
sd

4σ 2
d

)−Nd Ns∏
λi=1

∫ (
1 + (1 + λi )λi‖t‖2

minσ
2
srw

4σ 2
r

)−1

f (λi )dλi , Nd � Nrr = Ns

c

2

(
1 + ‖t‖2

minσ
2
sd

4σ 2
d

)−Nd Ns∏
ηi=1

∫ (
1 + (2 − ηi )ηi‖t‖2

minσ
2
rd

4σ 2
r

)−1

f (ηi )dηi , Nrr � Nd = Ns

(41)
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TABLE II

COMPUTATIONAL COMPLEXITIES OF DIFFERENT JOINT DETECTION SCHEMES

TABLE III

SEP OF WC ALGORITHM USING DIFFERENT VALUES OF w FOR COMMONLY ADOPTED

NETWORK TOPOLOGIES WITH 16QAM CONSTELLATION, N = 2

the number of transmit antennas Ns, scaled by a multiplier
which is only a function of the number of transmit antennas
at S. Whereas for the NML and M-NML, the complexities
are exponential functions of twice the number of transmit
antennas, scaled by multipliers which depend on the num-
bers of antennas at different nodes. Consequently, NML and
M-NML have significantly higher complexities than EC-MRC
and the proposed WC algorithm. Numerical evaluation of
the computational complexity for these schemes is further
discussed in the next section.

V. SIMULATION RESULTS AND DISCUSSIONS

In this section, the performance of the proposed WC algo-
rithm with ML detection is evaluated by simulation and the
analytical results derived in Section IV are validated. We con-
sider a SM MIMO DF relaying system, as illustrated in Fig. 1,
with identical number of antennas at each node, i.e., Ns =
Nr = Nd ≡ N . The radio channels between the various pairs
of antennas in the S-R, R-D and S-D links are modeled as
flat-fading MIMO Rayleigh channels. We first evaluate the
SEP performance of the WC algorithm with ML detection and
investigate the effects of network topology and modulation
order on the accuracy of the derived upper bound (41) in
the high SNR regime and the effect of the antenna number
on the diversity order, respectively. Then the computational
complexities of the WC algorithm with ML detection and
the joint detection schemes introduced in Section III-A are
compared, using both the results of CM analysis (Table II) and
average simulation times. In the SEP simulation, the results
are averaged over 109 Monte Carlo experiments. For each
experiment, the randomly selected channels remain static over
the duration of the data transmission, which lasts for 100 sym-
bols. The variances of the additive noise at R and D in (1),
(2) and (4) are normalized to one, i.e., σ 2

r = σ 2
d = 1. The

average SNR for each link is therefore equal to the variance of
the corresponding channel matrix entries, i.e., SNRsd = σ 2

sd,
SNRsr = σ 2

sr and SNRrd = σ 2
rd. Considering the path loss

model, we set σ 2
sd = Pd−u

sd , σ 2
sr = Pd−u

sr and σ 2
rd = Pd−u

rd [29],
where dsd, dsr and drd are the transmit distances for the
S-D, S-R and R-D links, respectively, and P and u respectively
denote the transmit power at S and R and the path loss
exponent, which is selected as u = 3.5 to model the urban
and suburban areas. A symmetric network configuration dsd =
dsr = drd is considered throughout, except for Table III
and Fig. 5.

A. SEP Performance and Approximate Upper Bound
Tables III and IV provide the SEP of the proposed

WC algorithm with ML detection with different values of
the weighting factor w for the commonly adopted network
topologies and transmit constellations, respectively. We have
tested the WC algorithm with ML detection using several
different values of w for various scenarios and found that
the proposed WC algorithm with the values of w between
0.25 and 2 usually performed well. Therefore, only the SEP
of the WC algorithm with ML detection using w = 0.25, 1, 2
are provided in Tables III and IV, along with the selected
w∗ according to (24), highlighted in gray. In Table III,
16QAM is adopted and three asymmetric network topologies
are considered, specifically: (a) dsd = √

2dsr = √
2drd,

(b) dsd = 2dsr = drd, and (c) dsd = dsr = 2drd, which
respectively stand for the case when the source is far from
the destination, the case when the relay is near the source and
the case when the relay is near the destination, as depicted
in Fig. 2. In all these network topologies, the quality of the
S-D link is worse than that of the S-R-D link. In Table IV,
the transmit constellations utilized consist of QPSK, 8PSK and
16QAM, while a symmetric network topology is considered,
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TABLE IV

SEP OF WC ALGORITHM WITH DIFFERENT VALUES OF w FOR COMMONLY ADOPTED
TRANSMIT CONSTELLATIONS WITH dSD = dSR = dRD, N = 2

Fig. 2. Three asymmetric network topologies: (a) dsd = √
2dsr = √

2drd,
(b) dsd = 2dsr = drd, and (c) dsd = dsr = 2drd.

