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Joint Parameter and Time-Delay Estimation for a
Class of Nonlinear Time-Series Models

Huan Xu , Feng Ding , and Benoit Champagne , Senior Member, IEEE

Abstract—Nonlinear time-series modeling is fundamental to a
wide variety of control and prediction problems. This letter focuses
on the joint parameter and time-delay estimation for an extended
version of the nonlinear exponential autoregressive (ExpAR) time-
series model. To address the difficulties posed by the unknown
time-delay and improve the estimation accuracy, we first employ
the redundant rule to transform the ExpAR model into an aug-
mented identification model. Then we invoke the multi-innovation
theory to enhance data utilization and propose a new algorithm
that combines stochastic gradient descent with discrete search for
estimating the unknown model parameters and time-delay. The
simulation results show that by properly adjusting the innovation
length, the estimation accuracy of the proposed multi-innovation
algorithm can significantly exceed that of the single-innovation
algorithm.

Index Terms—Multi-innovation theory, nonlinear time-series
model, parameter and time-delay estimation, redundant rule.

I. INTRODUCTION

A LTHOUGH linear time-series models provide powerful
and convenient tools for the solution of a wide vari-

ety of problems in time-series prediction and control, they
are not suitable for revealing the existence of some nonlinear
phenomena [1]. In the past decades, the study of nonlinear
time-series models has therefore attracted much interest [2]–[4].
An important member of this class is the so-called exponential
autoregressive (ExpAR) model, which has the ability to capture
the behaviors of nonlinear random vibrations, including ampli-
tude dependent characteristic frequencies, jump phenomena and
perturbed limit cycles [5], [6]. As introduced in [7], [8], given a
time-series {y(t) : t ∈ Z}, the nth-order ExpAR model can be
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described as

y(t) := [α1 + β1e
−γy2(t−1)]y(t− 1) + · · ·

+ [αn + βne
−γy2(t−1)]y(t− n) + v(t),

where v(t) is a white noise process. This equation describes
the classic ExpAR model which features a global nonlinear and
local linear structure.

Parameter estimation is to establish the mathematic models
based on observations and has been used in distributed net-
works [9], econometrics [10] and other areas. Several estimation
methods have been developed for the ExpAR model, such as
the maximum likelihood [11], [12] and the variable projection
methods [13]. Most of these contributions do not consider the
intrinsical time-delay which is inevitable in data transmission
processes and renders the estimation problem more challeng-
ing [14], [15]. Recently, Chen et al. have derived a biased
compensation recursive least squares threshold algorithm for
a time-delay rational model [16]. Besides, Zhang et al. have
investigated a redundant recursive hierarchical least squares
algorithm for bilinear time-delay systems [17]. However, little
attention has been given to jointly estimating the unknown
time-delay and parameters of the time-delay ExpAR model.

The traditional identification methods cannot be directly ap-
plied to the time-delay ExpAR model because of the poor per-
formance caused by the unknown time-delay. Multi-innovation
theory is an effective tool to improve estimation accuracy
and has been used for estimating system parameters without
time-delay [18], [19]. The key idea is to expand the scalar
innovation into a multi-dimensional innovation vector/matrix
and to make full use of the measurement data [20]. Using the
multi-innovation theory, Chaudhary et al. investigated a multi-
innovation fractional least mean square adaptive algorithm al-
gorithm for input nonlinear systems [21]. Wang et al. derived
two multi-innovation stochastic gradient algorithms for bilinear
systems [22]. Besides, Xia et al. developed a maximum like-
lihood multi-innovation extended stochastic gradient algorithm
for multivariable systems [23].

In this letter, aiming to extend the methods in [24], [25] for
estimating the unknown parameters of the classic ExpAR model,
we employ the redundant rule and multi-innovation theory to
derive joint parameter and time-delay estimation algorithms for
the time-delay ExpAR model. The main contributions of this
paper are as follows.
� Using the redundant rule, we transform the identification

model into an augmented one and derive a threshold-free
procedure for estimating the unknown time-delay, such that
the empirical choice of the threshold can be avoided.

