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Abstract— We consider the loss of efficiency in competitive
market mechanisms used to allocate network resources. We
model large heterogeneous populations of users assuming that
each user has a random utility function. We show that if the utility
functions are bounded, the competitive equilibrium will be nearly
as efficient as the social optimum with high probability as the
number of users increases. This is the case for inelastic capacity as
well as elastic capacity, under some standard assumptions. This
result extends to a network setup where sources and destinations
are picked at random. If, however, the utility functions are not
bounded, then the loss of efficiency does not converge to zero.
Collaborating simulations are also presented.

I. INTRODUCTION

A fundamental challenge in the operation of large-scale
broadband communication networks is how to utilize the
network resource (e.g., bandwidth) efficiently. Sharing the
same network bandwidth are heterogeneous users with a range
of demand in terms of transmission rate. This gives rise to the
need to capture each user’s perceived utility from its allocation
of the network resource. Furthermore, as a result of the large
and sprawling nature of modern networks, it is difficult to
manage the resource in a centralized fashion. An alternative
approach is to allow the users to compete for the network
resource, as a commodity, through a market mechanism.

We compare the efficiency of two paradigms: the first is
a centralized resource allocation mechanism where one agent
divides the network’s resource such that the aggregate utility
of all users is maximized, the second is a decentralized market
mechanism where users bid selfishly and receive proportional
amounts of resource [Kel97]. When efficiency is measured as
the aggregate surplus of all the network’s users, the centralized
allocation mechanism achieves an optimal solution. Kelly
[Kel97] shows that the market mechanism also admits a
competitive equilibrium with an optimal solution, provided
that the users do not anticipate the effect of their bids on the
market price. However, there is no reason to assume that users
will not anticipate the effect of their bids. Johari et al. show
in [JT04] and [JMTOS] that when users are price-anticipators,
the market mechanism admits nevertheless a Nash equilibrium
for which the efficiency loss is at most 25% for inelastic
supply, and at most approximately 34% for elastic supply
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(where the users can pay for additional resource). Building
upon these encouraging results, we show that, under some
standard assumptions, the loss of efficiency actually tends to
0 when the number of potential users is large.

The subject of loss of efficiency between socially optimal
and equilibrium outcomes—or price of anarchy, has been
widely studied since the work of Koutsoupias and Papadim-
itriou [KP99]. Roughgarden and Tardos [RT02] show that the
total latency experienced by selfish users is at most 4/3 times
the minimum possible total latency in the context of routing.
Awerbuch et al. [AAEO5] give bounds on the price of anarchy
when network flows are unsplittable. Empirical study of selfish
routing in realistic environments (e.g., the Internet) already
suggests that the loss of efficiency is often much less than
the worst-case bound [QYZS03]. Friedman [Fri04] shows that
the performance degradation due to selfish routing is generally
small.

In this paper, we study the efficiency loss due to lack of
cooperation among users, which can also be attributed to price-
anticipating behavior in a market environment. Hence, we
assume that the central agent has perfect knowledge of the true
utilities and that every user acts optimally with the knowledge
of the sum other users’ bids. Loss of efficiency can also be
the result of the central agent having a wrong perception of
user utilities, some users manipulating their utility function,
some users over- or under-bidding; these are not studied here.
We will focus on asymptotic results for large populations of
random users.

We show that, under some standard conditions on the utility
functions and the distribution of the utility functions, the
loss of efficiency tends to O almost surely as the number of
users tends to infinity. Therefore, bigger—more populous—
networks are also more efficient. This result holds whether
the network’s resource has inelastic or elastic supply. We
first prove this result for a single link, then show how it
encompasses general networks. However, under different as-
sumptions, the reverse situation happens. We show that the loss
of efficiency is bounded away from O with positive probability
for a certain class of distributions over the random utility
functions.

The paper is organized as follows. Section II presents the
market-based resource allocation mechanism for a single link
and the probabilistic setup. Within this setting, Section III



shows that the efficiency loss tends to O as the number of
users tends to infinity for bounded utility functions, along with
simulation results for illustration. By slightly modifying the
setup, Section IV gives situations where the loss of efficiency
does not tend to 0. Section V shows that the efficiency loss
still converges to O if the resource has a soft capacity—or is
elastically supplied. Section VI shows how to generalize the
previous results to networks. Section VII relates our work to
other works in economics. Some conclusions are offered in
Section VIII.