Fig. 3. SEP performance of different joint detection schemes and ML
detections for S-D and S-R-D links with N = 2, QPSK and dsd = dsr = drd.

i.e. dsd = dsr = drd, for which the optimal value of w∗ in (24)
is equal to 1.5. It can be deduced from Tables III and IV
that the selected value of the weighting factor in (24) leads
to the best performance of the proposed WC algorithm for
most cases, especially at high SNR. In particular, the use of
w∗ in (24) is significantly better than the value of 0.25 which
is derived using the Chernoff bound approximation.

Fig. 3 compares the SEP performances of the proposed
WC algorithm with ML detection and the benchmark joint
detection schemes, including NML [20], M-NML [21] and
EC-MRC [21] with α = 1. Additionally, the SEP perfor-
mances for the S-D and S-R-D links are provided in Fig. 3.
In this experiment, the number of antennas is set to N = 2,
and the transmit constellation is QPSK. For reference, two
diversity curves corresponding to SNR−2 and SNR−4, are
also plotted in Fig. 3. As seen from this figure, the proposed

Fig. 4. The effect of erroneous estimation Hsr at R on the SEP performance of
joint detection schemes with QPSK, N = 2 and symmetric network topology.

WC algorithm with ML detection, NML and M-NML schemes
achieve the same diversity order equal to 4, which is twice
than those of the EC-MRC scheme and the uncombined
links. Moreover, the gap between the SEP performance of the
WC algorithm with ML detection and that of the NML and
M-NML schemes is tiny. This is because both the
NML scheme and the proposed algorithm consider the effect
of the error detection at R in the detection metric at D, and the
performance loss caused by the relaxation of the search space
for e (the step from (14) to (15)) in the proposed WC algorithm
can be compensated by adaptively selecting w according
to (24). Fig. 4 evaluates the effect of erroneous estimation of
Hsr at R on the SEP performance of the WC algorithm with
ML detection and of the NML scheme. Specifically, it shows
the SEP performance when the exact Hsr is replaced by
�

Hsr = Hsr + esrE, where E denotes a random estimation error
matrix which is uncorrelated to the channel matrix Hsr, and
whose elements are i.i.d. ZMCSCG random variables with the
same variance as that of Hsr, esr is a scaling factor set to 0.1,
and QPSK is adopted with N = 2 and a symmetric network
topology. As shown in Fig. 4, in the presence of imperfect CSI,
the SEP of the WC algorithm with ML detection and of the
NML scheme are worse than those with perfect CSI as the
SNR increases. For the WC algorithm with ML detection,
this performance loss can be reduced by changing the value
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Fig. 5. SEP performance of WC algorithm along with approximate upper
bound (41) with N = 2 and 16QAM in asymmetric network topologies.

Fig. 6. SEP performance of WC algorithm along with approximate upper
bound (41) with N = 2, dsd = dsr = drd and different transmit constellations.

of the weighting factor w. In the modified WC algorithm,

we set w = σ 2
sr/(σ

2
r + esrσ

2
sr)

σ 2
sd/σ 2

d
based on the knowledge of esr at D.

While for the NML scheme, it is not possible to make such
adjustment adaptively to the scenario with imperfect CSI.
From this perspective, it can be deduced that the proposed
WC algorithm with ML detection is more robust than the NML
scheme. We can observe from Fig. 4 that the modification of
w brings improvement to the WC algorithm at high SNR.

Figs. 5 and 6 test the accuracy of the derived approximate
upper bound in (41) for different network topologies and
transmit constellations when N = 2, respectively. Since the
antenna configuration for these experiments satisfies both
cases included in (41), we use their minimum value as the
upper bound of SEP. In Fig. 5, the asymmetric network
topologies as depicted in Fig. 2 and 16QAM are adopted.
While in Fig. 6, the transmit constellations are QPSK, 8PSK
and 16QAM and the symmetric network topology is adopted.
We can observe from Fig. 5 that there is a small gap between
the approximate upper bound and the SEP of the WC algo-
rithm with ML detection in the high SNR regime. Furthermore,
Fig. 5 shows that improving the quality of the S-R and
R-D links evenly enables the WC algorithm to achieve better
SEP performance than that by improving the quality of the
S-R link or R-D link solely. For the experiment in Fig. 6,
the derived approximate upper bound provides a close match
to the SEP curves of the WC algorithm in the high SNR
regime for various transmit constellations, especially the one
with the high modulation order M = log2�. By comparing

Fig. 7. SEP performance of WC algorithm along with reference curves of
diversity order with 16QAM, dsd = dsr = drd and different antenna numbers.