1070-9908 © 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: McGill University. Downloaded on November 21,2022 at 05:30:11 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0003-2145-8240
https://orcid.org/0000-0002-2721-2025
https://orcid.org/0000-0002-0022-6072
mailto:hxu1992@126.com
mailto:fding@jiangnan.edu.cn
mailto:benoit.champagne@mcgill.ca


948 IEEE SIGNAL PROCESSING LETTERS, VOL. 29, 2022

� Applying the innovation extension, we propose a redundant
rule-based multi-innovation stochastic gradient algorithm
which exhibits higher data utilization and estimation accu-
racy than the single-innovation algorithm.

This letter is organized as follows. Section II describes the
time-delay ExpAR model and the augmented identification
problem. Two joint parameter and time-delay estimation algo-
rithms are developed in Section III. The comparative perfor-
mance of the algorithms is evaluated in Section IV. Finally,
Section V provides some concluding remarks.

II. PROBLEM DESCRIPTION

Given a time-series {y(t) : t ∈ Z}, the time-delay ExpAR
model is described as

y(t) = [α1 + β1e
−γy2(t−1)]y(t− 1− τ) + · · ·

+ [αn + βne
−γy2(t−1)]y(t− n− τ) + v(t), (1)

where v(t) is a white noise with zero mean and variance σ2, n
is the model order and τ ∈ N is an unknown time-delay. It is
assumed that the model order n is known and that the data y(t)
is measurable for t ≥ 0; without loss of generality, the initial
values are set to y(t) = 0 for t < 0.

Define the parameter vectors: θ := [αT,βT]T ∈ R2n, α :=
[α1, . . . , αn]

T ∈ Rn, β := [β1, . . . , βn]
T ∈ Rn, and the infor-

mation vectors:

φ(t; γ, τ) := [ϕT(t; τ), e−γy2(t−1)ϕT(t; τ)]T ∈ R2n,

ϕ(t; τ) := [y(t− 1− τ), . . . , y(t− n− τ)]T ∈ Rn.

Then, the time-delay ExpAR model in (1) can be compactly
written as the identification model

y(t) = φT(t; γ, τ)θ + v(t). (2)

Note that the information vectorφ(t; γ, τ) contains the variables
y(t− 1− τ), y(t− 2− τ), . . ., y(t− n− τ) which cannot be
determined due to the unknown time-delay τ . Hence, some
existing algorithms derived in [24], [25] cannot be used for
this time-delay ExpAR model. To address this difficulty, we
set a maximum regression length N ≥ |n+ τ | and employ the
redundant rule to derive an augmented identification model.

Define the augmented parameter vectors:

θa := [αT
a ,β

T
a ]

T ∈ R2N ,

αa := [ζ1, . . . , ζτ , α1, . . . , αn, ζτ+1, . . . , ζN−n]
T ∈ RN ,

βa := [η1, . . . , ητ , β1, . . . , βn, ητ+1, . . . , ηN−n]
T ∈ RN ,

and the augmented information vectors:

φa(t; γ) := [ϕT
a (t), e

−γy2(t−1)ϕT
a (t)]

T ∈ R2N ,

ϕa(t) := [y(t− 1), y(t− 2), . . . , y(t−N)]T ∈ RN .

Then, the identification model in (2) can be seen as a special
case of the augmented identification model

y(t) = φT
a (t; γ)θa + v(t). (3)

Estimates of γ and θa can be computed by solving a suitable
optimization problem, e.g.,

min
γ,θa

t∑
i=0

wi‖y(i)− φT
a (i; γ)θa‖2, (4)

where wi is a non-negative weight parameter that can be set
in different ways. For instance, the choice wi = λt−i, where
0 < λ < 1 is a forgetting factor, corresponds to an exponential
weighted least-squares criterion.

