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Abstract

This report focuses on the theoretical analysis of Compressed Sensing(CS) with the partial
Graph Fourier ensemble sensing matrix. In this report, we prove that with the help of additional
knowledge of a linear compressible signal, a stable recovery can still be guaranteed even if
the entries of the orthogonal sensing matrix is not uniformly bounded. More specifically, we
construct a sensing matrix by randomly select a certain number of the rows from the graph
Laplacian eigenbasis matrix. It is shown in this report that if the signal is smooth on the graph
which satisfies certain conditions, we can still utilize ¢; decoding to reconstruct the original

signal.



1 Introduction

Recently, due to the ground-breaking work by Donoho and Candes [I}, 2, B], Compressed Sensing
(CS) has soon become a promising research area, which shows that we can find sparse solutions to
an under-determined linear systems by taking random measurements. Candeés[2, 4] and Rudelson[5]
prove that if we construct the sensing matrix by randomly selecting a small portion of the rows
from a certain uniformly bounded orthogonal matrix, the original signal can be perfectly recon-
structed if it is sparse or compressible. In the technical report [6], we mention that the graph
Laplacian eigenbasis can be regarded as the “Fourier” transform for signals supported on graph
vertices. We call such basis as the Graph Fourier Transform (GFT) Thus, a natural question will
be: can we construct a sensing matrix by randomly selecting a small portion of the rows from the

Graph Fourier Transform basis?

In order to solve this problem, we need to first delve into the conventional CS literature:
Candes [2] and Rudelson [5] discuss conditions that the structure of random matrices should satisfy

to be valid CS sensing matrices:

1. The matrix should be orthogonal.

1

2. The entries of the normalized N x N matrix should be uniformly bounded by O(—), i.e.,

=

the coherence of the sensing matrix p = O(ﬁ), where p = max|®; ;|.
Z?]

The traditional Fourier basis is clearly a candidate fit for such criteria. If F' is the Discrete
Fourier Transform (DFT) basis and if €2 is a random subset of {1,2,--- , N} with dimension || =

O(poly(K,log N)) and where K is the sparsity of x in the basis F', then we can reconstruct x by



solving

min||z||; s.t. y = Fox.
x

where Fp is a submatrix of F' obtained by selecting the rows corresponding to €2; i.e., Fp is the
so-called “partial Fourier ensemble”. Analogously, if U is the GF'T basis, then we call Ug, the partial
Graph Fourier ensemble. In our scenario, it is straightforward to see that the GFT basis satisfies
the first condition while the second one cannot be guaranteed. For example, circulant graphs will
generate eigenbasis with uniformly bounded entries while more general graphs like KNN graphs or

e—graphs fail with largest entries close to 1.
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Figure 1: This figure plots the entry with largest magnitude of the entries in each eigenvector. The
graph Fourier basis is generated by extracting the eigenbasis of a KNN graph. We denote k as the
number of neighbors for a KNN graph. (a) k=5. (b) complete graph

Fig. (a) plots the largest components of each column for a graph Fourier basis. X-axis repre-
sents the corresponding eigenvectors and y-axis stands for the largest magnitude of the eigenvector
entry. We formulate the graph Fourier basis by obtaining the Laplacian eigenvector of a KNN

graph with & = 5. Clearly, the conventional coherence is close to 1 since this matrix is not uni-

formly bounded. In order to delve into more details about how the entries of the GFT basis are



distributed, we generalize the definition of coherence as follows:

Definition 1. Define po(7') = max|[®7]; ;| to be the coherence of the matrix ®7, where T' is a
/L?-]

subset of {1,2,---, N} and ®7 is the submatrix obtained by selecting the columns of ® correspond-

ing toT. If T'={1,2,--- N}, then pug(T) is equivalent to pu. In some part of this report, we

abbreviate ug(T) as u(T).

However, it is worth noting that py(7') is bounded when Up corresponds to the eigenvectors
whose associated eigenvalues are small, even if the coherence of the whole matrix is not bounded
by O(ﬁ) A natural question is: does such a trend exist for all the graphs? Or say, is uy(T)

bounded by O(LN) for all kinds of graphs?

