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Generalized Raised-Cosine Filters
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Abstract—Data transmission over bandlimited channels re- k7. In other words, choosing(-) as a Nyquist pulse avoids
quires pulse shaping to eliminate or control intersymbol inter-  jntersymbol interference (ISI), and allows sample-by-sample

ference (ISI). Nyquist filters provide ISl-free transmission. Here  yataction at the receiver. In the frequency domain, Nyquist's
we introduce a phase compensation technique to design Nyquist .. N . !
first criterion is written as

filters. Phase compensation can be applied to the square-root

of any zero-phase bandlimited Nyquist filter with normalized s n
excess bandwidth less than or equal to one. The resulting phase Z G<f — —) =T 3)
compensated square-root filter is also a Nyquist filter. In the case e —oo T

of a raised-cosine spectrum, the phase compensator has a simple
piecewise-linear form. Such a technique is particularly useful to whereG(f) is known as a Nyquist filter. A particular Nyquist
accommodate two different structures for the receiver, one with fjiter with wide practical applications is thaised-cosindilter
a filter matched to the transmitting filter and one without a
matched filter. Gre(f) =

We also use the phase compensation technique to characterize 1—a
a more general family of Nyquist filters which subsumes raised- [ 7, If] <
cosine spectra. These generalized raised-cosine filters offer more 27,
flexibility in filter design. For instance, the rate of asymptotic o (7T, 1—« 1—« 14+«
decay of the filter impulse response may be increased, or the { 75 cos < 2 <|f| T 9T )); 5T <[fl< oT
residual ISI, introduced by truncation of the impulse response, @ 8 8 8
may be minimized. Design examples are provided to illustrate 0 7] > 1+ a
these choices. ’ 27T,

Index Terms—Data transmission, intersymbol interference, 4)
Nyquist filters, pulse amplitude modulation.

whereq is called theroll-off factor and takes values between
zero and one. The parameterlso represents the normalized

. INTRODUCTION excess bandwidtbccupied by the signal beyond the Nyquist
CONVENTIONAL baseband pulse amplitude modulafrequency 1/75.
tion (PAM) signal can be represented as In practical applications, the overall magnitude response of
oo the Nyquist filter is split evenly between the transmitter and
z(t) = Z ang(t — kT,) (1) receiver. The phase response of the receiving filter compen-
i sates for the transmitting filter phase so that the overall filter

) ) has a linear phase
where a;'s are the transmitted symbols and-) is a real-

valued “Nyquist pulse” which satisfies Nyquist’s first criterion G(f) =Gr(f)Gr(f)
1, fork=0 |Gz ()| =1Gr(f)] = VIG(S)
gUL) = {0, for k = +1, +2, - - - @ LGR(f) = =2nfr0 = LGr(f), (5)

g(-) represents the overall impulse response of the transmittiag-( /) andGr( f) are the transfer functions of the transmitting
filter, receiving filter, and the communication channel. Eacind receiving filters accordingly. The receiving filter in this
transmitted symbok;, can be recovered from the receivedase is matched to the transmitting filter to maximize the
signal z(t), by taking samples of(t) at the time instances signal-to-noise ratio (SNR) at the sampling time instances
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matched filter) is particularly useful to reduce the cost of thHdote that for—1/7; < f < 0 the phase respons#f) is
receiver [2]. There are also new voice-band modems desigristermined using its odd symmetry propepy- f) = —o(f).
for PCM channels where the channel at one end is terminatitice the argument of therccos(-) should be limited to one
to the digital telephone network [3]-[5]. Since there is nm absolute value, there may not be a real solutiongfgf).
access to the filters at the telephone network, the pulse shaping

should be performed entirely at the other end (analog end usg().Square-Root Nyquist Filters

The phase compensation technique, as it will be describe

. . q:or the case of a zero-phase Nyquist filter, we can design a
here, provides a method to perform pulse shaping at one P yq g

. . se compensator for the square-root filter such that the com-
of the channel and, at the same time, stay compatible w

