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shie@ece.mcgill.ca
2 Laboratory for Information and Decision Systems

Massachusetts Institute of Technology, Cambridge, MA 02139
jnt@mit.edu

Abstract. We study online learning where the objective of the deci-
sion maker is to maximize her average long-term reward given that
some average constraints are satisfied along the sample path. We define
the reward-in-hindsight as the highest reward the decision maker could
have achieved, while satisfying the constraints, had she known Nature’s
choices in advance. We show that in general the reward-in-hindsight is
not attainable. The convex hull of the reward-in-hindsight function is,
however, attainable. For the important case of a single constraint the
convex hull turns out to be the highest attainable function. We further
provide an explicit strategy that attains this convex hull using a cali-
brated forecasting rule.

1 Introduction

We consider a repeated game from the viewpoint of a specific decision maker
(player P1), who plays against Nature (player P2). The opponent (Nature) is
“arbitrary” in the sense that player P1 has no prediction, statistical or strategic,
regarding the opponent’s choice of actions. This setting was considered by Han-
nan [1], in the context of repeated matrix games. Hannan introduced the Bayes
utility against the current empirical distribution of the opponent’s actions, as
a performance goal for adaptive play. This quantity is the highest average re-
ward that player P1 could achieve, in hindsight, by playing some fixed action
against the observed action sequence of player P2. Player P1’s regret is defined
as the difference between the highest average reward-in-hindsight that player
P1 could have hypothetically achieved, and the actual average reward obtained
by player P1. It was established in [1] that there exist strategies whose regret
converges to zero as the number of stages increases, even in the absence of any
prior knowledge on the strategy of player P2.

In this paper we consider regret minimization under sample-path constraints.
That is, in addition to maximizing the reward, or more precisely, minimizing the
regret, the decision maker has some side constraints that need to be satisfied
on the average. In particular, for every joint action of the players, there is an
additional penalty vector that is accumulated by the decision maker. The deci-
sion maker has a predefined set in the space of penalty vectors, which represents



the acceptable tradeoffs between the different components of the penalty vec-
tor. An important special case arises when the decision maker wishes to keep
some constrained resource below a certain threshold. Consider, for example, a
wireless communication system where the decision maker can adjust the trans-
mission power to improve the probability that a message is received successfully.
Of course, the decision maker does not know a priori how much power will be
needed (this depends on the behavior of other users, the weather, etc.). The
decision maker may be interested in the rate of successful transmissions, while
minimizing the average power consumption. In an often considered variation of
this problem, the decision maker wishes to maximize the transmission rate, while
keeping the average power consumption below some predefined threshold. We re-
fer the reader to [2] and references therein for a discussion on constrained average
cost stochastic games and to [3] for constrained Markov decision problems.

The paper is organized as follows. In Section 2, we present formally the basic
model, and provide a result that relates attainability and the value of the game.
In Section 3, we provide an example where the reward-in-hindsight cannot be
attained. In light of this negative result, in Section 4 we define the closed convex
hull of the reward-in-hindsight, and show that it is attainable. Furthermore, in
Section 5, we show that when there is a single constraint, this is the maximal
attainable objective. Finally, in Section 6, we provide a simple strategy, based
on calibrated forecasting, that attains the convex hull.

2 Problem definition

We consider a repeated game against Nature, in which a decision maker tries to
maximize her reward, while satisfying some constraints on certain time-averages.
The stage game is a game with two players: P1 (the decision maker of interest)
and P2 (who represents Nature and is assumed arbitrary). In this context, we
only need to define rewards and constraints for P1.

A constrained game with respect to a set T is defined by a tuple (A,B, R, C, T )
where:

1. A is the set of actions of P1; we will assume A = {1, 2, . . . , |A|}.
2. B is the set of actions of P2; we will assume B = {1, 2, . . . , |B|}.
3. R is an |A|×|B| matrix where the entry R(a, b) denotes the expected reward

obtained by P1, when P1 plays action a ∈ A and P2 action b ∈ B. The
actual rewards obtained at each play of actions a and b are assumed to be
IID random variables, with finite second moments, distributed according to
a probability law PrR(· | a, b). Furthermore, the reward streams for different
pairs (a, b) are statistically independent.

