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Abstract

We address the problem of automatically con-
structing basis functions for linear approxima-
tion of the value function of a Markov Decision
Process (MDP). Our work builds on results by
Bertsekas and Cagtan (1989) who proposed a
method for automatically aggregating states to
speed up value iteration. We propose to use
neighborhood component analysis (Goldberger
et al., 2005), a dimensionality reduction tech-
nique created for supervised learning, in order
to map a high-dimensional state space to a low-
dimensional space, based on the Bellman error,

CMAC:s or radial basis functions, represent the value of a
state as a linear combination of basis functions (see Sutton
& Barto, Chapter 8). The parameters of the combination
are usually learned from data, but in most of the work to
date, the basis functions are specified by the designer of the
system. However, the process of designing a function ap-
proximator for a given task can be quite difficult and time-
consuming. Moreover, even with careful engineering, con-
tinuous problems with more than 10-12 dimensions cannot
be handled by current techniques (Munos & Moore, 2002).
Recently, a significant amount of work has been devoted to
constructing bases for value functions automatically, e.g.,
(Mahadevan, 2005; Mannor et al., 2005; Ratitch & Precup,

2004; Smart, 2004; Ziv & Shimkin, 2005). We review this
literature in Sec. 7. While these methods look very promis-
ing, there is no empirical or theoretical evidence to date of
their efficiency in large problems.

or on the temporal difference (TD) error. We then
place basis function in the lower-dimensional
space. These are added as new features for the
linear function approximator. This approach is
applied to a high-dimensional inventory control

In this paper, we propose a different approach for con-
problem.

structing basis functions automatically. Like Bertsekas and
Castdion (1989), we repeatedly project the state space onto
1. Introduction a lower dimensional space. We use neighborhood com-

Markov Decision Processes (MDPs) are a standard framg2onent analysis (NCA) (Goldberger et al., 2005) to pro-
work for addressing the problem of planning and learningducé @ mapping to a low dimensional Euclidean space,
under uncertainty. Many methods for finding an optimal@nd aggregate states in this space to define additional ba-
policy rely on computing value functions (see, e.g., SuttorsiS functions. Once the basis functions are constructed, the
&Barto, 1998), which associate long-term utilities to statesfUnction approximator is trained as usual, e.g., using least-
of the process. In environments with large discrete statquares temporal difference learning (Boyan, 2002). We
space, or with continuous state spaces, function approxp.rov_lde a motivation for this algorithm in terms of a reduc-
mation methods must be used to represent value function§on in the Bellman error, and show promising results on a
Much of the work currently carried out in reinforcement high-dimensional inventory control problem.
learning relies on linear function approximators (Tsitsiklis .
& Van Roy, 1997; Tadic, 2001). Such approximators, e.g.,2- Background and notation

An MDP is a tuple(s,4,?,R) whereS is the space of
Appearing inProceedings of the 23 International Conference on possible states of the environmert,is a set of actions

Machine LearningPittsburgh, PA, 2006. Copyright 2006 by the 5yailable to the agen® : S x 4 x S — [0,1] defines a con-
author(s)/owner(s).
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ditional probability distribution over state transitions given The algorithm estimates approximations for the reward
an action, and® : $ x 4 — R is a reward function as- vectorRand the matrix —yP based on sample trajectories.
signing immediate rewards to actions. A stationary policyln the version with no eligibility traces, used here, on every
T: $ x 4 — [0,1] defines the probability of selecting each time stept, these approximations are incrementedryy
action in each state. The objective is to find a policy maxi-and@ (@ —y@.1) " (outer product) respectively, whemes
mizing the value function the reward at time stepand@, @1 are the feature vectors

at time stepgs andt + 1. LSTD converges in the limit to the
same parameters as the incremental TD algorithm (Sutton,
1988) but does not require a learning rate, and makes more
efficient use of data samples at the expense of increased
wheres anda; are the state and action at tirh@espec- complexity per iteration.

