Online Learning with Variable Stage Duration

Shie Mannor! and Nahum Shimkin?

! Department of Electrical and Computer Engingeering
McGill University, Québec H3A-2A7
shie@ece.mcgill.ca
2 Department of Electrical Engineering
Technion, Israel Institute of Technology
Haifa 32000, Israel
shimkin@ee.technion.ac.il

Abstract. We consider online learning in repeated decision problems,
within the framework of a repeated game against an arbitrary opponent.
For repeated matrix games, well known results establish the existence
of no-regret strategies; such strategies secure a long-term average payoff
that comes close to the maximal payoff that could be obtained, in hind-
sight, by playing any fixed action against the observed actions of the
opponent. In the present paper we consider the extended model where
the duration of each stage of the game may depend on the actions of
both players, while the performance measure of interest is the average
payoff per unit time. We start the analysis of online learning in repeated
games with variable stage duration by showing that no-regret strategies,
in the above sense, do not exist in general. Consequently, we consider two
classes of adaptive strategies, one based on Blackwell’s approachability
theorem and the other on calibrated forecasts, and examine their per-
formance guarantees. In either case we show that the long-term average
payoff is higher than a certain function of the empirical distribution of
the opponent’s actions, and in particular is strictly higher than the min-
imax value of the repeated game whenever that empirical distribution
deviates from a minimax strategy in the stage game.

1 Introduction

Consider a repeated game from the viewpoint of a specific player, say player
1, who faces an arbitrary opponent, say player 2. The opponent is arbitrary in
the sense that player 1 has no prediction, statistical or strategic, regarding the
opponent’s choice of actions. Such an opponent can represent the combined effect
of several other players, as well as arbitrary-varying elements of Nature’s state.
The questions that arise naturally are how should player 1 act in this situation,
and what performance guarantees can he secure against an arbitrary opponent.

This problem was considered by [12], in the context of repeated matrix games.
Hannan introduced the Bayes envelope against the current (n-stage) empiri-
cal distribution of the opponent’s actions as a performance goal for adaptive
play. This quantity coincides with the highest average payoff that player 1 could



achieve, in hindsight, by playing some fixed action against the observed action
sequence of player 2. Player 1’s regret can now be defined as the difference be-
tween the above Bayes utility and the actual n-stage average payoff obtained by
player 1. Hannan established the existence of no-regret strategies for player 1,
that guarantee non-positive regret in the long run. More precisely, an explicit
strategy was presented for which the n-stage regret is (almost surely) bounded by
an O(nil/ 2) term, without requiring any prior knowledge on player 2’s strategy
or the number of stages n.

Hannan’s seminal work was continued in various directions. No-regret strate-
gies in the above sense have been termed regret minimizing, Hannan consistent,
and universally consistent. The original strategy proposed in [12] is essentially
perturbed fictitious play, namely playing best-response to the current empirical
distribution of player 2, to which a random perturbation is added. Subsequent
works developed no-regret strategies that rely on Blackwell’s approachability
theory ([3]), smooth fictitious play ([10]), calibrated forecasts ([6]), and multi-
plicative weights ([9]) among others. We refer the reader to [5] for a discussion
and an extensive literature review.

The model we consider in this paper extends the standard repeated matrix
game model by associating with each stage of the game a temporal duration,
which may depend on the actions chosen by both players at the beginning of that
stage. Moreover, the performance measure of interest to player 1 is the average
reward per unit time (rather than the per-stage average). We refer to this model
as a repeated variable-duration game. The interest in this model is quite natural,
as many basic games and related decision problems do have variable length: One
can start, for example, with board games like Chess (where the game duration
can be taken as the number of moves or the actual time played), and continue
with gambling (where different options can take a different time per round),
investment options, and choosing between projects or treatments with different
durations. The proposed model is then the relevant one provided that the player’s
interest is indeed in the average reward per unit time, rather than the average
reward per stage.

