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1 Introduction 

Sirlusoidal sigrial detcctkm is discussed in various 
fields rangir~g frorri telec:orr~rr~ur~ic~~t,io~~s to array pro- 
cessirlg and spectrurri estirriation. Various tecl~rliques 
have bee11 proposed in the literat,ure for si~iusoidal 
sigrlal detection arid enurrieratior~; see [I]. 

Here, we propose two er~urr~eratior~ teclmiques 
b e d  or1 the rr~inirriurr~ tlcscriptivr~ ler~glit (MDL) [2]  
and the predictive st,ochi~stic corriplexity (PSC) [3]  
principles. MDL a d  PSC estimate t , l ~  model order 
by rr~i~~irriixir~g the Kul1t)xli-Leibler tlistauce between 
the true rr~odel a r~d  the c-:st,irriated orri:. 

Duc to terr~poral co1iercm:y of sirlusoids, direct c 2 p  

plicatior~ of MDL and PSC generates erroneous re- 
sults - t,l~e rlurriber of signals is always detecled as 1. 
Here, we iritroduce arl allerr~ative approach, sirrlilar 
to the orlev presented in [4] arid [5]. The proposed 
technique is based on decorr~posirig I,he observatior~ 
vectors ir~to tlieir orthogorlal corripor~erits iri the sig- 
11a1 and noisc subspaces. Usir~g tllc: MDL or PSC 
pririciple, the noise corr~por~erits are encoded. This 
procedure is performed Sur all possible rnodels aud 
the rr~ir~irr~urr~ codrlerlgtl~ is selected i,o estimat,e the 
r~urril~er or sir~usoicls. The sirnulat,ior~ study shows 
(,hat tlie PSC has a bet,tcr perfor~rlnr~r:ce iri rlonsta- 
i.io11ar.y er~viror~rrier~ts. 

2 Problem formula ti or^ 

Consider a tirne series modeled as 

I< 

z(t)  = ) :txk cos(wkt + &.) + rr(t) ( I )  
k = l  

where the pararr~eters 0" ((wF, u k  , d k ) ,  k: = 
1, . . . , K, arid their rlurriber K are ur~kriowr~; , r b ( ~ )  is il 
Gaussian white noise with an ~111i11ovli11 varia~~c:e a>. 
All uriknowr~s car1 be arranged iri a pararr~et~er. vc:d,oi. 

The observed data is sa~rlpled with (,he rate w ,  > 
2rrmx(wk) and arranged in a matrix Sorm wiiJi c:at:li 

k 
colurrm represeritirig ari M x 1 sriapsl~ot, vet:t,or. 

where 

1 0 
cos(wk D )  sirl(uk D )  

a(wk)= 

cos(wk ( A d  - I )  D )  siu(wn ( M  - I )  D) 

2~ 1 (4) 
wit11 D  = - beirig t,he sarriplir~g interval, iml 

ws 

The matrix a(wk) is tirr~e-ir~variant it is o d y  ;r 
fur~ctiori of the frequency wk. Arrangerr~erd, ( I C  i~l l  
a(wk), k = 1, . . . , I< i r ~  a rrialrix gives 
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where R" = (wl, . . . , wIc) is tlre vector of all freyueri- 
cies of the  sirmsoids. Usirig this riotatior~, 

w l m e  O = ( ( ~ 1 ,  w1, 41, - - . , O K ,  W I ~ ,  410 is the pa- 
rarrleter vect,or of siriusoids. The  s,ic/riul s,ubspuce is 
deiir~ed as tlie spar1 oS A(I IK) .  The rroise sul~spucc is 
the ortlrogorlal corr~plerricrit of the signal subspace. 

Let X(T) = [x( t)] ,  = I , .  . . , T ,  be the M x T ob- 
servat.ior~ rr~atrix the rriatrix ol' srlapsliot vectors 
col1ed.ed ill the wiridow (I, . . . , T ) .  Using the obser- 
vation rriatrix X ( T ) ,  we forrriulate two irrforrrratiorl 
tlreoretic rrietlrods t o  estimate the riurrher of sigrlals 
K arid their frequencies w2;, k = 1,. . . ,I<. 

3 The MDL and PSC 
Principles 

Tlie rrrirrirriurra dcscriptiorr lerrgtl~ (MDL) [2] arid the 
pr,edicti,oe stocirc~~tic comp1czit.y ( P S C )  [3] tecl~r~iyues 
are i.he codelerlgtlls usetl to represerrt data. Botli 
pririciples are based or1 rrrinirrrizirlg tlre Kullback- 
Leibler distarlce bei,w-err1 t,lle true rriodel and the es- 
timated orie. 