tively,y€ (0,1) is a discount factor, and actions are selecte
according to the policyt

VT(s) = En

;V‘R(s,at)lsOS] ,

dThe policy evaluation algorithm presented in this paper is
comprised of the following generic stages:

A standard approach to finding the optimal value function

is policy iteration (Bertsekas, 2005). In policy iteration, a 1. compute an approximation of the value function;
policy T is fixed and the corresponding value functii

is computed; the resulting estimate is used to improve the
policy, and the process is repeated. In this paper, we focus3. learn a mapping from the states space to a low-
on the policy evaluation step. dimensional Euclidean space based on the Bellman
error estimates;

2. estimate the Bellman error for a sample of the states;

We assume a large but finite state spacdience, the ex-
pected immediate reward under politgan be represented 4. aggregate states in this low-dimensional space to con-
as a vectoR € RII, and the transition probabilities under struct additional basis functions.

T can be represented as a mafix RI$I*IS|. Note thatR

andP depend orrt, ® and?. Value functions can also be We use LSTD for the first step. Step 2 can be accomplished
represented as vectdrse RIS/, using a model of the MDP or data samples. For step 3, we
rely on NCA, which is discussed in Section 4. The aggre-

gation step is accomplished using simple discretizations.
Section 3 describes the motivation for our approach.

For any given policyr, the value functiotv™ is the unique
solution to the Bellman equations:

VT'=R+yPV™ 1) . . . .
3. Automatically selecting basis functions

Successive approximations 9f' can be obtained by re- through adaptive state aggregation

peatedly applying the Beliman backup operator We are interested in finding automatically a good feature
matrix ®. To do this, we will leverage ideas proposed by
Bertsekas and Cagtan (1989) in the context of state ag-
gregation for the purpose of speeding up policy evaluation.
In state aggregation, the state space is partitionedrnmto
éjisjoint groups. Unlike us, Bertsekas and Chetaassume

nat the state space is small enough to afford a tabular rep-
resentation of the value function.

Vi =T (v LR yPVE, 2)
Often the matriceRandP are not known but sample trajec-
tories(so,ro,S1,r1,- - -, St,IT) consisting of the sequence of
states and rewards observed when following a policy ar
available. In this case one can estimate the model param
tersR, P and apply the method just described.
The value function estimad is stored as a vector of size
|S]. but applications of the Bellman backup operator (2) are
interleaved with aggregation iterations of the form

For large or continuous state spac¥§,cannot be repre-
sented explicitly, so instead it must be approximated. The
oretical results (Tsitsiklis & Van Roy, 1997; Tadic, 2001)
show that some convergence guarantees can still be ob- vk — vk py

tained for linear function approximators. In this case, the ) _ _

value function approximation has the fokin= ®0, where ~ WhereWis an|S| x maggregation matrix, such thig; = 1

®is alS| x mmatrix in which each row contains the feature if Statei is assigned to groupor 0 otherwise. The low-rank
vector for a particular state, ais a vector ofm param- correct|.onliy is computgd as the solution to a small pohcyl
eters. Typically it is desirable to have < |S|. Usually, ~€valuation problem defined on an aggregate Markov chain
only @ is assumed to be given, and the learning algorithmVith transition probabilities and rewards

adjustso. In this paper, we will be _using the Iegst-squares Py = qﬁpq}’

temporal difference learning algorithm (LSTD) introduced + K p

by Bradtke & Barto (1996) and extended by Boyan (2002). Ra=WH(T(VF) =V5),
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whereW! = (WTW)~1WT s the pseudoinverse of the ag- We can update the approximatignas
gregation matrix. In other wordsa € R™™ contains

the group-to-group transition probabilities, and the rewards VKL = VG py = ofok + wy
Ra € R™ represent the average Bellman residuals for the ‘ ) ke [0
states in each group. Thea-dimensional vectoy is ob- = [q; LP] y = vl

tained, analogously to (1), as the solutioryte Ra + yPay:
We have increased the size of the feature ma®iby
addingm new state features. The new parameters could be

set okt = [k y]T. However, since we will use LSTD
(which converges only to an approximation of the optimal