II. BACKGROUND

In this section we provide the essential background on
market mechanisms that will be used in the subsequent devel-
opment. In Section II-A, we list our assumptions concerning
the utility functions. In Section II-B, we recall the pricing
mechanism, based on [Kel97], for a single link. In Section
II-C, we specify the mathematical model for random utility
functions.

A. Utility functions

Consider a set of users, labeled 1,...,n, that share an
amount ¢ of a given network resource. Henceforth, we will
use the term commodity to refer to this resource, whether it is
traffic, bandwidth, time-slots, etc. User ¢ is characterized by
the utility functions w; : [0,00) — [0, 00). We will make the
following assumption concerning the utility functions.

Assumption 2.1: The utility functions wu;:

i. are concave and continuously differentiable,

ii. are strictly increasing, with u;(0) = 0,

iii. have finite slope everywhere except possibly at 0, i.e.,

ul(e) < o0, Ve > 0.
Observe that this assumption allows linear utility functions
(cf- [Kel97] where a strict concavity assumption is made).
Traffic that leads to such utility functions is often referred
to as elastic traffic [She95].

In general, valid utility functions need not have a closed-
form expression. We could dispense with the continuous
derivative assumption to the detriment of ease of analysis.
The strictly increasing condition ensures that the amount of
resource c is entirely allocated. The condition u;(0) = 0 is
realistic as no commodity would typically imply no benefit.
Note that we allow u}(€) — oo as € | 0. For brevity, we will
write u};(0) for the initial slope of user i, i.e., lim o u}(€).

B. Resource allocation mechanism for a single link

We now specify the assumptions of the market mechanism
model, for more details, the reader is referred to [Kel97].
For the ease of exposition, the number of users and their
utility functions is assumed fixed (and non-random) in this
sub-section.

Let z; be the amount of commodity allocated to user 7.
An allocation z1,...,x, achieves social optimality if it is a

solution to the optimization problem

SYSTEM
n
max Z u; ()
T1yee3Tn
i=1
n (D
subject to Z z; <c,
i=1
z; >0, i=1,...,n.

We call the objective function of the problem SYSTEM the
aggregate utility. A central agent with knowledge of the utility
functions can implement this allocation mechanism.

We will consider the bidding mechanism, introduced by
Kelly [Kel97], where the users bid for the resource and receive
proportional shares. A general version of the mechanism is de-
scribed by Shubik [Shu73] and Shapley [Sha76]. Specifically,

1) every user ¢ submits a bid b;,

2) if 31" b; > 0, then the price for the commodity is set

to

)\ = Z?:l bi
c

)

3) each user receives an amount z; = b;/\ of the com-

modity.

In this setting, users can act as price-takers or price-
anticipators. Price-taking users do not anticipate the effect of
their bid on the price. Every price-taking user ¢ maximizes his
surplus as follows when Y7, b; > 0:

b;
e (8)
subject to  b; > 0.

Every price-anticipating user ¢ maximizes his surplus as
follows when Y ", b; > 0:

max u 7@ c b
X U — b
bs bi+ 34 bs

subject to  b; > 0.

Kelly [Kel97] showed that there exists a competitive equi-
librium when the users behave as price-takers!. Moreover, the
resulting allocation is an optimal solution to SYSTEM. This
effectively establishes the equivalence between two interpreta-
tions of social optimum: price-taking bidding equilibrium and
centralized control.

Hajek and Gopalakrishnan [HGO4] showed the existence of
a unique Nash equilibrium under Assumption 2.1 when the
users behave as price-anticipators. This Nash equilibrium is
the solution to an optimization problem similar to SYSTEM,
with modified utility functions.

Theorem 2.1 (Hajek and Gopalakrishnan, [HG04]):
Assume that there are n > 2 users, each with a concave,
strictly increasing, and continuously differentiable utility

Kelly’s result is under the assumption that the utility functions are strictly
concave, which is slightly stronger than Assumption 2.1.



function. Then there exists a unique Nash equilibrium, and
the resource allocation at the Nash equilibrium is the solution
to the following optimization problem:

GAME

n

> [0t + 2 [ty

i=1

max
Y1,--Yn

2
subject to Zyz <eg,
i=1
¥y, >0, i=1,.