Our purpose then is to examine decision strategies and performance goals
that are suitable for adaptive play against a arbitrary opponent in repeated
variable-duration games. While this model may be viewed as the simplest non-
trivial extension of standard repeated games, it turns out that a direct extension
of Hannan’s no-regret framework is impossible in general. We start by formulat-
ing a natural extension of Hannan’s empirical Bayes utility to the present model,
to which we refer as the empirical best-response envelope. This average payoff
level is attainable when the stage duration depends only on player 2’s action.
However, a simple counter-example shows that it cannot be attained in general.
Hence, in the rest of the paper we turn our attention to weaker performance
goals that are attainable. This will be done using two of the basic tools that
have previously been used for regret minimization in repeated matrix games,
namely Blackwell’s approachability theorem and calibrated play.



The paper is organized as follows. Our repeated game model is presented
in Section 2, together with some preliminary properties. Section 3 defines the
empirical Bayes envelope for this model, gives an example for a game in which
this envelope is not attainable, and presents some more general conditions under
which the same conclusion holds. Given this negative result, we look for strate-
gies that offer some reasonable performance guarantees. In Section 4 we consider
a strategy based on approachability. By applying a convexification procedure to
the Bayes envelope, we exhibit a weaker performance goal, the convex Bayes
envelope, which is indeed attainable. This strategy is reminiscent to our pre-
viously developed strategy in [15] for stochastic game and is provided here for
reference; Section 4 can therefore be skipped by readers who are familiar with
[15]. In Section 5 we introduce our main solution concept, calibrated play and its
associated performance guarantees. Section 6 briefly offers directions for further
study. Some of the proofs are omitted and appear in [16].

2 Model Formulation

We consider two players, player 1 (P1) and player 2 (P2), who repeatedly play a
variable-duration matriz game. Let I and J denote the finite action sets of P1 and
P2, respectively. The stage game is specified by a reward functionr: I x J — IR
and a strictly positive duration function 7 : I x J — (0, 00). Thus, (4, j) denotes
the reward corresponding to the action pair (4, 5), and 7(7,j) > 0 is the duration
of the stage game. Let I'(r,7) denote this single-stage game model. We note
that the reward function r is associated with P1 alone, while P2 is considered
an arbitrary player whose utility and goals need not be specified.

The repeated game proceeds as follows. At the beginning of each stage k,
where k = 1,2,..., P1 chooses an action i; and P2 simultaneously chooses an
action ji. Consequently P1 obtains a reward ry = r(ig, jr), and the current stage
proceeds for 7, = 7(ik,jx) time units, after which the next stage begins. The
average reward per unit time over the first n stages of play is thus given by

(1)

We shall refer to p, as the (n-stage) reward-rate. It will also be convenient to
define the following per-stage averages:

n

1 — 1
'Fn:*§7nka %n:*§7_k
n n

k=1

k=1

so that p, = 7, /7. The beginning of stage k will be called the k-th decision
epoch or k-th decision point.

We will consider the game from the viewpoint of P1, who seeks to maximize
his long-term reward rate. P2 is an arbitrary player whose goals are not specified,
and whose strategy is not a-priori known to P1. We assume that both players can
observe and recall all past actions, and that the game parameters (r and 7) are



known to P1. Thus, a strategy o' of P1 is a mapping o' : H — A([), where H is
the set of all possible history sequences of the form hy = (i1, j1,...,%k,Jk), £ >0
(with hg the empty sequence), and A(I) denotes the set of probability measures
over I. P1’s action ¢; is thus chosen randomly according to the probability
measure z = o(hj_1). A strategy of P1 is stationary if o' = x € A(I), and is
then denoted by (x)°. A strategy o2 of P2 is similarly defined as a mapping
from H to A(J). We denote this repeated game model by I'® = I'*°(r, 7).

We next establish some additional notations and terminology. It will be con-
venient to denote A(I) by X and A(J) by Y. An element z € X is a mized
action of P1, and similarly y € Y is a mixed action of P2. We shall use the
bilinear extension of r and 7 to mixed actions, namely r(i,y) = >, 7(i, j)y;,
and r(z,y) = Z” x;7(%,7)y;, and similarly for 7.