The answer to this question is negative. From the technique we develop in the technical report
[6], we regard ||f||¢ = fTLf as the smoothness of signal f on a graph. If we also consider the
eigenvector u; as a graph signal and replace f with wu;, it’s easy to check that ||u;||¢ = A, where
A; is the ith eigenvalue corresponds to u;, i.e. we can say that A; describes the smoothness of
eigenvector u;. If \; is small, then u; will be smooth and its entries are likely to be bounded by
small constant. Since A\g = 0, ug is perfectly smooth, or say, is the DC component of the graph
Fourier basis. From Fig. we can also see that the the largest entry of each eigenvector keeps
increasing until ¢ is around 50 and J; is large enough and can no longer affect the distribution
of the eigenvector components. Based on the above discussion, we know that the graphs with
adequately small eigenvalues in low frequencies can provide bounded (7). A counter example
is the complete graph shown by Fig. (b) since the eigenvalues are equally very large. Thus, the
coherence is still unbounded when ¢ < 50. Note that this is a sufficient condition but not necessary.

In this report, we show that although entries of the graph Fourier aren’t uniformly bounded,



a stable recovery by solving 1 minimization problem is still possible for linear compressible graph

signals.

2 Notation and Definition

Many of the natural signals are not strictly sparse but follow a power law decay. In our case, we
consider the signals whose coefficients linearly decay, i.e. z; < Gi~'/". From the last report, we
know that as long as the distribution of Laplacian eigenvalues satisfy certain properties, the signals
on graphs can be well modeled as linear compressible signals. As discussed in [7], the compressible
signals can be defined by its decaying behavior of non-linear approximation error. Since we are

talking about linearly compressible signals, we can modulate the definition a little to fit our case:

Definition 2. The set of s-linear-compressible signals is defined as

Li={z R :¢q(K,z) <SK % 1<K<N,S < o0},

where € (K, z) is the K-term Linear Approximation Error.

Definition 3. The j* set of the linear residual subspaces of size K is defined as: L; x = {u € RV
with support T'(Lj k) = {(j — 1)K +1,(j — 1)K +2,--- ,jK — 1}, i.e. up # 0 and ugpe = 0. The

last set may have less than K non-zero entries. We can abbreviate T'(L; i) as Tj.

According to the definition, we can split a linear compressible signal into [N/K| sets of the
linear residual subspaces. For a linear compressible signal, the magnitude of coefficients in 7}
decays when j becomes larger. Moreover, if 7" and 2 are subsets of {1,2,--- , N}, we denote @7 as
the submatrix of selecting the corresponding columns from matrix ® and ®q as the submatrix of

picking the corresponding rows and we call ®q partial graph Fourier ensemble.



Definition 4. An m x N matrix ® has the L; g-restricted isometry property(L; x—RIP) with

constant dg if for all x € L; i, we have

(1= o) 3 < 123 < (1 + 6xc) []13

Accordingly, L; x—RIP deals with the signals whose coefficients are all zeros except the first
K entries. Since most of the energy of a smooth graph signal lies in the lower frequencies, we can
exploit L1 g —RIP to guarantee a stable signal recovery. L g —RIP is a special case of model based
RIP since we know exactly how will the energy of signal decay and where the residual space locates.
Likewise, we also need a certain tool to deal with how will the small non-zero entries outside L1
behaves. Due to the fact that the coefficients outside L x have very small magnitudes, we can relax
the conventional RIP to control their non-isometry property. The following definition of RAmP is

a remedy counterpart of RIP in this case.

Definition 5. A matrix ® has the (ex,r)— restricted amplification property(RAmP) for the linear
residual subspaces L; g if

1Pull3 < (1 + ex)s* Jull

for any u € Lj i for each 1 < j < [N/K].

When j = 1, then it is just the upper bound in L x—RIP. When j is larger, we utilize the
parameter r to offset the impact of the decaying behavior of signal coefficients. The following
lemma shows what conditions the partial graph Fourier sensing matrix should obey in order to

satisfy (ex,r)—RAmP.



3 Main Result

Theorem 3.1. Let x € Ls be an s-linear compressible signal. Let
Ty ={(-V)K+1L(G-1)K+2,--- ,jK—-1}.