Fig. 8. Comparison of computational complexity of different joint detection
schemes versus antenna number N with M = 2.

Figs. 5 and 6, we can find that the derived upper bound of
SEP is more accurate in the symmetric network topology than
in asymmetric ones. As expected, it can also be observed from
Fig. 6 that the SEP performance of the proposed WC algorithm
is improved as M decreases, but the diversity order of the
SM MIMO DF relaying systems with the WC algorithm is
not affected by transmit constellations, which only depends on
the antenna number as will be demonstrated in the following
simulation. Fig. 7 displays the SEP curves of the WC algo-
rithm with different numbers of antennas N ∈ {2, 3, 4} and
a 16QAM constellation. Moreover, three different diversity
order curves corresponding to SNR−4, SNR−6 and SNR−8

are included for reference. It can be observed from Fig. 7 that
the SEP performance of the proposed WC algorithm becomes
better as the number of antennas increases, and the validity
of the derived diversity order formula in Section IV-B can
be demonstrated by comparing the SEP performance of the
WC algorithm with the reference SNR−p (p = 2, 4, 6) curves
in the high SNR regime.

B. Computational Complexity Evaluation
Figs. 8 and 9 display the computational complexity for the

proposed WC algorithm and existing joint detection schemes,
as evaluated based on the formulas given in Table II, versus
the modulation order M and antenna number N , respectively.
A QPSK constellation (M = 2) is adopted in Fig. 8 while
the antenna number is set to N = 2 in Fig. 9. As shown
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TABLE V

THE AVERAGE SIMULATION TIMES (IN SECONDS) OF DIFFERENT JOINT DETECTING SCHEMES

Fig. 9. Comparison of computational complexity of different joint detection
schemes versus modulation order M with N = 2.

in Figs. 8 and 9, NML and its improvement M-NML exhibit
a markedly higher complexity in comparison to WC. For
instance, NML requires nearly 106 CM with N = 3 and
M = 2 in Fig. 8, and 5 × 106 CM with M = 4 and N = 2
in Fig. 9, which is approximately a thousand time more than
that for WC. In fact, the gap between NML or M-NML
and WC becomes more remarkable as N and M increases.
While the complexity of EC-MRC is comparable to that of
the proposed WC algorithm, this is achieved at the expense
of a significantly higher SEP, as previously shown in Fig. 3.
Note that the main goal of our work was to present a new,
simplified scheme for the joint signal detection in SM MIMO
DF relay systems that can achieve comparable performance
as the benchmark NML scheme but with much reduced
computational complexity. As demonstrated by the SEP vs
SNR results in Fig. 3 and the computational complexity results
in Figs. 8 and 9, we believe that our goal has been achieved.

The averaged simulation times of the joint detection
schemes considered in Figs. 8 and 9 are given in Table V for
different values of N and M . For each experiment, 720 bits
are transmitted and the run time of the detection process is
measured using the Matlab functions “tic” and “toc”. The
computer hardware configuration used to run our simulation
experiments consists of an 8 cores i7-6700 CUP operating at
3.4GHz along with 16GB of RAM. In each case, the sim-
ulation time is averaged over 10 experiments and presented

in seconds. It can be observed from Table V that the proposed
WC algorithm with ML detection consumes slightly more
time than EC-MRC, but significantly less time than NML and
M-NML. As N and M increase, the averaged simulation time
for the proposed WC algorithm with ML detection approaches
that of EC-MRC and becomes nearly 0.01% of those for
NML and M-NML; in effect, the latter schemes become
impractical for SM MIMO DF relaying applications when
N = 4 and 16QAM is used as the transmit constellation.
Further comparison of the simulation times in Table V and the
analytical complexity measures in Figs. 8 and 9 point to the
validity of the complexity analysis presented in Section IV-C.