The reward-rate function p : X x Y — IR is defined as

ar(my) 2 wir( )y
pla,y) = = - (2)
m(zy) > T 0)y;

This function plays a central role in the following. It is easily seen (using the
strong law of large numbers and the renewal theorem) that for any pair of sta-
tionary strategies o' = (2)> and o2 = (y)> we have

Jim_pn = plz,y)  (a.s.) (3)
Jim E(pn) = p(2,y) - (4)

The a.s. qualifier indicates that the respective event holds with probability one
under the probability measure induced by the players’ respective strategies.

We further define an auxiliary (single-stage) game Iy(r,7) as the zero-sum
game with actions sets X for P1 and Y for P2, and payoff function p(x,y) for P1.
Note that p as defined by (2) is not bilinear in its arguments. We next establish
that this game has a value, which we denote by v(r, 7), as well as some additional
properties of the reward-rate function p.

Lemma 1 (Basic properties of p).

. A . .
() v(r,7) = maxmin p(z,y) = min max p(z, y).

(i) Let X* denote the set of optimal mized actions for P1 in Iy(r,7), namely
the mazximizing set in the max-min expression above, and similarly let Y* be
the minimizing set in the min-maz expression. Then X* and Y* are closed
conver sets.

(iii) For every fized y, p(-,y) is maximized in pure actions, namely

max p(z,y) = max p(i, y).
(iv) The best-response payoff function p*(y) 2 max,ecx p(x,y) is Lipschitz con-
tinuous in y.

Proof. The stated results may be deduced from known ones for semi-Markov
games; see [14]. For completeness, a proof can be found in [16]. O



3 No-Regret Strategies and the Best-Response Envelope

In this section we define the empirical best-response envelope as a natural ex-
tension of the corresponding concept for fixed duration games. P1’s regret is
defined as the difference between this envelope and the actual reward-rate, and
no-regret strategies must ensure that this difference becomes small (or negative)
in the long run. We first observe that no-regret strategies indeed exist when the
duration of the stage game depends only on P2’s action (but not on P1’s). How-
ever, the main result of this section is a negative one — namely that no-regret
strategies need not exist in general. This is first shown in a specific example,
and then shown to hold more generally under certain conditions on the game
parameters.

Let g, € Y denote the empirical distribution of P2’s actions up to stage n.
That is, §,(j) = £ >5_, 1{jx = j}, where 1{C} denotes the indicator function
for a condition C. Clearly ¢, € Y. The best-response envelope (or Bayes envelope)
of P1, p* : Y — IR, is defined by

NN r(i,y) )
pr(y) = max == = maxp(i.y)- (5)

Observe that p*(y) maximizes p(x,y) over mixed actions as well, namely

) (z,9)
p"(y) = max Ty p(x,y), (6)

<
<

as per Lemma 1(iii).

We consider the difference p*(9,,) — pn as P1’s n-stage regret. This may be
interpreted as P1’s payoff loss for not playing his best action against ¢, over the
first n stages. This leads us to the following definition.

Definition 1 (No-regret strategies). A strategy o' of P1 is a no-regret strat-
egy if, for every strategy of P2,
liminf (p, — p*(gn)) >0 (a.s.). (7)
n—oo
A no-regret strategy of P1 is said to attain the best-response envelope. If such a

strategy exists we say that the best-response envelope p* is attainable by P1.
The following observations provide the motivation for our regret definitions.

Lemma 2. Suppose that P2 uses a fized sequence of actions (ji,...,Jn), with
corresponding empirical distribution §,. Then p*(§,) is the mazimal reward-rate
pn that P1 could obtain by playing any fixed action i € I over the first n stages.

P
Proof. With i, =i we obtain, by (1), p, = pigi :E?;’;g = :Ezzzg = p(i,9n). The
required conclusion follows by definition of p*. a
The last lemma indicates that p* is indeed the natural extension of Hannan’s
best-response envelope. The Lemma implies that p*(4,,) is the best reward-rate

that P1 could achieve by using any fixed action given the empirical distribution



Un of P2’s actions. Thus, the difference p*(§,) — pn can be interpreted as P1’s
regret for not using that action throughout.

A particular case where the best-response envelope is attainable is when P1’s
actions do not affect the duration of the stage game. This includes the standard
model with fixed stage durations.