T h e  MDL criterion ibr a rriodel oS order k a t  time 
iristant T is 

~ ( k )  MDL(T, k )  = - log (x(T)IB&) + - logT (8) 
2 

where f (XIQ) is the coritiitiorlal probability derisity 
furrc:tiori, $& is the rriaz%rri,u,rri likeliliood (ML) esti- 
rrlate o l  the parameter vector usirlg the observa- 
tioris up t o  t,irr~e T ,  arid u(k) is tlie rlurriber of freely 
cliosen pararrrei.ers. The model order a t  time T is 
tieterrriiried frorri 

k = rriiir~ MDL(T, k:) 
I. (9) 

where the rriiriirrii~atior~ is perhrrried over all possible 
rrlodels. 

PSC is the  codelerrgtli Sor a rriir~irrial descriptior~ 
of data;  a t  t h e  T arid lor a rriodel of order k,  it 
arriour~ts t o  

wliere $f-, is the ML estimate of the parameter vec- 
tor 9' usirig t,lie observai,iorls up l o  h i e  (1: - I) .  The 
esLirrmted rrlodel order ilt tirrie T is given by 

with t l ~ c  rriir~irriizaliori perl'orrried over all possible 
rrlotlels. 

4 Signal Enumeration 

In a straightforward approach, the corlditiorial 1)lob- 
ability density of X ( T )  is tleterrrlirletl a i d  usetl irl 
(8) a r d  (10). This approach t o  detection ol' sinu- 
soids produces erroneous results irr f 'x t  the  rllodel 
order is always estirriated as I.  This is tlur i,o tlie 
terriporal coherency of the sigrlals. 

111 this paper, we take a n  alterrtative approaclr sirrl- 
ilar to  tlie orre presented i11 [4] [5]. 'C'i7e proposo tie 
corriposirig the observatiorl vectors into their corripo- 
rierlts irl the signal m d  noise subspaccs. 

Let us represent by P, (a") and P,, (fir'.)  lie pro- 
jection rriatrices onto the sigrial and 11oise subspaces, 
respectively. Since the sigrial subspacc is the  colurrir~ 
span of A(R"), 

where I is the Ad x M unity rr~atrix. Tllc obsc.rvill,iuri 
vector x( t )  car1 be decorr~posed as 

Tlie M x 1 vector P , (RK)x( t )  is irr the 2IC 
dirrlerisiorral sigrial subspace. Sirrlilarly, P,,,(R1')x(l,) 
is in the  (M - 2K)-dirrrer1sional noise subspacc. 

The  forrrrulatiorr (14) reveals a n  iilt,erestirig prop- 
erty. The inforrriatior~ about the parameter vector 
R", arid herice the  dirrlerlsiorrality of [,he s i g r ~ d  a r d  
noise subspaces, is coritairied i r ~  both P,s(R")x(l,) 
and ~ , , ( R " ) x ( t )  vectors. One rriigllt tlrerl bt: able 
t o  use only orie of these vectors to  est,irrrat,e t,he riurrl- 
her of sigrlals. In the sequel, we propose two kcli- 
niques based on applyirrg the ir~iorrrlatiori tlieor~tic. 
techniques to  the rroise vector only. 

Let x,(t) be the projection of the  observation x c : -  
tor  x ( t )  onto the rioise subspace, i.e., 

If R" is the  t rue pararr1et;er vector, x,,(b) is a zero- 
mean white Gaussian rioise vector. The  proba1)ility 
derisity furlctiori of x,, (t) is tlierr 

1 
j ( ~ , , ( t ) l a I < ,  .') = T ~ ~ I - '  exp{- - l lx7 ,  (/)1l2) 

(16) 
wliere I is a (M - 2K) x (M - 21i) uuity rriat.ris. 
Defirie X,,(T) = [x,(l)], 2 = 1, . . . , T, (,he projec:tioi~ 
of the observation rrlatrix orlto the noise subsprc~: .  
The  pr-obability density fur~ctiorl for- X,, ( T )  is 
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Noise 
Power 

(dB) 
- 15 
- 10 
-5 
0 
5 

Table I: The resolutior~ of the two rrietllods PSC arld 
MDL. 

Selected Model 

Figure 2: The MDL criterion when the phase ol the 
first sigrlal varies a t  t = 570 rris. 

PSC 
1 2  
0 100 0 
0 100 0 
0 100 0 
0 22 78 
0 0 100 

Figure 1: The PSC criterior~ when the phase of the 
first sigrlal varies at 2 = 570 rrls. 

IVI D L 
3 1 2  3 

0 100 0 
0 92 8 
0 0 100 
0 0 100 
0 0 100 
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