4. C is an |A| × |B| matrix, where the entry C(a, b) denotes the expected d-
dimensional penalty vector accumulated by P1, when P1 plays action a ∈ A
and P2 action b ∈ B. The actual penalty vectors obtained at each play of
actions a and b are assumed to be IID random variables, with finite second



moments, distributed according to a probability law PrC(· | a, b). Further-
more, the penalty vector streams for different pairs (a, b) are statistically
independent.

5. T is a set in Rd within which we wish the average of the penalty vectors to
lie. We shall assume that T is convex and closed. Since C is bounded, we
will also assume, without loss of generality that T is bounded.

The game is played in stages. At each stage t, P1 and P2 simultaneously
choose actions at ∈ A and bt ∈ B, respectively. Player P1 obtains a reward rt,
distributed according to PrR(· | at, bt), and a penalty ct, distributed according to
PrC(· | at, bt). We define P1’s average reward by time t to be

r̂t =
1
t

t∑
τ=1

rτ , (2.1)

and P1’s average penalty vector by time t to be

ĉt =
1
t

t∑
τ=1

cτ . (2.2)

A strategy for P1 (resp. P2) is a mapping from the set of all possible past
histories to the set of mixed actions on A (resp. B), which prescribes the (mixed)
action of that player at each time t, as a function of the history in the first t− 1
stages. Loosely, P1’s goal is to maximize the average reward while keeping the
average penalty vector in T , pathwise:

for every ε > 0, Pr(dist(ĉt, T ) > ε infinitely often) = 0, (2.3)

where dist(·) is the point-to-set Euclidean distance, i.e., dist(x, T ) = infy∈T ‖y−
x‖2, and the probability measure is the one induced by the policy of P1, the
policy of P2, and the randomness in the rewards and penalties.

We will often consider the important special case of T = {c ∈ Rd : c ≤ c0}.
We simply call such a game a constrained game with respect to (a vector) c0.
For that special case, the requirement (2.3) is equivalent to:

lim sup
t→∞

ĉt ≤ c0, a.s.,

where the inequality is interpreted componentwise.
For a set D, we will use the notation ∆(D) to denote the set of all probability

measures on D. If D is finite, we will identify ∆(D) with the set of probability
vectors of the same size as D. (If D is a subset of Euclidean space, we will assume
that it is endowed with the Borel σ-field.)

2.1 Reward-in-hindsight

We define q̂t ∈ ∆(B) as the empirical distribution of P2’s actions by time t, that
is,

q̂t(b) =
1
t

t∑
τ=1

1{bt=b}, b ∈ B. (2.4)



If P1 knew in advance that q̂t will equal q, and if P1 were restricted to using a
fixed action, then P1 would pick an optimal response (generally a mixed action)
to the mixed action q, subject to the constraints specified by T . In particular,
P1 would solve the convex program3

max
p∈∆(A)

∑

a,b

p(a)q(b)R(a, b), (2.5)

s.t.
∑

a,b

p(a)q(b)C(a, b) ∈ T.

By playing a p that solves this convex program, P1 would meet the constraints
(up to small fluctuations that are a result of the randomness and the finiteness
of t), and would obtain the maximal average reward. We are thus led to define
P1’s reward-in-hindsight, which we denote by r∗ : ∆(B) 7→ R, as the optimal
objective value in the program (2.5).

In case of a constrained game with respect to a vector c0, the convex con-
straint

∑
a,b p(a)q(b)C(a, b) ∈ T is replaced by

∑
a,b p(a)q(b)C(a, b) ≤ c0 (the

inequality is to be interpreted componentwise).

2.2 The Objective

Formally, our goal is to attain a function r in the sense of the following definition.
Naturally, the higher the function r, the better.

Definition 1. A function r : ∆(B) 7→ R is attainable by P1 in a constrained
game with respect to a set T if there exists a strategy σ of P1 such that for every
strategy ρ of P2:

(i) lim inft→∞(r̂t − r(q̂t)) ≥ 0, a.s., and
(ii) lim supt→∞ dist(ĉt, T ) → 0, a.s.,

where the almost sure convergence is with respect to the probability measure in-
duced by σ and ρ.

In constrained games with respect to a vector c0 we can replace (ii) in the
definition with

lim sup
t→∞

ĉt ≤ c0, a.s.