Proposition 1. Suppose that the stage duration depends on P2’s actions only,
namely 7(i,7) = 7(j) for every action pair. Then the best-response envelope is
attainable by P1.

21 T0kdE) 7y

o1 7GR) T (@)
7(Jn) = %ZZ:l 7(jx). Similarly, p*(9,) = max;(r(i,Jn)/7(Jn)). By cancelling
out the corresponding denominators it follows that the required inequality in the
definition of a no-regret strategy reduces in this case to liminf,, o, (7, — max; (%, §,)) >
0. This is just the standard definition for a repeated matrix game with fixed stage
duration and reward function r, for which no-regret strategies are known to ex-
ist. a

The situation becomes more intricate when the stage durations do depend

on P1’s actions, as demonstrated in the following example.

Proof. Since 7(ig,ji) = 7(jr), we obtain p, = where

Ezample 1. (A game with unattainable best-response envelope). Con-
sider the variable duration matrix game I'(r, 7) defined by the following matrix:

(0,1) (5,1)
(1,3) (0,3) )’
where P1 is the row player, P2 the column player, and the ij-th entry is (r (7, j), 7(¢, §)).

Proposition 2. The best-response envelope is not attainable by P1 in the game
I'(r,7) defined by Example 1.

Proof. We will specify a strategy of P2 against which p*(y) cannot be attained
by P1. Let N be some pre-specified integer. Consider first the following strategy
for P2 over the first 2N stages:

) lfor1<n <N,
In = (8)

2for N+1<n<2N.

We claim that for some ¢y > 0 and any strategy of P1, pr < p*(gx)—€o must hold
either at k = N or at k = 2N. To see that, let (; = Zf[ 1{ix = 1}/N denote the
empirical distribution of P1’s action 1 over the first IV stages. It is easily seen that
pn = (1—=¢1)/(3—2¢1), and p*(§n) = 1/3 (which is obtained by action 2 of P1).
Thus, to obtain py > p*(9n) — €0 we need (1 < (9¢p)/(2 + 3ep) = O(€p). Next,
at k = 2N we have yon = (0.5,0.5) and p*(gon) = max {5/2,1/6} = 5/2, which
is now obtained by action 1 of P1. To compute pay, let (2 = Z?\ﬁl i =1}/N
denote the empirical distribution of P1’s action 1 over the second N-stage period.
Then maximizing pon over (o € [0,1] by (2 = 1 we get that poy = (6 —(1)/(4 —



2(1). A simple calculation now shows that to obtain pany > p*(an) — €0 We need
1 > (2 —2€¢)/(3 —2¢). It is evident that the requirements are contradictory
for €y small enough.

To recapitulate, the essence of the above argument is: to obtain py close to
p*(gn) P1 must use action 1 during most of the first N stages. But then the
most he can get for pon is about 3/2, which falls short of p*(gan) = 5/2.

We conclude that P2’s stated strategy forces P1 to have positive regret at
the end of stage N or at the end of stage 2N. P2 can repeat the same strategy
with a new N’ much larger than N, so that the first NV stages have a negligible
effect. This can be done repeatedly, so that P1 has non-zero regret (larger than,
say, €p/2) infinitely often. O

We close this section with a sufficient condition for non-existence of no-regret
strategies. This condition essentially follows by similar reasoning to that of the
last counterexample. We use X*(y) to denote the set of best response strategies
against y. That is:

X*(y) = argmax p(z, y).

Proposition 3. Suppose there exist y1,y2 € Y and « € (0,1) such that:

. ar(zy,y1) + (1 — a)r(a2,y2)
ay1 + (1 —« > max . 9
P ( 9 ( )y2) 21E€EX*(y1), 226X Oé’T((El,yl) + (1 — Oé)T((EQ,yQ) ( )

Then the best-response envelope is not attainable by P1.