A Nash equlhbrlum in this settlng is a set of bids such that
no user can increase his utility by unilaterally changing his
bid. Let the allocation y1,...,¥, arise from bids at a Nash
equilibrium between price-anticipating users. We adopt the
following notion of price of anarchy [JTO4], drawn from the
analogy between Nash equilibrium and a state where each
individual looks exclusively at his own interest:

A Z 22i=1WilVi) UZ(%)

POA =
2 wi(ws)|

It is also natural to define the more intuitive notion of loss of

efficiency:
LOE £ 1 — POA.

Intuitively speaking, this is a measure of loss benefit to the
users collectively due to lack of cooperation.

Henceforth, when we write “socially optimal outcome,”
we mean a solution to SYSTEM, which is equivalent to a
competitive equilibrium among price-taking users. When we
say “Nash equilibrium outcome,” we mean the solution to
GAME, which is equivalent to the Nash equilibrium among
price-anticipating users.

C. Modeling a population of random users

In this paper, we consider populations of random users. We
will study the asymptotics of the loss of efficiency. By asymp-
totic behavior of efficiency loss, we mean its characteristics
when the number of users having random utility functions
tends to infinity. As we will see, many of the users may
actually receive no commodity at the end of the allocation
process, so by “user,” we really mean “potential user.”

We assume that the users enter into play one by one,
sequentially. Their utility functions are drawn i.i.d. from the
probability space (€2, B,Pr), where Q is a set of utility
functions satisfying Assumption 2.1 and B is a o-field over
. Let the constant v be the supremum of «’(0) among all
functions u € Q, i.e.,, v = sup,cq{w (0)}.

We will use U; to denote the random utility functions
and u; for realizations of U; which are elements of €. The
following assumption is our basic assumption concerning Pr,
the probability function on €.

Assumption 2.2: The probability space satisfies one of the
following conditions:

1. v < oo,

ii. v = o0 and Pr(U/(0) = c0) > 6 for some 6 > 0, i.e.,

there is a probability mass on the event {U/(0) = oo}.

These conditions guarantee that there is always some proba-
bility mass on utility functions whose initial slope is near w.
Note that given that Assumption 2.1 holds, the users cannot
have a constant zero utility function.

Let us recursively generate the set of random utility func-
tions for users 1,...,n as follows:

U £ {7},

U =uYu{u,}, n>2

We will consider what happens when we let n — co. Observe
that, here and later, when we say that the number of users
tends to infinity or write n — oo, we mean that additional
users appear while formerly present users remain.

A note about notation is due. We will generally denote
random variables with capital letters (e.g., X;, Y;), and their
realizations with small letters (e.g., x;, ;). We will suppress
the index (") when obvious. The only exceptions to this rule
are random variables denoted by Greek letters.

It would be convenient to consider the randomization mech-
anism where a scalar random variable multiplies a certain
utility function. In that case,

where S; are assumed to be random scalars, and u is a
deterministic utility function that satisfies Assumption 2.1.
We further assume that sequence St, ..., S, is independent,
identically distributed, drawn according to some discrete or
continuous probability distribution. We will call such a ran-
domization mechanism a scalar modulation of the utility
function u. We now present a scalar modulation example that
satisfy Assumption 2.2, followed by an example that does not
satisfy the assumption.

Example 2.1 (Modulation satisfying Assumption 2.2):
Suppose that S; has bounded support and that u(z) = .
It is easily verified that U;(x) = S;z satisfies Assumption
2.2. Same holds for U;(z) = S; log(1l + x). In the case
of u(x) = /x, we do not even have to assume that .S;
is bounded. All that is needed is to assume that S; is
not identically zero. In that case, U;(x) = S;/x satisfies
Assumption 2.2 since the probability of having infinite slope
at 0 is not zero and equals Pr(S; # 0).

Example 2.2 (Modulation violating Assumption 2.2): The
case of U;(z) = |S;| ¢ with S; drawn from a Gaussian or
exponential distribution violate Assumption 2.2 because

Pr(U}(0) = v) = Pr(S; = 00) = 0.