2.3 The value of the game

In this section, we consider the attainability of a function r : ∆(B) 7→ R, which
is constant, r(q) = α, for all q. We will establish that attainability is equivalent
to having α ≤ v, where v is a naturally defined “value of the constrained game.”

We first introduce that assumption that P1 is always able to satisfy the
constraint.
3 If T is a polyhedron (specified by finitely many linear inequalities), then the opti-

mization problem is a linear program.



Assumption 1 For every mixed action q ∈ ∆(B) of P2, there exists a mixed
action p ∈ ∆(A) of P1, such that:

∑

a,b

p(a)q(b)C(a, b) ∈ T. (2.6)

For constrained games with respect to a vector c0, the condition (2.6) reduces
to the inequality

∑
a,b p(a)q(b)C(a, b) ≤ c0.

If Assumption 1 is not satisfied, then P2 can choose a q such that for every
(mixed) action of P1, the constraint is violated in expectation. By repeatedly
playing this q, P1’s average penalty vector is outside T .

The following result deals with the attainability of the value, v, of an average
reward repeated constrained game, defined by

v = inf
q∈∆(B)

sup
p∈∆(A),

P
a,b p(a)q(b)C(a,b)∈T

∑

a,b

p(a)q(b)R(a, b). (2.7)

The existence of a strategy for P1 that attains the value was proven in [4] in the
broader context of stochastic games.

Proposition 1. Suppose that Assumption 1 holds. Then,

(i) P1 has a strategy that guarantees that the constant function r(q) ≡ v is
attained with respect to T .

(ii) For every number v′ > v there exists δ > 0 such that P2 has a strategy
that guarantees that either lim inft→∞ r̂t < v′ or lim supt→∞ dist(ĉt, T ) > δ,
almost surely. (In particular, the constant function v′ is not attainable.)

Proof. The proof relies on Blackwell’s approachability theory (see [5]). We con-
struct a nested sequence of convex sets in Rd+1 denoted by Sα = {(r, c) ∈
R × Rd : r ≥ α, c ∈ T}. Obviously, Sα ⊂ Sβ for α > β. Consider the vector-
valued game in Rd+1 associated with the constrained game. In this game P1’s
payoff at time t is the d + 1 dimensional vector mt = (rt, ct) and P1’s aver-
age vector-valued payoff is m̂t = (r̂t, ĉt). Since Sα is convex, it follows from
approachability theory for convex sets [5] that every Sα is either approachable
or excludable. If Sα is approachable, then Sβ is approachable for every β < α.
We define v0 = sup{β | Sβ is approachable}. It follows that Sv0 is approachable
(as the limit of approachable sets; see [6]). By Blackwell’s theorem, for every
q ∈ ∆(B), an approachable convex set must intersect the set of feasible payoff
vectors when P2 plays q. Using this fact, it is easily shown that v0 equals v, as
defined by Eq. (2.7), and part (i) follows. Part (ii) follows because a convex set
which is not approachable is excludable. ut

Note that part (ii) of the proposition implies that, essentially, v is the highest
average reward P1 can attain while satisfying the constraints, if P2 plays an
adversarial strategy. By comparing Eq. (2.7) with Eq. (2.5), we see that v =
infq r∗(q).



Remark 1. We note in order to attain the value of the game, P1 may have to
use a non-stationary strategy. This is in contrast to standard (non-constrained)
games, in which P1 always has an optimal stationary strategy that attains the
value of the game.

Remark 2. In general, the infimum and supremum in (2.7) cannot be inter-
changed. This is because the set of feasible p in the inner maximization depends
on the value of q. Moreover, it can be shown that the set of (p, q) pairs that
satisfy the constraint

∑
a,b p(a)q(b)C(a, b) ∈ T is not necessarily convex.

3 Reward-in-Hindsight Is Not Attainable

As it turns out the reward-in-hindsight cannot be attained in general. This is
demonstrated by the following simple 2 × 2 matrix game, with just a single
constraint.