Proof. The proof of is similar to that of Proposition 2, and we only provide a
brief outline. The strategy used by P2 over the first N stages (with N a large pre-
specified number) is to play y; for N stages (taking the integer part thereof)
and play ys for the remaining (1 — )N stages. We take N to be large enough so
that stochastic fluctuations (due to possibly mixed actions) from the expected
averages become insignificant. The empirical distribution of P1’s actions at the
end of the first period must then be close to some 27 € X*(y1) to guarantee that
pn 18 close to p*(4n) = p*(y1) at n = aN. However, Equation (9) implies then
that at the end of stage N the reward rate py falls short of the best response
p*(gn), no matter what actions P1 uses against ys. O

4 Approachability and Regret Minimization

The theory of approachability, introduced in [2], is one of the fundamental tools
that have been used for obtaining no-regret strategies in repeated matrix games.
The analysis in this section will allow us to specify a relaxed goal for adaptive
play, the convex best-response envelope, which is always attainable, and provides
some useful performance guarantees. This strategy can be thought of as a first
attempt at deriving an adaptive strategy which will be shown to be dominated
by the strategy considered in Section 5. Much of the analysis here is similar to
our paper [15] and most proofs are therefore deferred to [16].



4.1 The Temporal Best-Response Envelope

Following [3,15], we attempt to construct a vector-valued payoff vector p, =
(pn, Un), so that attaining the best-response p*(y) is equivalent to approaching®
the set

By ={(p,y) ERxY : p=p*(y)}.

However, two obstacles stand in the way of applying the approachability results.
First, and foremost, p, and ¢, are normalized by different temporal factors.
Second, By need not be a convex set as the best-response envelope p*(y) is not
convex in general, so that the simple condition for convex sets in Blackwell’s
original result which is exploited in [3, 15] cannot be used.

To address the first difficulty, we reformulate the approachability problem.
Let 7, denote the vector of P2’s action rates, namely

1
Tpn = 7~ Yn -
Tn

Note that 7, () gives the temporal rate, in actions per unit time, in which action
j was chosen over the first n stages. Obviously 7, is not a probability vector, as
the sum of its elements is 1/7,,. The set of feasible action rates is given by

H:{%:yEY,TGT(y)}, (10)

where T'(y) is the set of average stage durations 7 which are feasible jointly with
the empirical distribution y, that is, T'(y) = {ZJ y(j)T(27,5) : 29 € X for all j}
Note that IT is a convex set; indeed, it is the image of the convex set {y,7:y €
Y, 7 € T(y)} under a linear-fractional function ([4]).

We proceed to formulate the set to be approached in terms of 7 instead of
7. Note first that the action rate vector m, uniquely determines the empirical
distribution vector ¢, via g, = m,/|m,|, where |7| is the sum of elements of .
Given P2’s action-rate vector m € II, we define the best-response payoff for P1
as its best-response payoff against the empirical distribution § = 7/|7| induced
by m. That is, for w € II,

2y (5) = ma 2T (1)
|| el 32, 7(d,4)m(d)
where || was cancelled out from the last expression. Thus, although defined on
a different set, p* turns out to be identical in its functional form to p*. We refer
to p* : II — IR as the temporal best-response envelope.
Convexity of p* turns out to be a sufficient condition for existence of no-regret
strategies. The proof is similar to [15] and is therefore omitted.

Theorem 1. Suppose the temporal best-response envelope p*(m) is convex over
its domain II. Then P1 has a no-regret strategy (in the sense of Definition 1),
namely, a strategy that attains the best-response envelope p*(§).

3 Formally, in approachability one has to define a vector-valued game and prove that
the point-to-set distance between the average vector-valued reward and the target
set goes to 0 almost surely. See [15] for an example of such analysis.



4.2 The Convex Best-Response Envelope

When p* is not convex, the preceding analysis provides no performance guar-
antees for P1. To proceed, we will need to relax the goal of attaining the best-
response.

Definition 2 (Convex best-response envelope). The conver best-response

envelope p : II — IR is defined as the lower convexr hull of p* over its domain
1I.

We now have the following result. See [16] for a proof.

Theorem 2 (p°°(r) is attainable). The convex best-response envelope p°° ()
is attainable by P1. Namely, there exists a strategy of P1 so that

liminf (p, — (7)) >0 (a.s.) (12)

n—oo
for any strategy of P2.