, o nsated square-root filter also satisfies Nyquist’s criterion. To
the other structures where a matched filter is in place at the s onsider the zero-phase Nyquist fil@t /)2

receiver.
In Section I, a general relationship between phase and am- GIOE 4G —1/T\? =T 0< f< 1 11
plitude responses of a bandlimited Nyquist filter is presented. IGAF+IGS =1Ll * s/s T, (11)

We show that a bandlimited zero-phase Nyquist filter Cafhe phase compensated square-root filter is
always be split into two cascaded Nyquist filters matched to

one another. The special case of the square-root raised-cosine Q(f) = Q)| - 2D, (12)
spectrum is investigated. We quantify the SNR degradation ) ]
due to replacing the matched filter by a lowpass filter. ~ "€ phase compensatéf) is chosen such that(f) is

In Section Ill, a bandlimited Nyquist filter with excesgNyquist filter. From (10)6(f) can be expressed in terms of
bandwidth less than or equal to one is characterized by|(é(f)| S
phase compensator. A general family of _Nyquist_filter_s is B A2+ |G(H)? - |G(f — 1T,
introduced which includes the standard raised-cosine filters. 6(f) = arccos 2A1G(f)] )

The square-root of the generalized raised-cosine filter can be
phase compensated to become a Nyquist filter. Some examples 0<f<
of Nyquist filter design are presented.

(13)

S|

where A is a real constant. If we chooské= /I, the phase

[I. EXTENSION OF NYQUIST'S FIRST CRITERION compensator simplifies
The transfer function of a filtez(f) with real impulse |G(F)] 1
responsey(t) can be expressed in terms of its magnitude and 6(f) = arccos < T )v 0</f< T (14)
phase responses ?
; From (11) it is evident thad < |G T, < 1. Therefore,
G(P = |G- e © e on Sl

there is always a real solution fé( f) in (14).

where $(-) is a real-valued odd function and(-)| is a real- The phase compensator can fully characterize the zero-phase
valued function with even symmetry. In our discussion whlyquist filter and the phase compensated square-root filter
assumeG(f) is bandlimited to|f| < 1/7,. We consider the 2 2

relationship betweefZ(f)| and¢(f) such thatF(f) satisfies [GDI” =T, cos™ 8(f) , (15)
Nyquist's first criterion. For a Nyquist filter with normalized G(f) =T, cos 6(f) - /*D. (16)
excess bandwidth less than or equal to one, Nyquist's firﬁ
criterion is written as

|G| - D) +|G(f — 1/T0)| - U —VE) = K,
o< ™

5

E)te that|G(f)|? is to within a scaling factor, the real part
of G(/)

IG(F)]? = VT, Re[G(£)]. (17)

. ) . . B. Phase Compensated Square-Root Raised-Cosine Filter
where K is a real constant. Following Gibby and Smith [6],

we decompose (7) into the real and imaginary parts The standard raised-cosine spectrum as defined in (4) is
zero phase and satisfies Nyquist's criterion. To find the phase

|G(f)] - cos ¢(f) +|G(f — 1/T5)| -cos ¢(f —1/T5) =K compensatof( f), we substitute the square-root of the raised-
(8) cosine spectrum into (14). The resulting phase respéf)seis
IG()] - sin ¢(f) + |G(f — 1/T)| - sin ¢(f — 1/T3) =0. a piecewise-linear function, as shown in Fig. 1 and expressed

below
(9) )
7l l—« 1+« l—«
As shown in [6], one can combine (8) and (9) to exprésh) 900 <—f T T )v for — o7, </f<- o,
in terms of the magnitude response @f /) 1 — o
s (K21 = 16U = 1/T,)P 1= for < 57,
#(f) = arccos
2K|G(f) 7wl l-« l—« 1+«
1 S AT N A R 7
0 S f S (10) \ e 8 s s

T, (18)
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Fig. 1. Piecewise linear phase compensator for square-root raised-cosine
filter. s

Fig. 2. Normalized impulse responses of the square-root raised-cosine filter

with = 1 (dashed line). The phase compensated filter has a delayed impulse
Note that—é(f) can also be used for phase compensatioflsyonse (solid line).