= Sl u(x)a

III. ASYMPTOTIC BEHAVIOR OF EFFICIENCY LOSS
FOR A SINGLE LINK WITH HARD CAPACITY

In this section we establish the convergence of the loss
of efficiency to zero under the model and conditions set
forth in Section II. Our main theorem is stated under rather
broad conditions and only requires that Assumptions 2.1 and
2.2 hold. We illustrate the result using simulation where
we draw utility functions randomly from various probability
distributions.



A. Loss of efficiency convergence theorem

In this section we prove our basic results concerning the
convergence of the loss of efficiency. We start with the
following definition.

Definition 3.1 (Active Users): The active users are the
users that receive non-zero allocation. We will employ this
term for the socially optimal outcome or the Nash equilibrium,
depending on the context.

Theorem 3.1 (Convergence of loss of efficiency): Consider
a resource allocation game with concave utility functions
satisfying Assumption 2.1. The utility functions are drawn
ii.d. from a distribution satisfying Assumption 2.2. Then the
loss of efficiency tends to 0 almost surely as the number of
users tends to infinity.

Johari shows in [Joh04, Corollary 2.8] that if an infinite
number of users each receive an infinitesimal fraction of the
commodity, then the loss of efficiency approaches 0. Our proof
bears some similarities.

Proof: The proof proceeds in five main steps. In the first
step, we express the optimality conditions for social optimum
and Nash equilibrium. In the second step, we show that the
price of the commodity at the Nash equilibrium outcome
converges (to a random variable) as the number of users tends
to infinity. In the third step, we show that the limit is almost
surely the supremum of {u/(0)}. In the fourth step, we show
that the quantity of commodity allocated to each active user
tends to O asymptotically. Finally, we show that the loss of
efficiency converges to 0 almost surely. We consider only the
case where v < oco. The case where there is a probability mass
at ¥ = oo follows a similar argument, we outline the proof at
the end.

Step 1: Derivation of optimality conditions for social op-
timum and Nash equilibrium given a fixed number of users
with fixed utility functions.

First, consider the social optimization SYSTEM (1) with a
fixed n. The complementary slackness conditions are:

o if xz(-") > 0, then \(") xz(-") = ui(xz(-")),

o if xgn) =0, then \(™ xgn) > ui(xz(-n)),

e it A >0, then 7, 2™ =,

e it A =0, then 31, 2" <o,
where A(™) is the Lagrange multiplier of the capacity con-
straints (cf. [Kel97] and [JTO04]). Observe that A\(") must
be strictly positive because of the first condition. By taking
derivatives, we get the following optimality conditions.

o For all ¢ such that xz(-") > 0, we have u;(asgn)) =\,
In other words, all active users’ utility functions have
the same slope A\(™) at their respective allocation levels
mgn). This condition is guaranteed by the concavity and
continuous first derivative of ui(xyl)).

o For all ¢ such that :ﬂz(-") =0, we have u/(0) < A(™),
o« iy Q:En) = c¢. This is true because of the strictly
increasing utility assumption.

Note that a user ¢ is active if and only if its initial slope

is strictly greater than \("), i.e., ui(0) > A because of

the concave utility assumption. Therefore, A("™) represents the
shadow price of the commodity.

Similarly, let 3" denote the solution to the Nash equilib-
rium optimization problem GAME (2). Consider the modified
utility function from GAME:

Oitye) = (1= %) waly) + i/oy ws(2) dz.

It is easily verified that U, also satisfies all the criteria of As-
sumption 2.1. Therefore, we can derive optimality conditions

similar to the above.
(n
i

y (n)
1—= u;(yz )= H(n);

e For all ¢ such that y ) > 0, we have

C

where ;(") is the analogue of A(™. This follows from
taking the derivative of U (y;).

« For all i such that 3™ = 0, we have u/(0) < u(™.

o« i, ygn) =c
Notice the similarity between the two sets of optimality
conditions for the socially optimal and equilibrium outcomes.
We will show that indeed, the optimality conditions are the
same as 1 — o0.

In the following steps, we allow the utility functions to be
random and let n tend to infinity. Consequently, A(™) becomes
a function of V("), but we will still use A(™ as a short-hand
notation for A (V(”)). The same remark holds for the optimal
value of the decision variables Yi(") with realizations denoted
.