It will be useful to formulate the performance guarantee of the last propo-
sition in terms of the empirical distribution ¢, rather than the action rates m,.
This is easily done by projecting p° from II back to Y. For § € Y, define

p*°(§) = min{p () : € II, ;—‘ =3} (13)

For simplicity we also refer to p° as the convex best-response envelope (over
Y). The following corollary to Theorem 2 is immediate.

Corollary 1 (p©°(y) is attainable). The convex best-response envelope p°(§)
1s attainable by P1. Namely, there exists a strategy of P1 so that

liminf (p, — p*°(9n)) >0 (a.s.). (14)

n—oo
In fact, any strategy of P1 that attains p=(m) also attains p°(y).

Figure 1 illustrates the resulting convex best-response envelope for the game
of Example 1. As p* is not attainable in this example, it is clear that p°® must
be strictly smaller than p* for some values of y, as is indeed the case.

The next lemma presents some general properties of p° that will be related
to its performance guarantees.

Lemma 3 (Properties of p°°). The convex best-response envelope p«(y) sat-
isfies the following properties. For each y € Y,

(i) v(r,7) < p*(y) < p*(y)-
(i1) If p*(y) > v(r,7), then p=(y) > v(r,7).
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Fig. 1. p*(y) (dotted) and p°°(y) (thick line) for the game of Example 1. The right
figure zooms on the segment [0, 0.08]. Note that v(r,7) = 5/16 for that game.

Proof. (i) Fix y, and take any m € IT with 7/|w| = y. Then p®(y) < p®(w) <
p*(m) = p*(y), where all inequalities follow directly from the definitions of the
respective envelopes. Also, since p* > v(r, 7), the same property is inherited by
p*, p°° and p°°, again by their respective definitions.
(ii) We will show that p°(y) = v(r,7) implies that p°°(y) = v(r,7). Suppose
p°°(y) = v(r, 7). Then there exists some 7 € IT such that 7 /|r| = y and p°(7) =
v(r, 7). By Caratheodory’s Theorem there exist ¢ points 7y, ..., 7, in II (where
£ < 2+4J|) and coefficients ay,...,a; > 0 with an:l am = 1 such that = =
an:l QT and v(r,7) = p(m) = Zﬁl:l Qm p* (). Since p*(m) > v(r,7),
this implies that p*(m,) = v(r,7) for all m. Recall now from Lemma 1(ii) that
the set Y* of mixed actions y € Y for which p*(y) = v(r,7) is convex. The set
I ={rx' € I : 7'/|7'| € Y*} is thus an image of a convex set under a linear-
fractional transformation, and is therefore convex ([4]). Noting that =, € II* for
all m (which follows from p*(m,,) = v(r,7)) and 7 is their convex combination,
it follows that w € IT* and in particular that y = 7/|w| € Y*, which is equivalent
to p(y) = v(r, 7). O
Both properties that were stated in the last lemma can be observed in Fig. 1.

5 Calibrated Play

In calibrated play, P1 uses at each stage a best-response to his forecasts of the
other player’s action at that stage. The quality of the resulting strategy depends
of course on the quality of the forecast; it is well known that using calibrated
forecasts leads to no-regret strategies in repeated matrix games. See, for example,
[6] for an overview of the relation between regret minimization and calibration. In
this section we consider the consequences of calibrated play for repeated games
with variable stage duration.

We start with a formal definition of calibrated forecasts and calibrated play
in the next subsection. We then introduce in Subsection 5.2 the calibration en-
velope p°® (7)), and show that it is attained by calibrated play in the sense that
pn > p° (9, ) holds asymptotically. We then proceed to compare the calibration



envelope with the convex best-response envelope of the previous section, and
show that pal > pco.

5.1 Calibrated Forecasts and Calibrated Play

A forecasting scheme specifies at each decision point k a probabilistic forecast
qr €Y of P2’s action j. More specifically, a (randomized) forecasting scheme
is a sequence of maps py : Hp—1 — A(Y), k > 1, which associates with each
possible history hi_; a probability measure uj over Y. The forecast ¢x € Y is
selected at random according to the distribution py.

We shall use the following definition of calibrated forecasts.