Therefore, for the transmitting and receiving filters, we can use

Gr(H=V1Gr(NeD and Gr(f)=\/[G(Dle D,

which are individually Nyquist filters and matched to ond he zero-phase square-root raised-cosine filter (no phase com-
another. Throughout our discussion here, we assume the tiR&sation) has the following impulse response

delay g, introduced in (5), is zero. A time delay can always t 1\ . t 1

be added to an appropriately truncated filter response to make { IG,,c(f)|} 2\/— SlnC< + Z>Slnc<i - Z)

it causal and physically realizable. (22)
The impulse response of the phase-compensated square-root
raised-cosine filter has a simple closed form The zero-crossings of the impulse response do not occur in
the correct places. Adding the phase respofisg) to the
g(t) :J—“‘l{\/|G,,c(f)|ej9(f)} filter delays the impulse response by a quarter of the sampling

< ; ) _ <at 1) 19) period 7.

sinc sSIMC| — — —

2\/_ L2 .7:71{ |Grc(f)|6jg(f)} =" Sinc<i>sinc<i - 1)

2T, T, T, 2

where 71 is the inverse Fourier transform amthc(z) = (23)

sin(wz)/7xz. The filter impulse response is expressed as a

product of two terms where the first tersimc(t/T}, ), provides  Fig. 2 shows the two impulse responses where both pulses

the regular zero crossings at integer multipleg’ofin general, are normalized byl//T;. Since (f) causes only a pure

adding the phase compensator to the square-root filter chanijee delay, the phase compensation does not change the pulse

the filter-impulse response, and the pulse shape may no longleape. Thus, in the case of full excess bandwidth, with or

be symmetric. without a matched filter at the receiver, one can achieve ISI
Using the inverse Fourier transform of (17), we can shoftee transmission using the square-root full raised-cosine filter

that the impulse response of a standard raised-cosine filtebjsmerely shifting the sampling points at the receiver.

within to a scaling factor the even part gft):

VT,

Gre(t) = 5 (g(t) + g(—1)) Eye pattern diagrams provide a simple and effective way to
measure and visualize the noise immunity of a pulse shaping
T t . at 1 . at 1 .
=— Slnc<—> <smc<— — —) + smc(— + —)) scheme. Using an eye pattern, one can also assess the effect of
4 . 2 errors in the timing phase and the sensitivity to phase jitter [8].
Here, we use the eye pattern diagrams to compare conventional
raised-cosine filters with the phase-compensated square-root
raised-cosine filters.
First consider a raised-cosine filter with = 1; Fig.
C. Special Case: Full Excess Bandwidth 3(a) shows the eye pattern of the pulse shape modulated by

In the case of full excess bandwidth, i.e.= 1, 8(f) is a binary data. At integer multiples of the sampling period, each

linear function over the whole frequency range of the filter transmitted symbol can be recovered without any ISI. Fig.
3(b) shows the eye pattern of a square-root full raised-cosine

o =-"08 forlfl< (21) SsPectrum. Note that the center of the eye in Fig. 3(b) coincides
2 T with peak of the impulse response. For zero ISI, the sampling

D. Eye Pattern Diagram

5

which is consistent with the result given in [7, p. 62].