. parameters, using sample trajectories) we will recompute
Bertsekas and Cagtan show that the Bellman error after 841 in our experiments.

an aggregation iteration is described by a sum of two terms:
Unlike in adaptive state aggregation, wertt use the ag-
gregation matrix directly to compute updates to our value
TV -V =B + B function approximation. (If such updates could be repre-
Er=(1— n)(T(Vk) ka) (4) sented by our current features, they would not be neces-
E, —v(l — sary.) Instead, we use an aggregation matrix to define new
2 =Y(I —M)PWy : . :
features for the linear approximator. The resulting approx-
imator isnot a state aggregator. In fact, the method can be

where the matrix1 = WTWT is an orthogonal projection applied regardless of the nature of the other features used.

it i i 2 _ . . . -
onto the ran%? o (itis symmetric and1° =T1.) Infact,  Ag in dynamic programming, we focus on finding an ag-
foranyx e R, (NMx)s is the mean value of the elements of 4 e4ation matrix which minimizes the error tea. We
xin states_s aggregate group. Then the first error tefEm propose a method similar in spirit to that of Bertsekas
is the prOJe_ct|on of the Bel_lman errors onto the nullspace; 4 Castiion, but which provides an aggregation matrix
of ¥, and itss-th element is the Bellman error at st&e ¢ js easy to represent in a compact form for large state
minus the mean Bellman error in stateaggregate group.  gnaces. To do this, we need to relax the strict bound on
A careful choice of¥ can bounkd thekcontrlbutlpn &1 in the within-group differences in Bellman errors, required in
terms of the Bellman errdT (V') — V) at iterationk. their algorithm. This is necessary in our case: usingithe

Indeed, Bertsekas and Cata propose to divide the range Pseudonorm is inappropriate because we may only have a
of Bellman errors at iteratiok into m equally sized inter- sampling of the Bellman residuals for a large state space,
vals of lengthF (T(V¥) —VK)/m, with F(x) = (maxxs — and so we cannot guarantee that all errors in a group will
minsxs), and group the states with errors in each intervaLfa" within a given interval. MOTEOVG’!’, the criterion used to
This is shown to provide a reduction in the first term by judge the quality of an approximatidhis not generally the

a factor of at least Zmin terms of theF pseudonorm de- Sup-norm, but a squared-error type norm, or the errors en-
fined above. The second tei®a depends on how well the countered along trajectories. In this work we will attempt
aggregation¥ preserves the action of the transition matrix to choose¥ such thaf|Ex[|2/||T (V) —V¥| 2 is small. Ide-

P, and is shown to be small for certain interesting classes odlly, we would like the new basis functions to represent the
transition matrices. The algorithm just mentioned ensure®ellman error exactly, bringing this quantity to 0, but this
convergence in genera| despite any error introduceﬂi)y would require a compact representation of the Bellman er-
by interleaving applications of the Bellman operator with ror over all states.

the aggregation steps.

y= (I —yPa) *Ra. 3

4. Neighborhood component analysis

Unfortunately, this approgch gannot be 'd|rectly applledWe need a method for producing new basis functions. Sup-
when the value function is being approximated, because

(a) the corrected value function may not be representabIE;;?V;TSQ?S;?O?S iC?Rgr? "y\/:/eep\;iﬁet?stgd;wgzgsg rtliaoln
by the approximator; (b) it is not possible to efficiently rep- ' P

resent the aggregation matkkin general; and (c) the Bell- OT NCA, a mgthod o.r|g!nally mtendeq for compuypg a
- distance metric to optimize nearest-neighbor classification
man error at each state cannot be computed efficiently.