Consider a 2× 2 constrained game specified by:

(
(1,−1) (1, 1)
(0,−1) (−1,−1)

)
,

where each entry (pair) corresponds to (R(a, b), C(a, b)) for a pair of actions a
and b. At a typical stage, P1 chooses a row, and P2 chooses a column. We set
c0 = 0. Let q denote the frequency with which P2 chooses the second column.
The reward of the first row dominates the reward of the second one, so if the
constraint can be satisfied, P1 would prefer to choose the first row. This can be
done as long as 0 ≤ q ≤ 1/2, in which case r∗(q) = 1. For 1/2 ≤ q ≤ 1, player P1
needs to optimize the reward subject to the constraint. Given a specific q, P1
will try to choose a mixed action that satisfies the constraint while maximizing
the reward. If we let α denote the frequency of choosing the first row, we see
that the reward and penalty are:

r(α) = α− (1− α)q ; c(α) = 2αq − 1.

We observe that for every q, r(α) and c(α) are monotonically increasing functions
of α. As a result, P1 will choose the maximal α that satisfies c(α) ≤ 0, which is
α(q) = 1/2q, and the optimal reward is 1/2 + 1/2q − q. We conclude that the
reward-in-hindsight is:

r∗(q) =





1, if 0 ≤ q ≤ 1/2,

1
2

+
1
2q
− q, if 1/2 ≤ q ≤ 1.

The graph of r∗(q) is the thick line in Figure 1.
We now claim that P2 can make sure that P1 does not attain r∗(q).

Proposition 2. If c0 = 0, then there exists a strategy for P2 such that r∗(q)
cannot be attained.
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Fig. 1. The reward-in-hindsight of the constrained game. Here, r∗(q) is the bold thick
line, and the dotted line connects the two extreme values, for q = 0 and q = 1.

Proof. (Outline) Suppose that P2 starts by playing the second column for some
long time τ . At time τ , P2’s empirical frequency of choosing the second column
is q̂τ = 1. As computed before, r∗(q̂τ ) = 0. Since P1 tries to satisfy ĉτ ≤ 0, and
also have the average reward by time τ as high as r∗(q̂τ ), P1 must choose both
rows with equal probability and obtain a reward of r̂τ = 0, which equals r∗(q̂τ ).
This is essentially the best that can be achieved (neglecting negligible effects of
order 1/τ). In the next τ time stages, P2 plays the first column. The empirical
frequency of P2 at time 2τ is q̂2τ = 1/2. During these last τ periods, P1 can
choose the first row and achieve a reward of 1 (which is the best possible), and
also satisfy the constraint. In that case, r̂2τ ≤ 1/2, while r∗(q̂2τ ) = 1. Player P2
can then repeat the same strategy, but replacing τ with some τ ′ which is much
bigger than τ (so that the first 2τ stages are negligible). ut

Using the strategy that was described above, P2 essentially forces P1 to
traverse the dotted line in Fig. 1. It so happens that r∗(q) is not convex, and
the dotted line is below r∗(q) which precludes P1 from attaining r∗(q). We note
that the choice of c0 is critical in this example. With other choices of c0 (for
example, c0 = −1), the reward-in-hindsight may be attainable.

4 Attainability of the Convex Hull

Since the reward-in-hindsight is not attainable in general, we have to look for a
more modest objective. More specifically, we look for functions f : ∆(B) → R
that are attainable with respect to a given constraint set T . As a target we
suggest the closed convex hull of the reward-in-hindsight, r∗. After defining it,
we prove that it is indeed attainable with respect to the constraint set. In the



next section, we will also show that it is the highest possible attainable function,
when there is a single constraint.

Given a function f : X 7→ R, its closed convex hull is the function whose
epigraph is

conv({(x, r) : r ≥ f(x)}),
where conv(D) is the convex hull, and D is the closure of a set D. We denote
the closed convex hull of r∗ by rc.

We will make use of the following facts. The closed convex hull is guaranteed
to be continuous on ∆(B). (This would not be true if we had considered the
convex hull, without forming its closure.) Furthermore, for every q in the interior
of ∆(B), we have

rc(q) = inf
q1,q2,...,qk∈∆(B),α1,...,αk

k∑

i=1

αir
∗(qi) (4.8)

s.t.
k∑

i=1

αiqi(b) = q(b), b ∈ B,

αi ≥ 0, i = 1, 2, . . . , k,
k∑

i=1

αi = 1,

where k can be taken equal to |B|+ 2 by Caratheodory’s Theorem.
The following result is proved using Blackwell’s approachability theory. The

technique is similar to that used in other no-regret proofs (e.g., [7, 8]), and is
based on the convexity of a target set that resides in an appropriately defined
space.