Obviously, the dimension of the augmented parameter vector
θa is larger than that of θ because of the redundant parameters ζi
and ηi (i = 1, 2, . . . , N − n) whose true values are all supposed
to be zeros. These zeros form three distinct blocks in the vector
θa which can be expanded as

θa = [0, . . . , 0︸ ︷︷ ︸
τ

, α1, . . . , αn, 0, . . . , 0︸ ︷︷ ︸
N−n

, β1, . . . , βn, 0, . . . , 0︸ ︷︷ ︸
N−n−τ

]T.

Compared with θ, θa involves both the unknown time-delay
and parameters of the time-delay ExpAR model.

Let θ̂a(t) := [θ̂a,1(t), . . . , θ̂a,2N (t)]T ∈ R2N denote the esti-
mation vector of θa at time t. Ideally, once θ̂a(t) is obtained,
the redundant parameter estimates should be zeros and the
time-delay could then be determined from the structure of θ̂a(t).
In practice however, due to the presence of the non-zero noise
term v(t) in (1), the redundant parameter estimates will not
be zeros and consequently, the time-delay can be misjudged.
To address this problem, the redundant rule-based threshold
(RR-TH) algorithms were presented in [16], [17] wherein a small
threshold ε is applied to filter the parameter estimates. The key
idea is to set θ̂a,l(t) = 0 if |θ̂a,l(t)| < ε for l = 1, 2, . . . , 2N .
Clearly, the choice of an adequate threshold ε is critical for
the estimation accuracy. A larger ε may lead to the incorrect
identification of model parameters as redundant parameters,
while a smaller ε may lead to the opposite effects. In both
cases, the time-delay and model parameters will be inaccurately
estimated.

The objective of this letter is to present new estimation al-
gorithms for the time-delay ExpAR model by exploiting the
redundant rule and the multi-innovation theory.

III. JOINT PARAMETER AND TIME-DELAY ESTIMATION

ALGORITHMS

Note that the identification model in (3) is highly nonlinear
with respect to the parameterγ. Hence, Equation (4) is a complex
nonlinear optimization problem and cannot be directly solved by
using the least-squares or other related approaches [26].

A. Redundant Rule-Based Stochastic Gradient Algorithm

In this sub-section, we derive a basic redundant rule-based
stochastic gradient (RR-SG) algorithm. For simplicity, define
the parameter vector ϑ := [θTa , γ]

T ∈ R2N+1. Using the gra-
dient search to solve the optimization problem in (4) gives the
following recursive relations:

ϑ̂(t) = ϑ̂(t− 1) + μ(t)ψ(t; γ̂(t− 1))e(t), (5)

e(t) = y(t)− φT
a (t; γ̂(t− 1))θ̂a(t− 1), (6)
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where μ(t) is the step-size, e(t) is the innovation referring
to [27], ψ(t; γ) is the generalized information vector:

ψ(t; γ) := [φT
a (t; γ), θ̂

T

a (t− 1)φ′
a(t; γ)]

T ∈ R2N+1, (7)

and φ′
a(t; γ) is the derivative of φa(t; γ) with respect to γ:

φ′
a(t; γ) := [0,−y2(t− 1)e−γy2(t−1)ϕT

a (t)]
T ∈ R2N . (8)

Several methods are available for the determination of the step-
sizeμ(t). Referring to the previous work [24], we adopt the first-
order Taylor expansion approximation and compute the optimal
step-size through

μ(t) := 1/r(t), r(t) = r(t− 1) + ‖ψ(t; γ̂(t− 1))‖2. (9)

Then, θ̂a(t) and γ̂(t) can be updated by (5)–(9).
For the redundant rule-based threshold (RR-TH) estimation

algorithms in [16], [17], an inappropriate threshold will lead
to an incorrect time-delay estimate. Currently, no satisfactory
method exists for the choice of an appropriate threshold, which
must rely on an empirical and error prone approach. To overcome
this critical limitation, we propose in this letter the following
threshold-free procedure for estimating the unknown time-delay.
Let Le denote the length of the data sequence y(t) on which the
recursions in (5)–(9) are applied. Considering the structure of
θa, define the cost function

E(τ) :=

τ+n∑
j=τ+1

[
θ̂2a,j(Le) + θ̂2a,j+N (Le)

]
.