performance (Goldberger et al., 2005). NCA is designed
Instead, we assume a linear value function approximatiotio learn weighted distance metrics between points R",

and aim to improve the feature matdx Suppose that we D(x,y) = (x—y) ' Q(x—Y), whereQ is a matrix giving the
somehow got an aggregation matsix(for which the error ~ weights for every dimension. NCA searches for a matrix
termE; is small). The rows of this matrix provide features Q of the formA" A whereA is restricted to be ifR4*" for
able to represent a significant portion of the Bellman errord < n. In this case, the distance metric can be re-written
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as: 4.2. NCA implementation

D(x,y) = (x—y) 'ATA(X—y) = (Ax— Ay) " (Ax— Ay). In our implementation, we use delta-bar-delta (Jacobs,
. . ) n d 1988) with (6) to findA, though the conjugate-gradient
HenceAis in fact a linear transformation fro" to RY, ethod generally yielded similar results and required

and classification can take place in this lower dimensiona, oughly the same number of gradient evaluations. We note
space using the Euclidean norm. This reduces CompUt’:‘lhatgradient evaluations are fairly costly.

tional and storage requirements and provides an effective
dimensionality reduction algorithm. The objective gives preference to matrices with large el-

We ad h hni - iahb ements, since these increase the distances between points
€ ac apt the technique to optimize nearest-_ne|g OF '€nd thus strengthen the assignment to the single nearest
gression performance, and compute a mapping from th

q X ﬁeighbor for each point. To counter this effect and ensure
state space to R? for a smalld, using a sample of the

: : , convergence a regularization term, the squared Frobenius
state space with Bellman residuals estimates as labels. Trﬁ%rm of A, is added to the objective, giving

learned transformation maps states with similar Bellman

errors close together. We exploit this local property to pro- 9(A) = f(A)+Np|All,
duce a partition of the state space with small within-group og of
differences in Bellman residuals. A AT 2NpA, ™

with p some small value (e.gp,= 10-°) which can be used
to control the norm of the resulting matrix, aNdhe num-
NCA assumes a stochastic nearest neighbor approximatéer of sample points used to compute the gradient.
(classifier, in the original context) where a query po§nt
R" is associated with a poing with probability

4.1. Regression objective

The computation of (6) takes time quadratic in the number
of points used. Hence, in our computations we use only a
2 sample of all the available points, selected uniformly. This
exp(— | A% — Axj | ) . - .
b = pi =0 ) could potentially be problematic if the points are not well
N S exp(— 1A% — AXk||2) ’ T distributed accross the state space, but we have not encoun-
tered such problems in our experiments.

At query time, a neighbor of the point is chosen ran-
domly according to the above probabilities and its lagel
is returned.

To facilitate parameter selection and improve accuracy, the
following refinements are made: all points and labels are
normalized to thd0, 1] interval, the mean squared error is
The expected squared error for a query pajns$ given by  used instead of the sum squared error, and the distance to
2 the nearest neighbor is subtracted from all distances used
& = ; Pij (¥i =¥i)% for the computation ofy; in (5) to avoid underflow.

and the leave-one-out crossvalidation error is given by 5. The algorithm
FIA) =S & = (Vi — v Note that an aggregation matrik (as defined in Sec. 3)
) ,Z ' Z Z Pii (Y3 = %) can be viewed as a projection from the state space to an

. o . , . mdimensional feature space. We use NCA to find a trans-
We wish to minimize this quantity over the set of possi- ¢\ ~kion A - RN _, RY from the state space to a low-

i _ AT dxn i _ i - i . .
ble ;netI’I.CS{Q|Q =A A%Ahe R } For an approXima-  4imensional Euclidean space. Here, we define basis func-
tor, f(A) is a measure of the training error. tions mapping points iikY to the feature spade™. Com-

The gradient off with respect taAis given by (takingg; =  Posing the two mappings yieldg.
X —Xj andyij =i —Yj) The input points for NCA are states and the labels are Bell-
of man error estimates. Hence, a discretizatiofRthtends
A —ZAZZ pijyizj (xijxﬂ — Z pikxikxi) to minimize the difference in errors between aggregated
] states, since "nearby” states will fall in the same cell. This