Theorem 1. Let Assumption 1 hold with respect to some convex set T ⊂ Rd.
Then rc is attainable with respect to T .

Proof. Define the following game with vector-valued payoffs, where the payoffs
belong to R× Rd ×∆(B) (a |B|+ d + 1 dimensional space which we denote by
M). Suppose that P1 plays at, P2 plays bt, P1 obtains an immediate reward of rt

and an immediate penalty vector of ct. Then, the vector-valued payoff obtained
by P1 is

mt = (rt, ct, e(bt)) ,

where e(b) is a vector of zeroes, except for a 1 in the bth location. It fol-
lows that the average vector-valued reward at time t, which we denote by
m̂t = 1

t

∑t
τ=1 mτ , satisfies: m̂t = (r̂t, ĉt, q̂t) (where r̂t, ĉt, and q̂t were defined in

Eqs. (2.1), (2.2), and (2.4), respectively). Consider the sets:

B1 = {(r, c, q) ∈M : r ≥ rc(q)}, B2 = {(r, c, q) ∈M : c ∈ T},

and let B = B1∩B2. Note that B is a convex set. We claim that B is approachable.
Let m : ∆(A) × ∆(B) → M describe the expected payoff in a one shot game,



when P1 and P2 choose actions p and q, respectively. That is,

m(p, q) =
( ∑

a,b

p(a)q(b)R(a, b),
∑

a,b

p(a)q(b)C(a, b), q
)
.

Using the sufficient condition for approachability of convex sets ([5]), it suffices
to show that for every q there exists a p such that m(p, q) ∈ B. Fix q ∈ ∆(B). By
Assumption 1, the constraint

∑
a,b p(a)q(b)C(a, b) ∈ T is feasible, which implies

that the program (2.5) has an optimal solution p∗. It follows that m(p∗, q) ∈ B.
We now claim that a strategy that approaches B also attains rc in the sense of De-
finition 1. Indeed, since B ⊆ B2 we have that Pr(d(ct, T ) > ε infinitely often) = 0
for every ε > 0. Since B ⊆ B1 and using the continuity of rc, we obtain
lim inf (r̂t − rc(q̂t)) ≥ 0. ut
Remark 3. Convergence rate results also follow from general approachability the-
ory, and are generally of the order of t−1/3; see [9]. It may be possible, perhaps,
to improve upon this rate (and obtain t−1/2 as in the non-constrained case), but
this is beyond the scope of this paper.

Remark 4. For every q ∈ ∆(B), we have r∗(q) ≥ v, which implies that rc(q) ≥ v.
Thus, attaining rc guarantees an average reward at least as high as the value of
the game.

4.1 Degenerate Cases

In this section we consider the degenerate cases where the penalty vector is
affected by only one of the players. We start with the case where P1 alone
affects the penalty vector, and then discuss the case where P2 alone affects the
penalty vector.

If P1 alone affects the penalty vector, that is, if C(a, b) = C(a, b′) for all
a ∈ A and b, b′ ∈ B, then r∗(q) is convex. Indeed, in this case Eq. (2.5) becomes
(writing C(a) for C(a, b))

r∗(q) = max
p∈∆(A):

P
a p(a)C(a)∈T

∑

a,b

p(a)q(b)R(a, b),

which is the maximum of a collection of linear functions of q (one function for
each feasible p), and is therefore convex.

If P2 alone affects the penalty vector, then Assumption 1 implies that the
constraint is always satisfied. Therefore,

r∗(q) = max
p∈∆(A)

∑

a,b

p(a)q(b)R(a, b),

which is again a maximum of linear functions, hence convex.
We observe that in both degenerate cases, if Assumption 1 holds, then the

reward-in-hindsight is attainable.



5 Tightness of the Convex Hull

We now show that rc is the maximal attainable function, for the case of a single
constraint.

Theorem 2. Suppose that d = 1, T is of the form T = {c | c ≤ c0}, where c0

is a given scalar, and that Assumption 1 is satisfied. Let r̃(q) : ∆(B) 7→ R be an
attainable continuous function with respect to the scalar c0. Then, rc(q) ≥ r̃(q)
for all q ∈ ∆(B).