VI. CONCLUSIONS

In this paper, a new WC algorithm to be applied before
the detector at the destination, was proposed and investigated
for the SM MIMO DF relaying system. With the proposed
WC algorithm, a combined signal vector and an equivalent
channel matrix, which respectively have the same dimensions
as those for the S-D link, were obtained. We analyzed the
diversity order and computational complexity of the WC algo-
rithm with ML detection. An approximate upper bound on
the SEP for the WC algorithm with ML detection was also
derived, based on the approximate upper bound for the PEP.
Simulation results validated the theoretical analysis and con-
sistency of the derived upper bound on the SEP. Furthermore,
it was shown by simulations that in symmetric networks,
the proposed WC algorithm with ML detection can provide
a similar SEP performance as that of the benchmark NML
detector, but with significantly lower complexity.

APPENDIX A
PROOF OF PROPOSITION 1

Since e = x̆ − x, (7) can be rewritten as

P(x → x̆|Hsr) = P(e|Hsr) = Q

⎛
⎝

√
‖Hsre‖2

2σ 2
r

⎞
⎠ . (42)

The probability of the discrete random vector e can therefore
be calculated by

P(e) =
∫

P(e|Hsr) f (Hsr)dHsr. (43)
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Fig. 10. Plot of the function f (t) = exp
[
−t2/2

]
.

From (42) and (43), we can find that P(e) = P(−e).
Moreover, P(x → x̂|Hsd, Hsr, Hrd, e = 0) = Q

( a
σ̃

)
can be

obtained according to (30) and (32). Based on these observa-
tions, the conditional PEP based on Hsd, Hsr and Hrd can be
computed as in (44) at the bottom of this page, where F + ={
e ∈ ENs |e 
= 0, b > 0

}
. Since a

σ̃
> 0, it can be deduced that

S1 − S2 > 0 with the help of Fig. 10. However, as the SNR of
the S-R link increases, P (e 
= 0) → 0, i.e., e → 0, which
can be obtained from (42) and (43). Moreover, as the SNR of

the S-D link increases, a
σ̃

becomes larger and (S1 − S2) → 0.
In summary,

P(x → x̂|Hsd, Hsr, Hrd)

� P(x → x̂|Hsd, Hsr, Hrd, e = 0) = Q
( a

σ̃

)
, (45)

and the approximation Q
( a

σ̃

)
can be reached in the high SNR

regime for the S-R or S-D links. To simplify the computation
of the conditional PEP, we only consider the asymptotic
properties of the conditional PEP in (45), i.e., P(x →
x̂|Hsd, Hsr, Hrd) ≈ Q

( a
σ̃

)
in the high SNR regime of the

S-R or S-D links. Under these conditions, the conditional PEP
can be approximately upper bounded as in (46) on the bottom
of this page, where (a) follows from the Chernoff bound [26]
and (b) from the fact that c > 0.

APPENDIX B
PROOF OF PROPOSITION 2

We first re-express (35) as the following function

P(x → x̂|Hsd, Hsr, Hrd)

<
1

2
exp

[
−‖t‖2

4σ 2
d

vH HH
sdHsdv

]

× exp

[
−w‖t‖2

4σ 2
d

vH U(INrt
+T)TUH HH

sr Hsrv

]
, (47)

P(x → x̂|Hsd, Hsr, Hrd) = Q
( a

σ̃

)
P (e = 0) +

∑

e∈ENs \{0}
Q

(
a + b

σ̃

)
P (e)

= Q
( a

σ̃

)
P (e = 0) +

∑

e∈ENs \{0}

1

2π

[∫ ∞
a
σ̃

exp
[
−t2/2

]
dt −

∫ a+b
σ̃

a
σ̃

exp
[
−t2/2

]
dt

]
P (e)

= Q
( a

σ̃

)
P (e = 0) +

∑

e∈ENs \{0}
Q

( a

σ̃

)
P (e) −

∑

e∈ENs \{0}

1

2π

∫ a+b
σ̃

a
σ̃

exp
[
−t2/2

]
dt P (e)

= Q
( a

σ̃

)
+

∑
e∈F +

[
1

2π

∫ a
σ̃

a−b
σ̃

exp
[
−t2/2

]
dt P (−e) − 1

2π

∫ a+b
σ̃

a
σ̃

exp
[
−t2/2

]
dt P (e)

]

= Q
( a

σ̃

)
+

∑
e∈F +

1

2π

⎡
⎢⎢⎢⎢⎣

∫ a
σ̃

a−b
σ̃

exp
[
−t2/2

]
dt

︸ ︷︷ ︸
S1

−
∫ a+b

σ̃

a
σ̃

exp
[
−t2/2

]
dt

︸ ︷︷ ︸
S2

⎤
⎥⎥⎥⎥⎦

P (e) (44)