992 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 47, NO. 7, JULY 1999

15F 5
4 -
Q o
E E
E i
g g
-1.5¢ )
-0.5 0 0.5
time offset (1)
(@
[*]
E £
= =
(=9

g g

-0.5 0 0.5
time offset (T)

time offset (T)

() (b)

Fig. 3. Binary eye patterns for a raised-cosine filter and a square-rqqy 4 Eye patterns (4-level PAM) for a raised-cosine filter and a square-root
raised-cosine filter. (a) Raised-cosine filter with = 1. (b) Square-root raised-cosine filter. (a) Raised-cosine filter with = 1. (b) Square-root
raised-cosine filter withv = 1. raised-cosine filter withy = 1.

points should be shifted by one quarter of sampling timgarn of the modified square-root raised-cosine is not symmetric
However, for the special case of binary data, the center &found the sampling points.

the eye has the widest vertical opening. In fact, in Appendix
A we show that the lower boundaries of the eye pattern stay _
constant, equal to 1 and1 for half of the sampling period E. SNR Degradation

around the center. The boundaries are shown in Fig. 3(b) ast is well known that the use of matched filter at the
dotted lines. Compared to the eye pattern of the conventiongéeiver of an additive white Gaussian noise (AWGN) channel
full raised-cosine filter, the eye pattern of the square-root filtgiaximizes the signal-to-noise ratio at the sampling instants [1].
shows that it is insensitive to sampling phase error overHere, we quantify the SNR degradation due to the use of a
large interval. nonmatched filter at the receiver.

Note however, that the above results are based on the binarassume that the transmitter uses a modified square-root
PAM signaling and do not generalize to a multilevel PAMaised-cosine filter. The received signal is passed through a
signaling. Fig. 4 illustrates the eye patterns of the same filtefiser H(f), and is sampled at integer multiples Bf. Let us
with 4-level input data. To avoid ISI, the sampling pointalso assume the channel adds only white Gaussian noise to
for the square-root raised-cosine filter should be shifted liye transmitted signal. The noise power at the output of the
a quarter of a sampling period. receiving filter is calculated as

As another example, consider the raised-cosine filter with
« = 0.5. Fig. 5 shows the eye diagram for the raised-cosine o
and phase-compensated square-root raised-cosine filters. Due 0% = &/ |H ()| df (24)
to the nonsymmetric impulse response of the filter, the eye pat- 2 Jw
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Equations (26) and (27) show that there will b&talog;,(1+
«) dB loss if the matched filter is replaced by an ideal brick-
wall filter. For instance, foex = 0.5 the loss is 1.76 dB.

I1l. NYQUIST FILTER DESIGN USING PHASE COMPENSATION

In Section Il, we showed how the phase and magnitude
responses of a bandlimited Nyquist filter are related. Here we
derive a sufficient condition for a real-valued odd function
8(f) so that the zero-phase bandlimited filter in (15) and the
phase compensated square-root filter in (16) satisfy Nyquist's
first criterion. Note that the filters are bandlimited |tf] <
1/T. The ISI-free condition for both filters can be expressed
as

VT, cos 8(f) - D) 4 /T, cos 6(f — 1/T,) - 9/ 1)
1

=\/T,, 0<f<_. 28

f< (29)

5

amplitude

Solving for 8(f), we obtain the following condition

O(f)+ 6T, — fl=nrt T, 0<f<

5 T (29)

wheren is an integer. Note that we use the odd symmetry of
6(f) to obtain this result.

amplitude

A. Generalized Raised-Cosine Nyquist Filters

Using the condition developed for the phase compensator
in (29), we introduce a general family of Nyquist filters.
The standard raised-cosine filter for any normalized excess
bandwidth can be regarded as a special case of this family
of filters.

Let us define a real-valued monotonic odd functidf)

time offset (1)

() which satisfies the following conditions
Fig. 5. Binary eye patterns for a raised-cosine filter and a phase compensated
square-root raised-cosine filter. (a) Raised-cosine filter witk= 0.5. (b) V(a:) — V(—a:)

Phase-compensated square-root raised-cosine filterawith(.5.
Viz) =1, x> 1. (30)

where No/2 is the power spectral density of the noise. Th€onsider a real-valued odd functigiif)=—#(— f) defined as

signal power at the sampling instance can be written as v
by 2 1 by
=—-V A Y R — - = >0. (31
W) == <a<f QTS)) . /20 @Y