Step 2: Show that the limit lim,, . u(™) exists.

Observe that the sequence ;™ is monotone increasing
because one user is added at each increment of n. Moreover,
the first optimality condition implies that the sequence (™ is
bounded from above by v. Suppose on the contrary that the
cost decreases when we add user n+ 1, that is (1) < (™),
In this case, the allocated commodity for each user increases
by the concavity and continuous first-derivative assumptions.
This is impossible because one of the optimality conditions
requires that ¢ be entirely allocated for every n. Therefore,
the random variable [ = lim,,_.o (™ exists.

Step 3: Show that ;™) — v almost surely by contradiction.

We show that if (™) does not converge to v, the number
of users allocated a non-negligible amount of resource tends
to infinity. Fix € > 0 and let K (") denote the number of users
with u;(0) > v — §, then

Pr (U{(O) >v- g) >0,

by Assumption 2.2. Moreover, by the strong law of large
numbers,

K(n) a.s. ’ €
T->Pr(Ui(O)>y—§). 3)

Suppose, on the contrary, that there exist ¢ > 0 and § > 0
such that Pr(ji < v —¢€) > 4. Consider the event {{i < v —¢€}.



By definition, there must be at least K (™) active users. For
these K(™) active users, the optimality conditions require that

In turn, this requires that Yi(”) be bounded away from 0 with
some probability { > 0. Otherwise, if Yi(n) — 0 almost surely,
contradiction ensues because the left-hand side tends almost
surely to u;(0) > v — §, whereas the right-hand side tends
to i < v — €. In summary, we have shown that there are
K™ active users for whom Yi(") is bounded away from 0
with probability ¢ > 0. Since K(™ — oo as n — oo by
Equation (3), this contradicts the fact that we have a finite
amount of resource c. Therefore, i = v almost surely.
Step 4: Show that Yi(”) — 0 for every active user ;.
Consider again the optimality condition for active users:
oy

/(™) = .
. () =p

In the limit as n — oo, the right-hand side converges to v
almost surely. The left-hand side is monotone decreasing in
Yi(") and upper-bounded by v, so Yi(") must converge to 0
almost surely as n — oo.

Step 5: Show that the efficiency loss converges almost
surely to O.

Finally, we see that the optimality conditions for the so-
cially optimal and Nash equilibrium outcomes coincide when
Yi(") — 0 almost surely because

1— &

— | ") = U™,

Since the optimality conditions coincide in the limit, the
solutions of the two problems also coincide. It follows that
the loss of efficiency tends to O almost surely.

For the case v = oo, we can verify that the sequence ;(™ is
monotone increasing, and that, similarly to Step 3, u(™) — oo
almost surely as n — oo. Therefore, as in Step 4, Yi(") — 0
almost surely. It follows that the optimality conditions coincide
and the loss of efficiency converges to 0 almost surely. |

B. Simulations with random utility functions

To validate the results, we simulate the loss of efficiency for
different numbers of users. For scalar modulated linear utility
function, Figure 1 shows that the mean loss of efficiency,
as well its empirical variance, decrease as the number of
users increases. Likewise, Figures 2 and 3 show the simulated
the loss of efficiency for scalar modulated non-linear utility
functions. Since there is no closed-form solution for these
utility functions, we resort to generic optimization algorithms,
which cause prohibitively long simulation times for large
numbers of variables. For this reason, we restrict the number
of users to be small.

We have shown in this section that, with a certain class of
random utility functions, a decentralized market mechanism

0.06

0.04 77 1

w
O 0.03% i
a

0.021 1

6000 8000 10000

number of users

0 . .
0 2000 4000 12000

Fig. 1. LOE versus n for S; x utility functions and S; sampled uniformly
in [0, 1]. The error bars have width equal to one standard deviation.

0.045 1
0.04 1

0.0351 J

w -
O 0.025F 1
a

0.02 i
0.015 1

0.01 T 1

#

1 2 3 4 5 6 7 8 9 10 11
number of users

0.005

Fig. 2.
in [0,1].