Definition 3 (Calibrated forecasts). A forecasting scheme is calibrated if
for every (Borel measurable) set Q C'Y and every strategy of P2,

n

nh_}rrgo % Z H{agr € Q}ej, —qx) =0 a.s., (15)

k=1
where e; 15 a vector of zeros with 1 in the jth location.

This form of calibration property has been introduced into game theory by [7],
and several algorithms have been devised to achieve it ([8,11,13]). These al-
gorithms typically start with predictions that are restricted to a finite grid,
gradually increasing the number of grid points (see [5] for such a construction).
In calibrated play, the active player (P1) essentially chooses a best-response
action to his forecast of the other player’s actions. That is: i, € I*(qx), where

I*(y) = argmax TEZ:,y) , yeyYy. (16)

il T(i,y)

To be more specific, we shall assume some fixed tie-breaking rule when I*(y) is
not a singleton. Thus, we have the following definition.

Definition 4 (Calibrated Play). A calibrated strategy for P1 in the variable-
duration repeated game I'*°(r,T) is given by

ix = 1°(qr) (17)

where (qi) is a calibrated forecast of P2’s actions, and i°(y) € I*(y) for each
yevy.

The choice of i) as a best response to g in the game Iy(r,7) with payoff
p(x,y) is motivated by the definition of the best-response envelope in (5). Note
that the chosen action does not maximize expected one-stage reward rate, namely

> ak (j):gz;;, which cannot be easily related to the repeated game payoff.




5.2 The Calibration Envelope

Let Y*={y €Y :i € I*(y)} denote the (closed) set of mixed actions to which
i € I is a best response in Iy(r, 7). We shall assume that each Y;* is non-empty;
actions ¢ for which Y;* is empty will never be used and can be deleted from the
game model.

Let A4(Y) denote the set of discrete probability measures on Y, and let
m, = [yu(dy) denote the barycenter of p € Aq(Y). The calibration envelope

p° is defined as follows, for § € Y:

[ r(i(y), y)u(dy)
[ 7(i(y), y)u(dy)

The restriction to discrete measures is for technical convenience only and is of no
consequence, as the infimum is already attained by a measure of finite support.
This follows from the next lemma which also provides an alternative expression
for p@!, alongside a useful continuity property.

pcal(g) = inf{ € AgY),my=19,i(y) € I*(y)} . (18)

Lemma 4.

(i) Let co(Y;) denote the convex hull of Y;*. Then

. Zie] air (i, ;i)
min { =%~ "~
Zie[ aiT(Zv yl)

=3
=
I

cae A(D), y; € co(Yi*),Zaiyi = g} .
iel
(19)
(i) The infimum in (18) is altained by a measure p of finite support.
(iii) p°(9) is continuous in § €Y.

Proof. (i) Note first that the minimum in (19) is indeed attained, as we minimize
a continuous function over a compact set (co(Y;*) is closed since Y;* is closed).
Let p'(§) denote the right-hand side of (19). To show that p! < p° note that by
Caratheodory’s Theorem each y; € co(Y;*) can be written as y; = Zje] BijYij
with y;; € Y;* and §; € A(J). It follows that for each g the argument of (19) can
be written as the special case of the argument of (18), from which p!(3) < p°2(g)
follows. Conversely, given p € Ay(9) and the selection function i(y) € I*(y),
define o; = fy:i(y):iu(dy), and y; = fy:i(y):i yu(dy)/a; (with y; arbitrary if
a; = 0). Note that y; € co(Y;*), since i(y) € I*(y) implies y € Y;*, and y;
is defined as a convex combination of such y’s. The argument of (18) is thus
reduced to the form of (19), which implies that p!(g) < p°2l(g).
(ii) Follows immediately from the indicated reduction of the argument of (19)
to that of (18).
(iii) Continuity follows since the minimized function in (19) is continuous in its
arguments « and (y;), while the minimizing set is upper semi-continuous in y.
O

We next establish that calibrated play attains the calibration envelope.



cal

Theorem 3 (p°® is attainable). Suppose P1 uses a calibrated strategy. Then,
for any strategy of P2,
liminf(p, — p°N(9,)) >0 (a.s.).

n—oo

Proof. 1t will be convenient to use for this proof the shorthand notations a,, o)

o(n)
by, for lim, . (a, — b,) = 0, and a, > b, for liminf, . (a, — b,) > 0.