P(x → x̂|Hsd, Hsr, Hrd)
(a)

� 1

2
exp

[
− a2

2σ̃ 2

]

= 1

2
exp

[
− 1

4σ 2
d

tH
(

HH
sdHsd +

(
INrt

+ HH
rd Hrd�

)
HH

rdHrd�wHH
sr Hsr

)
t

− tH HH
rd Hrd�HH

rdHrd�wHH
sr HsrttH HH

rd Hrd�HH
rdHrd�wHH

sr Hsrt

4σ 2
d tH

(
HH

sdHsd + wHH
sr Hsr�HH

rdHrd�wHH
sr Hsr

)
t︸ ︷︷ ︸

c

⎤
⎥⎥⎥⎦

(b)
<

1

2
exp

[
− 1

4σ 2
d

tH
(

HH
sdHsd +

(
INrt

+ HH
rd Hrd�

)
HH

rdHrd�wHH
sr Hsr

)
t

]
(46)
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P(x → x̂) <
1

2

∫
exp

[
−‖t‖2

4σ 2
d

vH HH
sdHsdv

]
f (Hsd) dHsd

︸ ︷︷ ︸
Psd

×
∫∫∫

U(n)
exp

[
−w‖t‖2

4σ 2
d

vH U(INrt
+ T)TUH HH

sr Hsrv

]
f (T) f (Hsr) DUdTdHsr

︸ ︷︷ ︸
Psrd

, (48)

where v = t/‖t‖ is a vector whose norm is one. Then the
upper bound on the PEP in the high SNR regime for the S-R or
S-D links can be calculated by averaging (47) w.r.t. Hsd, Hsr,
U and T [26], which is given in (48) on the top of this page,
where U(n) is the group of unitary matrices and DU denotes
the standard Haar measure of U(n). It can be observed
from (48) that the upper bound on the PEP in the high SNR
regime for the S-R or S-D links contains two part, defined as
Psd and Psrd, which represent the upper bounds on the PEP of
the S-D and S-R-D links, respectively. Psd can be rewritten as

Psd =
∫

exp

[
−‖t‖2

4σ 2
d

‖Hsdv‖2

]
f
(
‖Hsdv‖2

)
d‖Hsdv‖2. (49)

Using the fact that ‖Hsdv‖2 follows central Chi-square distri-
bution, i.e.,

f
(
‖Hsdv‖2

)
= ‖Hsdv‖2Nd−2

σ 2Nd
sd �(Nd)

exp
[
−‖Hsdv‖2/σ 2

sd

]
, (50)

(49) can be calculated by

Psd =
(

1 + ‖t‖2σ 2
sd

4σ 2
d

)−Nd

. (51)

For the calculation of Psrd, we first rewrite it as follows:

Psrd =
∫∫∫

U(n)
exp[Tr(−w‖t‖2

4σ 2
d

UH HH
sr HsrvvH U

× (INrt
+ T)T)] f (T) f (Hsr) DUdTdHsr. (52)

Since HH
sr HsrvvH has only one eigenvalue ς = ‖Hsrv‖2

and (INrt
+ T)T has the eigenvalue (1 + λi )λi , (52) can be

calculated based on the unitary integral result of Equ. (16)
in [31] as

Psrd =
∫

. . .

∫∫
m−(Ns−1)(Ns − 1)!
ς Ns−1	 ((λ + 1)λ)

× det
Ns

[
exp [m(1 + λk)λkς ] | j=1

[(1 + λk)λk ]Ns− j | j=2,...,Ns

]

× f (ς) f (λ1) . . . f
(
λNs

)
dςdλ1 . . . dλNs

=
∫

. . .

∫∫
m−(Ns−1)(Ns − 1)!

×
Ns∑

i=1

exp [m(1 + λi )λiς ]

ς Ns−1
∏

1� j�Ns, j 
=i
(1 + λi )λi − (1 + λ j )λ j

× f (ς) dς f (λ1) . . . f
(
λNs

)
dλ1 . . . dλNs , (53)

where m = −w‖t‖2/(4σ 2
d ). Since ς follows the central

Chi-square distribution

f (ς) = ς Nrr−1

σ
2Nrr
sr �(Nrr)

exp
[
−ς/σ 2

sr

]
, (54)

and using the fact that
∫ ∞

0 tn exp [−μt]dt = n!μ−n−1, (53)
can be further derived as

Psrd =
∫

. . .