It can be verified thatp(f) satisfies (29). Therefore, the
following filters satisfy Nyquist's first criterion
where Gr(f) is the transmitting filter. We consider two

oo 2
o? = ‘ /_ Gr(NH(f)df (25)

different receiving filters: Hg(f) =T, cos® ¢(f)
1) a filter-matched to the transmitting filteH (f) = Hooei(f) = VT, cos ¢(f)e®D, (32)
Gr(f); _ . . .
2) a brick-wall filter with a passband regidrf| < (1 + We call Hz(f) a generalized raised-cosine filter. Wi(z) is
o) /2T,. an increasing function for1 < « < 1, Hg(f) corresponds

Using the fact that the transmitting filter is normalized, thi @ low-pass filter with monotonically decreasing spectrum.
SNR after sampling is The phase-compensated square-rootef( ) is denoted by

H.o:(f). The standard raised-cosine filter, defined in (4), is

9 a special case ofiz(f), where
SNR(matched = oA (26)

0 -1, z< -1

; 2 V(a:):{a: -1<z<1 (33)

SNR(brick-wall) = ——. 27 ’ ==
(brick-wall) (14 a)No @7 +1, z>+1.
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The impulse response di:+(f) does not have a closed 1 : : =
form in general. In Appendix B, we show that sl S S A -
: : : S avs
hsqrt(t) :F_I{qurt(f)} 06k . R S ..../ //: ......... 4
1 (¢ Tt oal N AV T 1
= ———smnc| — ) - [ cos - : : :
VI 7T T 02 : Y :
DY : S L
ot [t s mto : :
+ TS /0 cos <§ V(.’E) _ TS .’f) d:L.) (34) oOF- - ....... / .......... ’ n:l 4
_02_ T / ........... I n:2 .
The first term,sinc(t/7), provides regular zero crossings at P R -7 A R =3 | -
integer multiples off;; except at = 0. In the case of conven- ' Y7 ] . oped
tional raised-cosine filter, the impulse response has a closed¥6[ .~ '/“//./ """ ; : I
form as shown in (19). In more general cases, the impulse_og} - .~ PR S n=5 | |
response must be evaluated numerically. Decomposing the Ry o ; ;
impulse response into two terms as shown in (34) facilitates -1 -0.5 0 0.5 1

the numerical evaluation.
The impulse response di;(f), denoted byhq(t), is to
within a scaling factor the even part 6f,.(¢) [see (17)]

Fig. 6. PolynomialsP, (x) to generate the generalized raised-cosine filter.

asymptotically asl/|¢#|>. Using the generalized raised-cosine

ha(t) = @(hsqrt(t) + g (=) spe.ct.rum, we can design filters with higher rates of decay of
2 their impulse responses. We use a family polynomig|éz)
:sinc<i> . <COS <7rta> 4 ot /1 i (ﬁ V($)> to design the generalized raised-cosine spectra of (32) with
T, T, T. Jo 2 higher degrees of continuity
. Tt -1, r<-—1
sin < T x) dx). (35) Vie) = { Pu(r), —1<z<1 (36)
1, z>1

B. Xia’'s Family of Nyquist Filters - ) )
whereV (z) specifies the phase compensator in (31). To satisfy

Xia has pl’esented a famlly of NquIst filters WhiCh, Wlﬂ'bondmon (30)1Pn($) should be an odd function of
or without a matched filter at the receiver, satisfy the I1SI-free

conditions [2]. Each filter in this family is characterized by " 2k

a real-valued continuous functiom(z) which “controls the Po(z) =) ar-w

transfer band of the filters.” We can rewrite the family of k=1

filters presented in [2] in the form of a phase-compensatadhere a;'s are real-valued coefficients and, takes on a
square-root filter, described in (16). In fact, Xia’s Nyquishonzero value. Furthermore, the coefficierig's are de-
filters belong to the family of generalized raised-cosine filtetermined such thal’(z) and its first(n — 1) derivatives

in (32) with o < 1/3. are continuous atr = 41 which results in the following
expression:
IV. DESIGN EXAMPLES @
. . . . . (1 — v 1du
In this section, we provide examples of Nyquist filter N