The time-delay estimate can be computed by

τ̂ = argmax
τ∈{0,...,τmax}

E(τ), (10)

where τmax = N − n. That is, the time-delay estimate max-
imizes the energy of the non-redundant parameter blocks of
length n in the augmented identification model. Equations
(5)–(10) form the RR-SG algorithm for the time-delay ExpAR
model.

B. Redundant Rule-Based Multi-Innovation Stochastic
Gradient Algorithm

Inspired by the multi-innovation theory in [18], [19], we
expand the innovation e(t) in (6) into a p-dimensional vector

E(p, t) := Y (p, t)−ΦT
a (t; γ̂(t− 1))θ̂a(t− 1) ∈ Rp, (11)

where p is the innovation length, Y (p, t) is the stacked out-
put vector consisting of {y(t− j)} and Φa(t; γ̂(t− 1)) is the
stacked information matrix consisting of {φa(t− j; γ̂(t− 1))},
j = 0, 1, . . . , p− 1.

To guarantee the compatibility of the matrix dimensions in
various products, we expand ψ(t; γ̂(t− 1)) in (5) into the gen-
eralized stacked information matrix

Ψ(p, t) := [ψ(t; γ̂(t− 1)),ψ(t− 1; γ̂(t− 1)), . . . ,

ψ(t− p+ 1; γ̂(t− 1))] ∈ R(2N+1)×p. (12)

Then, the recursive relation in (5) can be expanded into

ϑ̂(t) = ϑ̂(t− 1) + μ(t)Ψ (p, t)E(p, t). (13)

Equations (9)–(13) form the RR-MISG algorithm for the time-
delay ExpAR model. Equation (13) can be seen as the discrete-
time stochastic system of ϑ̂(t). In order to ensure the conver-
gence of ϑ̂(t), it is required that all the eigenvalues are inside
the unit circle [18].

Remark 1: Different from [16], [17] which employed the
least-squares principle to derive several single-innovation RR-
TH algorithms, this letter combines the gradient search with
the multi-innovation theory and propose a novel RR-MISG
algorithm using more innovations and observations.

Remark 2: Clearly, the RR-MISG algorithm has a larger
computational complexity than the RR-SG algorithm because
it involves the innovation extension. However, this extension
enhances data utilization and improves the estimation accuracy
for the RR-MISG algorithm.

Remark 3: In terms of system modeling, some techniques
including the H∞ filter and Lyapunov function have been used
for linear and nonlinear systems [28], [29]. These techniques can
be combined with the multi-innovation algorithm proposed in
this letter to improve the data utilization and modeling accuracy.

IV. EXAMPLES

In this section, two examples are provided to test the effective-
ness of the proposed algorithms. Example 1 serves to compare
the estimation accuracy of the proposed algorithms with the
RR-TH algorithm in [16], [17]. A more complex example highly
related to a practical application in hydrology is presented in Ex-
ample 2, to demonstrate the merits and comparative performance
of the RR-SG and RR-MISG algorithms.

A. Example 1

Consider the time-delay ExpAR model with order n = 2,
whose parameters and time-delay to be estimated are

θ = [α1, α2, β1, β2]
T = [−0.10, 0.58, 1.23, 0.69]T,

γ = 2.00, and τ = 1. The selection of the model parameters
should ensure that the model is stable. Assuming the maximum
regression length N = 4, the augmented parameter vector is

θa = [ζ1, α1, α2, ζ2, η1, β1, β2, η2]
T

= [0,−0.10, 0.58, 0, 0, 1.23, 0.69, 0]T.