Proof. The proof is constructive, as it provides a concrete strategy for P2, which
prevents P1 from attaining r̃, unless rc(q) ≥ r̃(q) for every q. Assume, in order
to derive a contradiction, that there exists some r̃ that violates the theorem.
Since r̃ and rc are continuous, there exists some q0 ∈ ∆(B) and some ε > 0 such
that r̃(q) > rc(q) + ε for all q in an open neighborhood of q0. In particular, q0

can be taken to lie in the interior of ∆(B). Using Eq. (4.8), it follows that there
exist q1, . . . , qk ∈ ∆(B) and α1, . . . , αk (with k ≤ |B|+ 2) such that

k∑

i=1

αir
∗(qi) ≤ rc(q0) +

ε

2
< r̃(q0)− ε

2
;

k∑

i=1

αiq
i(b) = q0(b), ∀ b ∈ B;

k∑

i=1

αi = 1; αi ≥ 0, ∀ i.

Let τ be a large number (τ is to be chosen large enough to ensure that the
events of interest occur with high probability, etc.). We will show that if P2
plays each qi for αiτ time steps, in an appropriate order, then either P1 does
not satisfy the constraint along the way or r̂τ ≤ r̃(q̂τ )− ε/2.

For i = 1, . . . , k, we define a function fi : Rd → R ∪ {−∞}, by letting fi(c)
be the maximum of ∑

a,b

p(a)qi(b)R(a, b),

subject to
p ∈ ∆(A), and

∑

a,b

p(a)qi(b)C(a, b) ≤ c,

where the maximum over an empty set is defined to equal−∞. We note that fi(c)
is piecewise linear, concave, and nondecreasing in c. Furthermore, fi(c0) = r∗(qi).
Let f+

i be the right directional derivative of fi at c = c0. From now on, we assume
that the qi have been ordered so that the sequence f+

i is non-increasing.
Suppose that P1 knows the sequence q1, . . . , qk (ordered as above) in advance,

and that P2 will be following the strategy described earlier. We assume that τ is
large enough so that we can ignore the effects of dealing with a finite sample, or
of αiτ not being an integer. We allow P1 to choose any sequence of p1, . . . , pk,
and introduce the constraints

∑̀

i=1

αi

∑

a,b

pi(a)qi(b)C(a, b) ≤ c0

∑̀

i=1

αi, ` = 1, 2, . . . , k.



These constraints are required in order to guarantee that ĉt has negligible prob-
ability of substantially exceeding c0, at the “switching” times from one mixed
action to another. If P1 exploits the knowledge of P2’s strategy to maximize her
average reward at time τ , the resulting expected average reward at time τ will be
the optimal value of the objective function in the following linear programming
problem:

max
p1,p2,...,pk

k∑

i=1

αi

∑

a,b

pi(a)qi(b)R(a, b)

s.t.
∑̀

i=1

αi

∑

a,b

pi(a)qi(b)C(a, b) ≤ c0

∑̀

i=1

αi, ` = 1, 2, . . . , k, (5.9)

p` ∈ ∆(A), ` = 1, 2, . . . , k.

Of course, given the value of
∑

a,b pi(a)qi(b)C(a, b), to be denoted by ci, player P1
should choose a pi that maximizes rewards, resulting in

∑
a,b pi(a)qi(b)R(a, b) =

fi(ci). Thus, the above problem can be rewritten as

max
c1,...,ck

∑
αifi(ci)

s.t.
∑̀

i=1

αici ≤ c0

∑̀

i=1

αi, ` = 1, 2, . . . , k. (5.10)

We claim that letting ci = c0, for all i, is an optimal solution to the problem
(5.10). This will then imply that the optimal value of the objective function for
the problem (5.9) is

∑k
i=1 αifi(c0), which equals

∑k
i=1 αir

∗(qi), which in turn, is
bounded above by r̃(q0)−ε/2. Thus, r̂τ < r̃(q0)−ε/2+δ(τ), where the term δ(τ)
incorporates the effects due to the randomness in the process. By repeating this
argument with ever increasing values of τ (so that the stochastic term δ(τ) is
averaged out and becomes negligible), we obtain that the event r̂t < r̃(q0)− ε/2
will occur infinitely often, and therefore r̃ is not attainable.