., n=1,23--. (37)

is important that the transmitting and receiving filters be well

approximated with short impulse responses. From this point

of view, the standard raised-cosine filter is not necessarily thbe first derivative o>, () is a polynomial of degree2¢—2)
best choice for Nyquist filter design. We consider two designith (n—1) repeated roots at = 1 and by symmetry#{—1)
examples. First, a family of Nyquist pulses is designed suckpeated roots at = —1. Since the first derivative oF,(z)
that these pulses have faster asymptotic decay than the raiged no roots in-1 < z < 1 interval, P,(z) is monotonic
cosine filter impulse responses. In the second example, Nyqufstthis interval. Fig. 6 illustrates the first five polynomials
filters are designed such that the intersymbol interference (I9f) this family! The actual polynomialsP,(z) are given
caused by truncation of the transmitting and receiving filteis Table I. Note thatP; (x) generates the standard raised-

design using generalized raised-cosine filters. In practice, it™ " @) =g
/ (1 —u?)»=1du
0

is minimized. cosine filter. Using a Taylor series, we can show that the
generalized raised-cosine spectrum correspondind’ttr)
A. Nyquist Filters with Smoother Spectra has ¢n — 1) continuous derivatives and its impulse response

. ) . : decays asymptotically as/[¢|>"*1.
It is a well-known result that if the amplitude response of a The rate of decay describes only the asymptotic behavior of

filter along with its first(K — 1) derivatives are all continuousthe imoulse response and does not characterize the impulse
but its Kth derivative is discontinuous, the filter impulse P P P

response asymptotically decaysas| <+ [9]. Based on this response for the first few lobes around the center. Fig. 7
result, the impulse response of a raised-cosine filter decaysp, (x) and Ps(x) correspond to examples presented by Xia [2].
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TABLE | 1
COMPARISON OF SEVERAL GENERALIZED RAISED-COSINE FILTERS WITH o = 1 sl
. 0.6
n Pp(x) Decay Eye-width
04r
-3
1 T [£] 1.000 02
2 271 (—2® + 37) It|~5 0.911 0
3 273(32% — 102® + 15z) |e1=7 0.843 -02
04}
4 271(—527 4+ 2125 — 3523 + 357) || 79 0.791
0.6
5 277(352% — 18027 + 37825 — 42023 + 315z)  [t[~1! 0.750 0sl

-1

-0.5 0 0.5

Fig. 8. Inner boundaries of the eye diagram for several generalized
raised-cosine filters witlnw = 1.

B. Nyquist Filters with Reduced ISI Due to Truncation

As shown in Section I, pulse shaping can be split between
the transmitter and the receiver so that the overall response
satisfies Nyquist's first criterion [see (5)]

9(t) = gr(t) * gr(t).

Truncating a Nyquist pulse does not affect its Nyquist zero-
crossing property. However, the convolution of the truncated
responses will in general no longer satisfy Nyquist's first
criterion.

Here we use generalized raised-cosine filters to design
Nyquist filters with minimized ISI due to impulse-response
truncation. To study the effect of truncating the impulse
response of the square-root filter, we consider the following
conditions.

(38)

0.01

0005\ -

L) f : ] .
00051, ‘ : : : * We assume that the compensated square-root generalized
I ; ! : ; : raised-cosine filters are used at the transmitter and the
L ‘ i , ; 5 ‘ ; receiver. In this example we assume the channel is ideal

-0.01
with additive noise.

7

b . . . . .

() « To specify the generalized raised-cosine filter of (32), we
Fig. 7. Impulse responses of generalized raised-cosine filters generated by ; .

Py (z) and P3(«) are compared. (a) The main lobes of the impulse responses. deﬁneV(a:) as follows:
(b) Extended scale view of the tails.