If W(T;) < C-j*L forall j=1,--- ,[N/K] and some C > 0, and if the number of measurements
M obeys M > C’onst-K-ln(%) for some 6 > 0, then with probability 1 — 9, the solution * obtained

from €1 decoding satisfies

% N _ Hw—mKHl
— < . _ S _—
|lx —z%||2 < Cp-In [K-‘ SK™° 42 iz (1)

where Cy 1s a small constant.

The theorem claims that if the entries of the original signal decay quickly, we can still guarantee
a stable recovery when the coherence 1(Tj) keeps increasing for larger j. Actually, we allow p(T})
to become unbounded if the entries of the original signals supported on T} are small. The above
theorem explains that why the partial Graph Fourier ensemble works as a sensing matrix for
smooth signals supported on graphs. This is because smooth signals supported on graphs are
linear compressible [6], i.e., most of the large Graph Fourier coefficients locate in the ”low frequency
component” while those components have relatively low coherence. The full proof of this result is

given in the next section. The methodology of the proof is mainly based on [4], [7] and [§].

4 Proof

The following lemma is tailored from[4] to fit our need.



Lemma 4.1. Let ® be an n x n orthogonal matriz obeying ®T® = nl. Consider a fix set T
and let Q be a random set sampled using the Bernoulli model and pe(T) = mcggc\@i7j|. Denote
S

Y = (i)gT(ApQT — I where I is the identity matriz and @)QT = ﬁ@QT 1s the normalized matrix and

m = |Q|. Then
V/|T|log|T|
E|Y] <Cgr- M(T)T (2)
and
t t
POV = E[Y]] > 1) < 361‘29(—@@9(1 + I—FTHYH))’ (3)

where B < % (T)|T|/m.

From this lemma, Candes further proves for z € RY be a sequence supported on a fixed set
T, Zz|3 < |Pozll3 < 37m|]a:||§ If we let T' = L; , then it is exactly the L; x—RIP. It is worth
noting that there is one minor difference between the lemma here and the original work in [4]. Since
in [4], the author discuss the case where T is fixed but arbitrary, hence they define the coherence
i = max|®; j|. However, in the scenario we are interested in, we merely concern about L; x—RIP.
Accordingly, the set T is not arbitrary but T'(L; k). Correspondingly, we can replace p with pe(7")

since only ®p is involved. This lemma can also be exploited as a useful tool for verifying the

(ex,7)—RAmP.

Theorem 4.2. Let ® be an n x n orthogonal matriz. Fix a subset T of the signal domain. Choose
a subset Q0 of the measurement domain of size || = m. Suppose that the number of measurements

m obeys:

m > Ca|Tlin( LML)

5 (4)

for some positive constant Cs and with proper choice of ex and r. Then, with probability 1 — &, the



matriz Pq satisfies

[oull3 < (1+ ex)* |lull3 ()

Proof.
P(|@ull3 > (1 + ex)s* ull3) < P(@ull3 — [lull3] > [(1 + ex)i™ — 1lull3) (6)
= P(||@4r®ar — || > (1 +ex)j* —1) (7)

Denote Y = &% ®qr — I. Thus, the problem is now equivalent to bound P(||Y| > (14€x)j%" —1).

From Lemma set t = % and pick m large enough to make E|Y|| < ¢, then is

bounded by the righthand of . Accordingly, we can obtain

AC22(T)|Tlog|T|
[+ ex)s> — 1]

which can be simplified as:

m > cl\TyzOg\Ty(‘;g))Q 9)

where Cy = 4C%/(1 + ex)?. Since B < p*(T)|T|/m, gives

mt - log(1 + 1)
2K ) o

P(||Y] > 2t) < 3exp(—

and let it be bounded by § which provides the following;:

m> ln(%) Kp?(T)|T|

t-log(42)

(11)



2r
where t = % Since it is easy to pick proper ex and r to bound log( lliff) away from zero,

i.e. there exist a constant C' such that 0 < C' < log(lliftt) < log2, we can further simplify as:

3 T
m > allin) ) (12)
where Cy = m. Combining with gives the conclusion. O

Corollary 4.3. Let ® be the same setting described in Theorem. @ If p(Ty) < C - 3" for all
j=1,---,IN/K] and the number of measurements m obeys

m > Const - K - ln(%)

Then with probability 1 — 6, the measurement matriz ® satisfies the (ex,r)—RAMP for the linear

residual subspaces L; k.