- Pl in turn tends to minimize the error ter\ from (4).
=2AN | &) PikXikXik — » BijYiiXijXii
IZ 'Zp'k ik Zp., A The algorithm for approximate policy evaluation which
T constructs basis functions automatically is shown in Algo-
=2A% > (3 -¥5) (piJ'XiJXij) : (6)  rithm 1. The function NCA{s},{a},d) learns a transfor-
T

mationA € RY*" using the statefs;} as data points and the
The last expression (6) affords the most efficient computaBellman error estimatels } as labels, as described in Sec-
tion. tion 4. The function 8LECTFEATURES({s},{a},A,m)
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Algorithm 1 Policy evaluation
Given
the dimensionality to be used in each projection

resented by a single such aggregation matrix, since subse-
guent applications of NCA on the recomputed Bellman er-
rors will yield different projections and discretizations. Itis

the number of features (basis functions) to be added imot necessary that the new featu#gven be an aggrega-

each iterationm
the desired number of iteratioks and
a trajectory(sp,ro,S1,r1,---,Sr,rT) . (Or a set of
trajectories)
PO — T
80— LSTD ({s}.{ri},®°)
VO — g0
for k=1,2,...,K do
Estimate the Bellman residuals
& ~ R(S) +Y¥scs P Va1 - V&
A—NCA({s},{a}.d)
W — SELECTFEATURES({s},{&},A,m)
ok — [k Y
8 — LSTD ({s},{r}, ®")
VK — pkgk
end for
return VK

returns a set of (at mosat) features in the low-dimensional
image space oA (possibly computed based on the state-
reward trajectory), and LSTE{s},{r},®*) uses the

tion. The analysis resulting in (4) holds for a#ysuch that
yin (3) exists. For instance, radial basis functions could be
defined inR? and used instead of aggregation.

6. Experimental results

In order to test our algorithm, we use an inventory con-
trol problem. The goal is to maintain an inventory of prod-
ucts such as to minimize a cost function. Typically, stor-
age costs are associated with different items. If only one
product is considered, the problem has an easy closed-form
solution. However, for two or more goods, a closed-form
optimal solution is not known. Even though the problem
looks simple, correlations between the demands for differ-
ent products can cause difficulties both for finding theo-
retical solutions, as well as for solving such problems in
practice.

The version of the problem we use here is a direct extension
of the problem described in (Bertsekas, 2005). We will
use similar notation for consistency. We assume that there
arel groups of products, each containihggoods. The
goods in each group have correlated demand. Hence, one
can think ofl as being the “intrinsic” dimensionality of the
problem. For each groupof products, there is a stochastic

LSTD(0) algorithm to estimate parameters for the "”eardemand/vi at each time step, drawn independently from a

function approximator with featuresX.

Initially, a single feature which is 1 everywhere is defined

multinomial distribution over{0,1,2,3,4}. The demand
wij for productj of groupi is then drawn from a normal

and LSTD is used to compute the parameters of the apdistribution centered ati: wij ~ A\((w,0?), whered is a

proximator. On every iteration the Bellman residugds}
are estimated for each state in the sample trajectory. |
general the model parametd?sandR are not be available

parameter controlling the correlation between products.

We denote bys j the inventory of thej-th good in group
i. The state representation consists of thiés@vento-

so the residuals can only be approximated based on an aggs along withh additional dimensions consisting of pure

proximate model, or on sampled data. The accuracy of thﬁoisezij ~ A((0,1)
In ’
the results presented below, we use approximate Bellman

estimates is not crucial since NCA is robust to noise.