∫
m−(Ns−1)(Ns − 1)!

σ
2Nrr
sr �(Nrr)

×
Ns∑

i=1

(Nrr − Ns)!∏
1≤ j≤Ns, j 
=i

(1 + λi )λi − (1 + λ j )λ j

×
(

−m(1 + λi )λi + 1

σ 2
sr

)−Nrr +Ns−1

× f (λ1) . . . f
(
λNs

)
dλ1 . . . dλNs . (55)

When Nrr = Ns, (55) is simplified as

Psrd =
∫

. . .

∫
(mσ 2

sr)
−(Ns−1)

×
Ns∑

i=1

(−mσ 2
sr(1 + λi )λi + 1

)−1

∏
1≤ j≤Ns, j 
=i

(1 + λi )λi − (1 + λ j )λ j

× f (λ1) . . . f
(
λNs

)
dλ1 . . . dλNs

(c)=
Ns∏

i=1

∫ (
−mσ 2

sr(1 + λi )λi + 1
)−1

f (λi )dλi , (56)

where (c) follows from the fact that

N∑
i=1

(axi + 1)−1
∏

1≤ j≤N, j 
=i

(xi − x j )
−1

= (−a)N−1
N∏

i=1

(axi + 1)−1, (57)

which is proved in Appendix C and here xi = (1 + λi )λi

is set. Moreover, replacing HH
rd Hrd�HH

sr Hsr and HH
rd Hrd�

in (33) with HH
sr Hsr�HH

rd Hrd and INs − wHH
sr Hsr� respec-

tively and adopting the Schur decomposition of the complex
square matrix wHH

sr Hsr� = QRQH , Psrd can be alternatively
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expressed as

Psrd =
∫∫∫

Q(n)
exp

[
−‖t‖2

4σ 2
d

vH Q(2INs − R)RQH HH
rd Hrdv

]

× f (R) f (Hrd) DQdRdHrd

=
∫∫∫

Q(n)
exp

[
Tr(−‖t‖2

4σ 2
d

QH HH
rd HrdvvH Q(2INs −R)R)

]

× f (R) f (Hrd) DQdRdHrd, (58)

where R and Q denote an upper-triangular matrix whose
diagonal elements are ηi , i = 1 . . . , Ns when Nd, Nrr � Ns
and a unitary matrix, respectively. Using a similar approach
as in the derivation of (52) above, (58) can be calculated as
follows on the condition that Nrr � Nd = Ns.

Psrd =
Ns∏

i=1

∫ (
‖t‖2σ 2

rd(2 − ηi )ηi/4σ 2
d + 1

)−1
f (ηi )dηi . (59)

In summary, (36) is thereby proved.

APPENDIX C
PROOF OF EQUATION (57)

We first write (57) into the form
N∑

i=1
(axi + 1)−1 ∏

1≤ j≤Ns, j 
=i

(xi − x j )
−1 = det AN / det BN , where the elements of matri-

ces AN and BN are [AN ] j,k =
{

(axk + 1)−1, j = 1

x N− j
k , otherwi se

and

[BN ] j,k = x N− j
k , and then use mathematical induction to

prove the desired result.

A. Basis

When N = 2,

det A2/ det B2 = [(ax1 + 1)−1 − (ax2 + 1)−1]/(x1 − x2)

= −a(ax1 + 1)−1(ax2 + 1)−1

satisfies (57).

B. Inductive Step

When N � 2, assume det AN−1/ det BN−1 =
(−a)N−2

N−1∏
i=1

(axi + 1)−1 and transform det AN / det BN =
− det A/ det B, where

A =
[

AN−1 b1

c1 x N−2
N

]
, B =

[
BN−1 b2

c2 x N−1
N

]
,

b1 = [(axN + 1)−1, x N−3
N , . . . , 1]T , b2 =

[x N−2
N , x N−3

N , . . . , 1]T , c1 = [x N−2
1 , x N−2

2 , . . . , x N−2
N−1 ]

and c2 = [x N−1
1 , x N−1

2 , . . . , x N−1
N−1 ]. Therefore

det AN

det BN
= − det(AN−1 − x2−N

N b1c1)x N−2
N

det(BN−1 − x1−N
N b1c1)x N−1

N

= −a det(AN−1)

(axN + 1) det(BN−1)

= (−a)N−1
N∏

i=1

(axi + 1)−1, (60)

and (57) is proved.
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