All relations between random variables are assumed by default to hold with
probability 1. Let Y; = {y € Y : i°(y) = i}, so that ¢ € Y; implies iy, = ¢; note
that Y; C Y;*. We thus have

% > (i, k) = %Z > aqr € Yidr(i, ji)
k=1

i€l k=1

o) % >N 1{aqw € Vidr(i,qn)

i€l k=1

%Z Zn: {qgr € Yi}r(i°(qx), qx)

icl k=1

1 n

J— ;O

- > r(i(ar), ax) -
k=1

The second (o(n)) equality follows from (15). Repeating the argument for 7 we
obtain

n

I, o 1 o
EZT(Z’“J’“) w gZT(Z (qr)s ar) -
k=1

k=1
Since 7(i,7) is bounded away from zero, it follows that

P o) Y1 (i°(ar) k)
ZZ:l T(io(qk)v(Ik) ’

while the latter expression satisfies the following inequality by definition of p°a!:

szl T(io(q]v>7 Qk:) 1/~ . 1 n
Oa— > p(G,), where G, =— Y qi.
S (g0 a0) " "

(20)

o(n) o(n
Thus,p, > pcal(cjn). Note also that from (15), with @ =Y, we have ¢, o) Qn-

The required equality now follows by continuity for p®(y) in y, as noted in
Lemma 4. a

The following immediate consequence provides a sufficient condition for the
best-response envelope p* to be attainable, namely for the existence of no-regret
strategies.

Corollary 2. Suppose that p°®(y) = p*(y) for ally € Y. Then p* is attainable
by P1.



The condition of the last corollary is satisfied in standard (fixed-duration) re-
peated matrix games. In general, however, p° can be strictly smaller than p*.
In particular, this must be the case when p* is not attainable.

We proceed to establish some basic bounds on p°!, that highlight the per-
formance guarantees of calibrated play.

Proposition 4 (Properties of p°!).

(a) v(r.7) < p(§) < p"(§) for all § € Y.

(b) p°(§) = p*(9) at the ewtreme points of Y, which correspond to the pure
action set I.

(¢c) For each § €Y, p*(9) > v(r,7) implies p(9) > v(r, 7).

Proof. The proof is technical and appears in [16].

5.3 Comparison with the Convex Best-Response Envelope

The results obtained so far establish that both the convex best-response envelope
p°° (defined in Section 4.2) and the calibration envelope p°®! are attainable, using
different strategies. Here we compare these two performance envelopes, and show
that the calibration envelope dominates p°. We first show that p° is at least
as large as p®, and identify certain class of variable-duration games for which
equality holds. We then provide an example where p is strictly larger than p°°.

Proposition 5 (p°? dominates p°°).

(i) p(G) = p() for all G Y.

(ii) If the stage durations depend on P2’s actions only, namely 7(i,7) = 710(j),
then pcal — pco'

The proof is omitted; see [16].

Ezample 2. (p° strictly dominates p°°). Consider the variable duration ma-

trix game I'(r, 7) defined by the following matrix:

(560

As before, P1 is the row player, P2 the column player, and the ij-th entry is
(r(i,5),7(i,7)). A plot of p° = p* and p° for the last example is shown in
Figure 2. A detailed account of the computation can be found in [16].

6 Directions for Future Work

Several directions and issues remain for future work. First, the calibration-based
scheme is quite demanding, and it should be of interest to obtain similar perfor-
mance using simpler strategies. Second, a challenging question is to determine
whether the performance guarantees of the calibration envelope can be improved
upon, and indeed whether a sense of an optimal performance envelope exists in
general. Finally, it would be of interest to study adaptive strategies for the
variable-duration model under incomplete observation of the opponent’s action,
similar to the bandit problem setup in repeated matrix games ([1]).
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Fig. 2. p°(y) (dotted line) and p®(y) (thick line) for the game of Example 2.
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