It remains to establish the claimed optimality of (c0, . . . , c0). Suppose that
(c1, . . . , ck) 6= (c0, . . . , c0) is an optimal solution of the problem (5.10). If ci ≤ c0

for all i, the monotonicity of the fi implies that (c0, . . . , c0) is also an optimal
solution. Let us therefore assume that there exists some j for which cj > c0.
In order for the constraint (5.10) to be satisfied, there must exist some index
s < j such that cs < c0. Let us perturb this solution by setting δ = min{αs(c0−
cs), αj(cj − c0)}, increasing cs to c̃s = cs + δ/αs, and decreasing cj to c̃j =
cj−δ/αj . This new solution is clearly feasible. Let f−s = limε↓0(fs(c0)−fs(c0−ε)),
which is the left derivative of fs at c0. Using concavity, and the earlier introduced
ordering, we have f−s ≥ f+

s ≥ f+
j , from which it follows easily (the detailed

argument is omitted) that fs(c̃s) + fj(c̃j) ≥ fs(cs) + fj(cj). Therefore, the new
solution must also be optimal, but has fewer components that differ from c0. By
repeating this process, we eventually conclude that (c0, . . . , c0) is optimal. ut



To the best of our knowledge, this is the first tightness result for a perfor-
mance envelope (the reward-in-hindsight) different than the Bayes envelope, for
standard repeated decision problems.

6 Attaining the Convex Hull Using Calibrated Forecasts

In this section we consider a specific strategy that attains the convex hull, thus
strengthening Theorem 1. The strategy is based on forecasting P2’s action, and
playing a best response (in the sense of Eq. (2.5)) against the forecast. The
quality of the resulting strategy depends, of course, on the quality of the forecast;
it is well known that using calibrated forecasts leads to no-regret strategies in
standard repeated matrix games. See [10, 11] for a discussion of calibration and
its implications in learning in games. In this section we consider the consequences
of calibrated play for repeated games with constraints.

We start with a formal definition of calibrated forecasts and calibrated play,
and then show that calibrated play attains rc in the sense of Definition 1.

A forecasting scheme specifies at each stage k a probabilistic forecast qk ∈
∆(B) of P2’s action bk. More precisely a (randomized) forecasting scheme is a
sequence of maps that associate with each possible history hk−1 during the first
k − 1 stages a probability measure µk over ∆(B). The forecast qk ∈ ∆(B) is
then selected at random according to the distribution µk. Let us clarify that for
the purposes of this section, the history is defined to include the realized past
forecasts.

We shall use the following definition of calibrated forecasts.

Definition 2 (Calibrated forecasts). A forecasting scheme is calibrated if
for every (Borel measurable) set Q ⊂ ∆(B) and every strategy of P2,

lim
t→∞

1
t

t∑
τ=1

1{qτ ∈ Q}(e(bτ )− qτ ) = 0 a.s., (6.11)

where e(b) is a vector of zeroes, except for a 1 in the bth location.

Calibrated forecasts, as defined above, have been introduced into game theory
in [10], and several algorithms have been devised to achieve them (see [11] and
references therein). These algorithms typically start with predictions that are
restricted to a finite grid, and gradually increase the number of grid points.

The proposed strategy is to let P1 play a best response against P2’s forecasted
play while still satisfying the constraints (in expectation for the one-shot game).
Formally, we let:

p∗(q) = arg max
p∈∆(A)

∑

a,b

p(a)q(b)R(a, b) (6.12)

s.t.
∑

a,b

p(a)q(b)C(a, b) ∈ T,



where in the case of a non-unique maximum we assume that p∗(q) is uniquely
determined by some tie-breaking rule; this is easily done, while keeping p∗(·) a
measurable function. The strategy is to play pt = p∗(qt), where qt is a calibrated
forecast of P2’s actions4. We call such a strategy a calibrated strategy.

The following theorem states that a calibrated strategy attains the convex
hull.

Theorem 3. Let Assumption 1 hold, and suppose that P1 uses a calibrated strat-
egy. Then rc is attainable with respect to T .