S=[S11,512,---,S11 ---81,82,---,Sh, 211, -, Zh] -

errors, but using TD errors gives very similar results. The

NCA algorithm is used to compute a transformation t0 aThe noise dimensions are intended to increase the difficulty
low-dimensional space in which new basis functions ar&sf identifying the underlying dimensions of the problem, in

defined. These are then appended to the feature matri
and LSTD is repeated to obtain a new approximatién

%ddition to the within-group variance. We expect NCA to
learn to ignore this part of the state representation. The ac-

. . B . Ih . .
The effectiveness of the algorithm results from the com-tions are defined as a vectoe R™ specifying the amount

bination of the mappingA and the choice of features in
the low-dimensional space. In our experiments we choos
d = 2 and SLECTFEATURES simply discretizes the pro-
jection of the state space oni? into up tom aggregated

ordered of each good.

@ve denote such a problem IQPh, o). Note that it is easy
to scale up the problem to many dimensions, and also to
control the amount of noise. Lat, u; andw € R'" denote

states and returns the aggregation matrix (efficiently reprethe state, action and demand at time stefThe state is

sented by the transformatighand a 2-dimensional grid).

updated according to:

A heuristic is used to greedily construct a discretization

with “square” cells. Repeated iterations allow a good ap-

proximation to the value function even if it cannot be rep-

_ |:SI+UI_WI
S+1=
Zi1

|
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ICP (d=2): Value function (225—cell grid, ideal transform) Grid #1 Grid #2
1050 © |
12 0 - :‘4
10 1000 : - .
g‘ 10 LI} T RSAT
£ g 950 #23 .
g LIPS WY
£ 900
~ 6 -20
Q 1 R 4
>
S 4 850
g -30 | e85
22 800 15 o Sl SR A TalTs
g = :*':?,:i..... s 4L
o 750 1. o 40
-5 0 5 -2 0 2 4 6
K 0 _— | T
-4 650 -100 -50 0 50 100
-4 -2 0 2 4 6 8 10 122 Figure 2. Bellman residual and discretizations obtained for

Product group 1 inventory

Figure 1. Value function estimate for the inventory control prob-
lem with two product groups, ICP(2,4,0).

ICP(2,4,0) on the first two iterations of the algorithm projecting to
2 dimensions and using 30 basis functions. The color indicates
the magnitude of the Bellman residual and the cells indicate the
where theij-th element ofg is the mean inventory of all discretization.

the products in theth group at step, andz .1 is the vector e can estimate a value function for comparison purposes
containing the independently sampled noise variables. Regsing a fine discretization, and we can plot it along the two
placing the inventories with the group means ensures thahstrinsic dimensions for the purpose of visualizing what

they remain correlated within a group regardless of the polgyr algorithm does. The estimated value function is shown
icy without requiring resets, and thus facilitates the choicen Figure 1.

of a policy to evaluate. Note that the demandis not ) o . ] ]
included in the state, as it is unknown to the agent; it is in-Figure 2 shows the projections obtained in the two first

terpreted as the stochastic effect of the environment. Th&eps of the algorithm for this problem. On the first iter-
cost function is given by ation, the goal of minimizing the variance in Bellman error

within each group is clearly achieved. Since the intrinsic

R(S, U, S+1) = c;quireut + ChortMax(0, —§+1) + dimensionality of the problem is only two, essentially the
CLoreMax(0,s.:1) same mapping is 'ob'talned on the .seco'nd |'terat|on. Note
store AL that the aspect ratio in the second iteration is 5 : 1 versus
where Caquire = [1, 17“.71]T is the cost of aquiring inven- 2:_1 on the first itere_ltion. This is because NCA st_retches the
points along the axis of greatest local variations in Bellman

tory, =[4,4,...,4]" is the cost associated with a unit L .
hthShO” 14, ’_’2]2 T isth ; ated with €TO"S: The regularization term of (7) prevents all points
shortage andsiore=[2,2,...,2] ' is the cost associated wi from being mapped to a line.