In the simulations, v(t) is taken as a white noise sequence with
zero mean and variance σ2 = 0.102, and the data length is taken
as Le = 6000. The estimation errors δ := ‖ϑ̂(t)− ϑ‖/‖ϑ‖ ×
100% is used as a performance metric. For comparison purpose,
we use the proposed RR-SG and RR-MISG algorithms, and the
RR-TH algorithm in [16], [17] to jointly estimate the model
parameters and time-delay. The RR-TH algorithm used here is
based on the gradient search and is a single-innovation algo-
rithm. Set the threshold of the RR-TH algorithm to ε1 = 0.03,
ε2 = 0.05 and ε3 = 0.11.

Parameter estimates and their errors at time t = Le = 6000
are shown in Tables I and II. RR-SG and RR-MISG parameter
estimation errors δ versus t are shown in Fig. 1. From these
tables and figure, we can see that: (1) the RR-TH algorithm
cannot always set all the redundant parameters to zero for dif-
ferent thresholds and the time-delay estimate cannot always be
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TABLE I
RR-TH AND RR-SG ESTIMATES AND ERRORS

TABLE II
RR-SG (p = 1) AND RR-MISG ESTIMATES AND ERRORS

Fig. 1. RR-SG and RR-MISG estimation errors δ versus t.

effectively obtained; (2) the RR-SG and RR-MISG algorithms
can give the true time-delay estimate and set all the redundant
parameters to zero; (3) the RR-MISG algorithm provides higher
estimation accuracy than the RR-SG algorithm at all time, and
the estimation accuracy improves as the innovation length p
increases.

B. Example 2

In hydrology sciences, it is well known that the river flows are
affected by various factors, and the dynamics in their associated
time-series exhibit complex and nonlinear behaviors [30]. In this
example, the ExpAR model with the time-delay τ = 1 and the
proposed algorithms are used for fitting a set of daily mean water
discharge time-series. To make this series more nearly symmet-
ric and stabilize the variance, the zscore function in MatLab is
used to normalize the original data. The transformed time-series
{y(t) : t ∈ Z} is shown in Fig. 2, where the first Le = 4000
data are used for the time-delay ExpAR model training, and
the additional Lr = 100 data are used for the model validation.
Employing the RR-SG algorithm and RR-MISG algorithm with
p = 6 to predict this river discharge time-series, the fitting curves
so obtained are shown in Fig. 3, while the errors between the
actual and predictive outputs are shown in Fig. 4. Let ŷ1(t)
and ŷ2(t) be the RR-SG and RR-MISG predictive outputs. To
evaluate the prediction performance, we define the mean square
error (MSE):

MSEi :=

√√√√ 1

Lr

Le+Lr∑
t=Le+1

[ŷi(t)− y(t)]2, i = 1, 2.

Fig. 2. Transformed daily mean water discharge time-series.

Fig. 3. Fitting results of the RR-SG and RR-MISG algorithms.

Fig. 4. Errors of the actual and predictive outputs.

Computing the MSEs of the RR-SG and RR-MISG algorithms
gives MSE1 = 0.2987 and MSE2 = 0.2033, that is, −10.5 dB
and −13.8 dB. This demonstrates that the smaller parameter
estimation error of RR-MISG leads to the improved modeling
accuracy, i.e., reduction of 3.3 dB in MSE. Figs. 3–4 show
that the proposed RR-MISG algorithm has better prediction
performance than the RR-SG algorithm.

V. CONCLUSION

This letter has studied the joint parameter and time-delay
estimation problem for an extended version of the nonlinear
ExpAR model. Two stochastic gradient estimation algorithms,
referred to as RR-SG and RR-MISG, were proposed based on the
redundant rule and multi-innovation theory. Compared with the
existing threshold-based algorithms, the proposed algorithms
avoid the effects of an empirical threshold and can effectively
generate the time-delay estimate. Compared with the RR-SG al-
gorithm, the RR-MISG provides improved estimation accuracy,
with the improvement being more significant as the innovation
length increases.
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