Proof. (Outline) Fix ε > 0. We need to show that by playing the calibrated
strategy, P1 obtains lim inf r̂t − rc(q̂t) ≥ −ε and lim sup dist(ĉt, T ) ≤ ε almost
surely. Due to lack of space, we only provide an outline of the proof.

Consider a partition of the simplex ∆(B) to finitely many measurable sets
Q1, Q2, . . . , Q` such that q, q′ ∈ Qi implies that ‖q − q′‖ ≤ ε/K and ‖p∗(q) −
p∗(q′)‖ ≤ ε/K, where K is a large constant. (Such a partition exists by the com-
pactness of ∆(B) and ∆(A). The measurability of the sets Qi can be guaranteed
because the mapping p∗(·) is measurable.) For each i, let us fix a representative
element qi ∈ Qi, and let pi = p∗(qi).

Since we have a calibrated forecast, Eq. (6.11) holds for every Qi, 1 ≤ i ≤ `.
Define Γt(i) =

∑t
τ=1 1{qτ ∈ Qi} and assume without loss of generality that

Γt(i) > 0 for large t (otherwise, eliminate those i for which Γt(i) = 0 for all t
and renumber the Qi). To simplify the presentation, we assume that for every
i, and for large enough t, we will have Γt(i) ≥ εt/K. (If for some i, and t this
condition is violated, the contribution of such an i in the expressions that follow
will be O(ε).) In the sequel the approximate equality sign “≈” will indicate the
presence of an approximation error term, et, that satisfies lim supt→∞ et ≤ Lε,
almost surely, where L is a constant.

We have

ĉt ≈ 1
t

t∑
τ=1

C(aτ , bτ )

=
∑

i

Γt(i)
t

∑

a,b

C(a, b)
1

Γt(i)

t∑
τ=1

1{qτ ∈ Qi}1{aτ = a}1{bτ = b}

≈
∑

i

Γt(i)
t

∑

a,b

C(a, b)pi(a)
1

Γt(i)

t∑
τ=1

1{qτ ∈ Qi}1{bτ = b}

≈
∑

i

Γt(i)
t

∑

a,b

C(a, b)pi(a)qi(b). (6.13)

The first approximate equality follows from laws of large numbers. The second
approximate equality holds because whenever qτ ∈ Qi, pτ is approximately equal
to p∗(qi) = pi, and by laws of large numbers, the frequency with which a will

4 When the forecast µt is mixed, qt is the realization of the mixed rule.



be selected will be approximately pi(a). The last approximate equality holds by
virtue of the calibration property (6.11) with Q = Qi, and the fact that whenever
qτ ∈ Qi, we have qτ ≈ qi.

Note that the right-hand side expression (6.13) is a convex combination (be-
cause the Γt(i)/t sum to 1) of elements of T (because of the definition of pi),
and is therefore an element of T (because T is convex). This establishes that
the constraint is asymptotically satisfied within ε. Note that in this argument,
whenever Γt(i)/t < ε/K, the summand corresponding to i is indeed of order
O(ε) and can be safely ignored, as stated earlier.

Regarding the average reward, a similar argument yields

r̂t ≈
∑

i

Γt(i)
t

∑

a,b

R(a, b)pi(a)qi(b)

=
∑

i

Γt(i)
t

r∗(qi)

≥ rc
( ∑

i

Γt(i)
t

qi
)

≈ rc(q̂t).

The first approximate equality is obtained similar to (6.13), with C(a, b) replaced
by R(a, b). The equality that follows is a consequence of the definition of pi. The
inequality that follows is obtained because of the definition of rc as the closed
convex hull of r∗. The last approximate equality relies on the continuity of rc,
and the fact

q̂t ≈ 1
t

t∑
τ=1

qτ ≈
∑

i

Γt(i)
t

qi.

To justify the latter fact, the first approximate equality follows from the calibra-
tion property (6.11), with Q = ∆(B), and the second because qt is approximately
equal to qi for a fraction Γt(i)/t of the time.

The above outlined argument involves a fixed ε, and a fixed number ` of
sets Qi, and lets t increase to infinity. As such, it establishes that for any ε > 0
the function rc − ε is attainable with respect to the set T ε defined by T ε = {x |
dist(x, T ) ≤ ε}. Since this is true for every ε > 0, we conclude that the calibrated
strategy attains rc as claimed. ut
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