storing one unit of each product. Of course, to make an in-
teresting control problem, one would use different costs fofFigure 3 shows the successive value-function approxima-
different products. However, since here we are evaluating #ons when using much coarser 6-cell discretizations in-
fixed policy, this simple cost structure is sufficient. We usestead. Note that the shape of the value function mimics
the policy: the smooth estimate of Figure 1. Roughly equivalent pro-
uij = Ewi] +0.1(M; —s;j), jections up to rotation are obtained on each iteration since
there are only two intrinsic dimensions, which can be per-
fectly identified by a linear mapping. The accuracy im-
proves in each iteration because the successive grids ob-
In all the experiments we use one trajectory through theained are randomly rotated.
state space, of 5000 time steps. The discount factor i
y=0.9. The regularization constaptfor NCA is set to

whereM,; is the target inventory for thieth set of products.
We letM; = 2 Vi.

Th order to assess numerically the quality of the solution

10-5, We useN — 200 sample points for each gradient obtalne_d, we plotted the mean absolute_BeIIman error as
a function of the number of basis functions created for

evaluation and we run 8QO |terr_:1t|ons of delta—bar-del_ta, Wltl'}wo instances of the problems, ICP(2,4.0) and ICP(2,4,2)
parameters 0.1 for the linear increase of the learning rat o ey ) . .
. =2~ (Wwhich is noisier, sinces = 2). The results, depicted in

0.75 for the averaging constant and 0.5 for the multiplica-_. . .
. Figure 4 are averaged over 20 independent runs. The solid
tive decrease. . . .

lines represent the results of our algorithm, while the dot-
In the first set of experiments we use an ICP problem withted lines are the results when we just use random projec-
two groups of products, each containing 4 products withtions onto a two-dimensional space. We note that random
correlated demand. When the standard deviatioa O,  projections can actually be quite useful as a dimensionality
this amounts to a problem over two state variables. Henceeduction technique, and some recent papers (Fradkin &
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Iter 1 Iter 2 Iter 6

intrinsic dimensionality of the state space; instead, we still
project to two dimensions, and use 6-cell or 30-cell uniform
discretization to create basis functions. Thus, unlike in Fig-
ures 2 and 3, we obtain different projections on successive
iterations. This is especially noticeable with the finer 30-
cell grids. The first two projections (resulting in 60 basis
ter 15 ter 24 ter 37 functions) provide the largest improvement: they are es-
sentially identifying the four intrinsic dimensions, two at
a time. After two more projections (120 bases), little fur-
ther improvement is seen. With the coarser 6-cell grids,
the improvement due to each new projection is smaller, but
this setting may be preferable if many different projections
are needed to identify the underlying structure of the state
Figure 3. Successive  value function approximations for space (due to the quality of the projections, or the complex-
ICP(2,4,0) with only 6 basis functions added per iteration.ty of the state space). We note that our approach is signif-
The estimate approaches the higher-resolution estimate frorﬂ:antly better than random projections throughout. (The
Figure 1. _ _ _ error bars are computed over 6 and 39 independent runs for
ICP: 2x4 coorelated var. + 8 noise vars, 6—cell grid . .
22 the 6- and 30-cell algorithms respectively.) As expected,
\ NCA ] the higher the noise, the worse the performance of both al-
o = = = 'Random gorithms. However, the NCA algorithm still obtains a good
'\ NCA, noisy ] solution, whereas the random projections curve shoots off
~ T T~ ' Random, noisy J4 the graph. The degradation of the performance of random
projections is due to the fact that the projections are not
ignoring the pure noise dimensions, in addition to the sub-
optimal identification of the "real” dimensions. Note that
while the algorithm using NCA projections stops improv-
ing after~ 100 basis functions, the random projection al-
gorithm continues to achieve an improvement. Presumably
‘ ‘ ‘ ‘ both algorithms would achieve similar asymtoptic perfor-
0 50 100 150 200 250 mance, but optimizing the projection significantly reduces

Num. basis functions the total number of basis functions needed.
Figure 4. Bellman error after each iteration for ICP(2,4,0) and

ICP(2,4,2) with 6-cell discretizations. For the dotted plots, ran-7. Related work
dom projections were used in place of NCA projections.
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In the last couple of years, much work has been devoted