LOE versus n for S; v/ utility functions and S; sampled uniformly

can achieve the same asymptotic efficiency as a central au-
thority enforcing a socially optimal resource allocation. The
economic interpretation is that price-anticipating behavior has
little effect on efficiency in large networks where resource is
allocated using the market mechanism of Section II-B.

IV. SITUATIONS WHERE THE LOSS OF EFFICIENCY
DOES NOT TEND TO ZERO

We show that the loss of efficiency does not tend almost
surely to 0 in the case of linear utility functions U;(z) = S; x,
with slopes .S; drawn i.i.d. from some class of distributions
with support unbounded from above. The case of linear utility
functions is interesting because it lies at the “boundary” of the
class of concave functions of Assumption 2.1. For this task,
we first relate the loss of efficiency to a ratio of order statistics,
then apply results about the asymptotic distribution of order
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statistics. The theory of order statistics is treated in [DNO3]
and [LLR83] among other places.

Definition 4.1: Let S £ {S, ... S,}. The order statis-
tics o (S(™) and a(S(™) are the largest and second-largest
elements of S(™). For brevity sake, we will shorten o;(S(™))

0 ™,

It can be verified that when every .S; has unbounded support,
the sequences of highest slopes, a1 (S(), ax(S(™), and the
sequence of shadow prices )\(S(")) do not converge as n
tends to infinity. This prompts us to study and describe the
asymptotic behavior of the efficiency loss in terms of the ratio
of the two highest slopes: ™ /™.

Lemma 4.1 (Bound on LOE as a function of aé") / agn) ):
Suppose that the utility functions are of the form u;(z) = t; x,
t; > 0 and for n > 2. The efficiency loss is bounded from

below as follows:
(-35)
(n) N )
LOE(n) > Oé?n ay
1

- ) OR N
ey
Qg

Proof: The result is algebraic in nature, and will be
proved for any n and any realization of the random quantities
involved. We let sq,..., s, denote realizations of S,...,.5,.
At the outset, observe that for linear utility functions, the
aggregate utility at the Nash equilibrium is highest when there
are fewest active users. Hence, the efficiency loss is smallest
when there are fewest (i.e., two) active users, which occurs
when

Vn > 2.

al™ > al™ > ™ > 50 Vs € {5, s\ {0V
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Fig. 4. Lower-bound on LOE as a function of aén)/ag").

In this case, the optimality conditions (as in Step 1 of
Theorem 3.1) yield the set of equations:

(1 _ xg”)) ag”) — M(n)7
(1 _ xg")) aén) — M(n)7
gcgn) + xén) =c.

From simple calculations, we obtain

The lower-bound on the loss of efficiency from Equation (4)
is plotted in Figure 4.

Corollary 4.2 (Necessary condition for zero LOE): A nec-
essary condition for the loss of efficiency to tend almost surely
to 0 is:

(n)

lim inf Pr Q2 _ OQorl) =1.
n—o00 a(n)

1
Our next aim is to derive asymptotic characteristics of the
ratio a§"> / a§"> using the theory of order statistics. The largest



and second-largest slopes, agn) and ag"), are said to be the first

and second maximal order statistics of the set S(™). Given the
deterministic sequences {l,, | I, > 0} and {m,,}, we define
the linearly normalized order statistics [LLR83]:

) 2l (0 —my),

(™ 2 (o

P2 —Mp).

These linear transformations are indispensable in order to
avoid degenerate distributions as n — oo. The following the-
orem, due to Gnedenko, describes the asymptotic distribution
of the suitably normalized maximal order statistic.

Theorem 4.3 (Extremal types, [LLR83]): Let S; be inde-
pendent random variables drawn from a distribution F'(z)
and agn) = max (Sy,...,S5,). If there exist deterministic
sequences {l,, | I, > 0} and {m,,} such that the normalized
maximal order statistic p,"’ converges in distribution, i.e.,

Pr (pgn) < z) — G(2),

n—oo
for some non-degenerate (G, then G belongs to one of the
following three families of extreme value distributions,? for
some 6 > 0:

(Gumbel) Gi(z) =e™“, z€R,
—6
7 - 0
(Fréchet) Ga(z;0) = { ‘ 0, 7 z 20:
. . _ 37(72)9; zZ < O’
(Weibull) G3(z;0) = { 1, z> 0.