-1, z<—1

V(z)={ P(z), —-1<z<1 39
compares the impulse responses of two generalized raised- (z) {1 () " >_1$ - (39)
cosine filters generated from polynomiats(z) and Ps(x). ’
The excess bandwidth in this case corresponds te 0.5. where P(z) is a polynomial defined as
Fig. 7(a) shows that for the first few lobés.(t)| is larger
than|hy(t)|. As shown in Fig. 7(b), only for the lobes farther /m 2 2

. 1 1

away from the center ia,(t) smaller thanh, (¢). Pla) = 20 (14 pu)(L+ pau) du (40)

Apart from the rate of decay of the filter-impulse response,
there are other issues to be considered. Since timing recovery
at the receiver is not always perfect, we encounter timing phase
jitter. The eye-pattern diagram of a pulse shape can be used
to assess the immunity of the pulse to timing phase jitter.
Using polynomials given in Table |, we design five generalized
raised-cosine filters withv = 1 and normalized sampling

T
/ (14 p1u?)(1 + pou?) du
0

To obtain a monotonic functio® (z), both p; and p.
should be greater than or equal tel. Note that for
D1 p2 = 0, P(x)==z, which generates the phase
compensated standard raised-cosine filter.jroe p, =

period. Fig. 8 shows the inner boundaries of the binary eye
diagrams associated with the impulse responses of these filters.
As we increase the number of continuous derivatives of the
spectrum, the width of the eye diagram decreases (see Table I).

—1, P(z) = Ps(x) as defined in (37).

To calculate samples of the impulse response of the
transmitting and receiving filters, we evaluate (34) nu-
merically. Each impulse response is calculated¥orA/
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TABLE I smaller excess bandwidth have larger ISI due to truncation
NyQuisT FILTER DESIGN TO REDUCE ISI DUE TO TRUNCATION even though they have Iarger truncation Iengths.

Truncation effect
runcabion efocts V. CONCLUDING REMARKS

o P(z) N Minimized - Standard We have shown that any zero-phase bandlimited Nyquist
Dpear Dpeak filter with normalized excess bandwidth can be split into two
010  0.47992° +0.38272% 1 0.1373z 14 0.125 0.216 cascaded Nyquist-matched filters. Each f||te_r consists of the
square-root of the overall response along with a phase com-

0.15  0.31472° +0.42592% + 02594z 10 0.104 0.192 pensator. We have expressed the phase compensator in terms
025  020512° + 0.42602° + 0.2780z 6  0.089 0.194 of the square-root magnltL_Jde response of t_he overall filter.

. . The phase compensation can be applied to the square-
0.50 —0.01052° — 0.17752% + 1.1879z 6  0.015 0.046

root of a standard raised-cosine spectrum. The required phase

075 —0.014525 — 0212923 +1.2967¢ 4 0.011 0.052 response in this case is a simple piecewise linear function. For

standard raised-cosine filter with = 1, the square-root filter

satisfies Nyquist's first criterion, provided an appropriate time
delay is added to the impulse response.

) ] . . . Using the phase-compensation technique, we have extended
points whereM is the up-sampling ratio and/ is the  {he family of raised-cosine filters to a more general family of
number of lobes in each truncated impulse responsgyquist filters. Compared to the standard raised-cosine spec-
Numerical results are presented fof = 20. _trum, the family of generalized raised-cosine filters provides

* The overallimpulse response is determined by convolvingqre flexibility for designing Nyquist filters. As an example,
the impulse responses of the truncated transmitting ) designed a family of Nyquist filters with smoother spectra.
receiving filters. _ The impulse responses of these filters have higher asymptotic

* To measure the ISI caused by truncation, we use the pggkes of decay. We also designed transmitting and receiving

distortion criterion [10] filters such that when we truncate the impulse responses of

1.00  0.01922° + 0.18442> 4+ 0.7964z 4 0.004 0.010

1 N these filters, the overall impulse response has a reduced ISI.
Dpeak = W Z |h(7’LTS)| (41)
n=—N APPENDIX A
n#0 INNER BOUNDARIES OF THE EYE PATTERN
whereh(t) is the overall impulse response. FOR THE SQUARE-ROOT FILTER