Corollary 4.4. Let ® be the same setting described in Theorem. @ If w(Th) < C and the number

of measurements m obeys

m > Const - K - ln(?)

Then with probability 1 — J, the measurement matriz ® satisfies the Ly x—RIP.

When we consider the situation j = 1 in the above theorem, the proof will directly give Corollary.
44

Theorem. [£.2] along with Corollary. [£.3] provide us with the implication that the coherence of
matrix ® doesn’t have to be uniformly bounded as discussed in the conventional compressed sensing
literatures[d], [4, 2]. More specifically, if the coefficients of a signal that are supported on a certain

residual space L}, is quite small, we allow the corresponding coherence u(7Tj) larger. The next

10



theorem shows that we can still guarantee a stable recovery for linear compressible signal without
uniformly bounded coherence of sensing matrix. Since linear compressible signal is just one special
case of model based compressible signa, the proof of this theorem is exactly the the same as that

in [7].

Theorem 4.5. Let x € Ly be an s-linear compressible signal. If ® has the (ex,r)—RAmMP for the

linear residual subspaces Lj i and r = s — 1, then we have
s N
|P(x — zK)||2 < CsvV1+ exSK ln[E1 (13)

where Cg = 25 + 1.

Theorem 4.6. Let x € L be an s-linear compressible signal. If ® has the Li2x—RIP and the
(ex,7)—RAmP for the linear residual subspaces L and r = s — 1, then the solution x* obtained
from L1 decoding satisfies

Hx _1'*“2 < C,SK™* +2||.7J - J"Kul

R

where Cy = Csln[5]( \/11+5€2;; + \/rgﬁ
The technique used here is identical to [8]. We provide the proof here for the completeness of

this report. It is worth noting that [7] just provide us with a performance bound for model based

recovery algorithm while this report gives a detailed analysis of L1 decoding.

Proof. Let h denote the error z* — x, thus it is straightforward to see that h lies in the null space

of ®. For the first step, we note that for j > 2,

lher,umelle <D lbzlls < K7V2(hrylh + bzl + ) = K2 |lhge (14)
j=3

11



The second inequality is due to the fact that ||hr |2 < K1/2||th lloo < K_1/2||th71 ||l1. Since ||z*||1

is minimized,

[zlly = ||z + hlly = [le, + oy [l + l27e + hrelh (15)

> llazyll = bz s = lege I+ hge |l (16)

Thus, |[Arell < 2llarelli + |[hr 1. Combined with and the fact that ||hp |1 < KY2||T1 |2, we
conclude that

Iher Umsyelle < K7V helln < 2K 72 |zrel|y + || by - (17)

The second step bounds ||h7, |j7,[|- Since @ has the RIP for 71 |J 73 and h lies in the null space of

o

(1= 62y I3 < 1Rhry Y3 = 1901, Yy |3 (18)

Following the procedure of the proof of Theorem in [7], we can conclude that the upper bound

of ||®hre||3 also upper bounds || ®h(z, (j1y)e[|3. Accordingly,

1+ ex

|hr yzllz < Cs T

SK’WM%} (19)

Similarly,

14+¢€ e IV
il < Coy g —5 - SK*In[ 1] (20)

=

12



And finally, combining

1Pll2 < llhzy Yz ll2 + 1hzy Ymp)ell2 (21)

1+6K —s N _1/2 1 +6K —s N
< — e _
—08\/1_52KSK ln[KW + 2K | lzrellr + Cs 1_5KSK ln[K} (22)

Combining the above theorems and corollaries, we obtain Theorem. [3.1}

5 Conclusion

In this report, we show that a stable recovery can be guaranteed for linear compressible signals when
we randomly select a small portion of the samples supported on graph vertices. Such application is
a special case of model based compressive sensing. In order to draw the conclusion, we first prove
that a non-uniform bounded orthogonal sensing matrix can satisfy the RAmP. Then combined with
L1 g —RIP, RAmP contribute to the upper bound of the error induced by ¢; decoding. We believe
the technique we develop in this report will have several potential applications, especially in the

realm of sensor networks.
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