Madigan, 2003) have argued that they achieve good perfot0 the topic of constructing basis functions automatically.
mance both for density estimation and for supervised learnI he methods proposed by Smart (2004) and Ratich & Pre-
ing, while being very cheap to compute. We observe indee§Up (2004) are essentially heuristics that attempt to exploit
that, as the number of basis functions increases, the errdéf€ intuition that trajectories taken by the system may lie
obtained using random projections approaches the qualit§long a low-dimensional manifold. Mannor et al. (2005)
obtained with our algorithm. With few coarse basis func-Propose to adapt both the basis functions and the parame-
tions both approaches are also comparable. However, olirs vector simultaneously, using either gradient descent or
method shows an advantage when using a reasonable nuffi€ cross-entropy method. In this case, though, the result-

ber of basis functions, regardless of the amount of noise. ing approximator cannot be considered linear anymore. Ziv
& Shimkin (2005) adapt multigrid methods used in solving

In a second set of experiments, we looked at problems witljitrerential equations, in order to obtain a hierarchy of basis
4 sets of goods, each containing 4 products with correlateg,nctions at different (but fixed) resolutions. Mahadevan

demand. The 16 addltllonal random noise varlablgs P“(‘onos) analyzes the graph of connectivity between states
the number of state variables to 32. However, the intrinsiGy, order to determine a set of basis functions sufficient to
dimensionality of the problem is 4. Figure 5 shows theepresent any value function (called proto-value functions).
average Bellman errors for three instances witt 0, 2 a|| of these approaches are quite different in flavor from

and 5 respectively. The dashed lines represent the megpai we propose here. However, the connection to proto-

error achieved using a fine discretization of the intrinsicy51ye functions will be investigated further in the future.
state space on the same problem instances.

Note that in these experiments, we do not project onto the
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ICP: 4x4 correlated vars + 16 noise, 6-cell grids, 6 runs ICP: 4x4 correlated vars + 16 noise, 30-cell grid, 39 runs
32 P ’T NCA Random= = =
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Figure 5. Bellman error after each iteration for ICP (4 for different values ofo. Six and thirty basis functions are added for each
projection on the left and right respectively. Results are averaged over 6 and 39 independent runs respectively.

8. Conclusions and future work Goldberger , J., Roweis, S., Hinton, G., & Salakhutdinov,

The discussion in Section 3 suggests the possiblity of find- R- (2005). Neighbourhood components analysis. In
ing post hodbounds on the Bellman error, i.e., of bounding  NIPS 17 513-520.

the Bellman error in terms of the sampled residuals in som&acobs, R. A. (1988). Increased rates of convergence
norm. This could potentially provide a stopping criterion through learning rate adaptatiorNeural Networks1,
which ensures a desired accuracy in the value function ap- 295-307.

proximation. Mahadevan, S. (2005). Samuel meets Amarel: Automating

The effectiveness of the algorithm depends on the quality value function approximation using global state space
of the projection to the intermediate space, as suggested analysis. InProceedings of AAAI

by the superiority of NCA over random projections, and Mannor, S., Menache, I., & Shimkin, N. (2005). Basis
on the basis functions placed in the low dimensional space. function adaptation in temporal difference reinforcement
Other methods for finding (possibly non-linear) projections learning.Annals of Operations ReseardB4, 215-238.
and for automatically placing basis functions in the low-

dimensional space should be explored. The experimenignos, R., & Moore, A. (2002). Variable resolution dis-

show that the algorithm is capable of combining sets of fea- yatization in optimal control. Machine Learning 49,
tures to identify the underlying dimensions of the problem. 591_323.

This shows promise for its application to problems with _ . .
more complex structure, even though we are using only Iin-Rat't.Ch’ B., & P_recup, D. (2004). Sparse d'St”bUted. mem-
ories for on-line value-based reinforcement learning. In

ear transformations. .
Proceedings of ECML
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