Table Il shows the results for several values of normalized To find the lower boundaries of the eye pattern diagram of
excess bandwidthv. In each case, the parameters and the square-root full raised-cosine filter, we first determine the
p2 are found using an optimization procedure to minimizemaximum ISI for a PAM signal. From (1) we obtain

D,eax- The corresponding polynomiaP(z) is given in the 0o

second column of the table. For eaghtwo values 0fDc (1) = agg(T) + Z apg(T —n) (43)
are presented. The “minimize,.,x” value corresponds to n——o0o

the filter generated by’(z) and the “standard,...” value n#0

corresponds to the filter generated bYz) = =, which is a wherer is the time offset relative to the sampling instances
phase compensated square-root of the standard raised-cosifie The second term in this equation is due to ISI. In the
filter. In all cases the optimized filters produce less ISI due tase of binary PAM signal witl; = +1, the maximum ISI

truncation of the impulse responses. for a Nyquist pulse is calculated as

To calculate probabilities of error, we assume a white 00
Gaussian additive noise corrupts the transmitted signal. An D(r) = Z lg(T — n)|. (44)
upper bound for probability of error for binary data can be e oo
found in terms ofDpeax [10] n#0

Therefore, the eye-pattern boundaries are
P _Q<1_Dpeak> (42)
e o lower boundaries= +(g(7) — D(7))

where o is the standard deviation of the noise af)fx) = upper boundaries= +(g(r) + D(r)). (45)

(1/V2m) [° e=t"/2 gt. For example, consider the second row Substituting (22) into (44), we obtain
of Table II. If the probability of error with zero ISI{pe. =0

for N = 00) is 107¢, then with Do = 0.104, the worst case  g(7) — D(7) = cos(2n7) — cos(2r7)

bound for the probability of error i€, = 1.02 x 10=°. For 47r(;+ 1/4)(r = 1/4) am

Dpear. = 0.192, we obtainP. = 6.13 x 1075, S 1 .
Table Il also shows that for smaller valuesaaftruncating = (T+n+1/4)(1/d—7 —n)

the filter-impulse response causes a larger distortion. Com- n#0

paring different rows of the table, we notice that filters with (46)
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For |7| < 1/4, the above expression simplifies to simplify the third integral in (50) to
(14)/2T,
9(r) = D(r) T / cos(2¢(f) + 2n ft) df
cos(2n7) Z 1 (1—a)/2T,
- T T ? 1
e R AT =17 =5 [y -2 2
for |r| < % (47) ~1 . s 5
. 7t " T Tt
= « sin <i> /0 cos <§ Viz) — T a:) dz. (52)
Consider the following identity:
Combining (51) and (52), we obtain the result as given in (34).
> 1 —4r
(48) REFERENCES

g_:oo (z+k+1/4)(z+k—1/4)  cos(2rz)
[1]

Therefore, the lower boundaries of the eye pattern are

(3]

+(g(r) - D(r)) =+1, for|r| <. (49)

(4]
(5]

APPENDIX B
THE IMPULSE RESPONSE OFH st ( f)

To obtain the impulse response given in (34), we note thgs)
Howi(f), as defined in (32), has Hermitian symmetry. The
inverse Fourier transform of/ 7, Hyq(f) can be written as  [7]

(8]

(9]
[20]

Fﬁl{\/iqurt(f)}
(1—a)/2T,
=27, / cos(2w ft) df
0

(14+a)/2T.,
o, |
(1—)/2T,

cos(¢(f)) - cos($(f) + 2n f1) df

(1—a)/2T;
= 2T, / cos(2x ft) df
0

(14-a) /2T,
° /
(

1—a)/2T,

(1+a)/2T,
-
(1—a)/2T,

cos(2w ft) df

cos(2¢(f) + 2w ft) df (50)
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