Furthermore, we say that F(z) belongs to the domain of
attraction of the corresponding extreme value distribution.

The next theorem gives the necessary and sufficient con-
ditions for a cumulative probability distribution to belong to
the domain of attraction of each of the three extreme value
distributions.

Theorem 4.4 (Domains of attraction, [LLR83]): Let F(z)
be the distribution function of the sequence of i.i.d. random
variables {S;}. Let us denote the upper-bound of the support
by zr £ sup{z | F(z) < 1}. Let us write F' € D(G;) when
F belongs to the domain of attraction of G, ¢ = 1,2, 3. Then,

e € D(Gy) if and only if there exists a strictly positive

function g(t) such that

1-F(t+g(t)z2)

tl%r; T—F(l) =e¢ % foral zeR. (5

o F € D(G>) if and only if zp = oo and there exists ¢ > 0
such that

1—-F(t

tlirglo 1_}7((:)) = 270, for all z > 0. (6)

o F € D(G3) if and only if zp < oo and there exists 6 > 0
such that

1-F —
lim L) o a0, @)

tl0 1 — F(zp —t)

2Also known as max-stable distributions.

This theorem tells us that the slopes S; drawn from a
distribution F' € D(G3) must be bounded from above. This
case is covered by Theorem 3.1.

Example 4.1 (Pareto distribution): Consider the Pareto dis-
tribution function F'(z) = 1—k 279, with parameters 0, k > 0,
and with support [s'/?, 00). If S; has a Pareto distribution,
then it is easily verified that the distribution of utility functions
Ui(z) = S;z does not satisfy Assumption 2.2: we have
v = oo, but Pr(U/(0) = co0) = 0. If we set I, = (kn)~1/?
and m,, = 0, we obtain [LLR&3]:

Pr ((K n)~ /0 ozgn) < z) — Ga(2;0).
In other words, F' € D(Gs).

For a fixed parameter 6 > 0, which is suppressed to
lighten notation, we can derive the following limiting distribu-
tions characteristic of the Fréchet extreme value distribution
[LLRS83]:

FPl (Zl) = 6721_93 z1 >0,

and the following joint, marginal, and conditional probability
density functions [LLR83]:

—1-6 67'32_ 0

forpa (21, 22) = 0%(21 22) ;o 0< 2 <z,

—0
for(21) = 92’1_1_9 e "1, 21 >0, ()

1@ _pf L0
Jpalpr (22, 21) = 025 e 2 et | 0< 29 < 2.
It also follows that
-0 _—6
Foipi(22,21) =€ "2 o1 . 9)

By conditioning and using the above relations, we can
bound from below the probability that aé”) / a§”> is between
e and 1 — ¢ in the limit n — oo, for € € (0,1/2). Since

pl(") = (kn)~ /0 ozl(."), for i = 1,2, we have

o
lminfPre< —2- <1—¢
o™

n—oo
1
p(n)
=lminfPre< - <1—c¢
n—oo pgn)

e 9]
= lim inf Pr(ez < pgn) <(1—¢€)z | pgn) =2)

n—oo 0

d(Pr(py” = 21))
(by Fatou’s Lemma)

oo
> /0 [Fp2|P1 (1 —€)21,21) — Fosloa (€21, Zl)} foi(21) d2
(by Equations (9) and (8))
> / [67(176)—621—9 . 676_621_9:| 6'21—9921_1_06721_9(121.

0
Since the above integrand is positive for 0 < ¢ < 1/2, we
conclude that in the limit as n — oo, the ratio aé")/ agn) is
bounded away from both 0 and 1 with some positive proba-

bility. In this case, by Corollary 4.2, the expected efficiency
loss is bounded away from 0.
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To obtain numerical estimates for the asymptotic lower-
bound on the loss of efficiency, we rely on simulations results
such as Figure 5. We note that the standard deviation of the
loss of efficiency does not decrease to 0. This implies that
even if the number of users is large, significant variation in
the loss of efficiency is expected.

Example 4.2 (Cauchy distribution): The preceding results
for Pareto distribution readily extend to the case of one-sided
Cauchy distribution, where F'(z) = 2 arctan(z), z > 0, with
l,, = tan (%) and m,, = 0 [LLR83]. In this case, F' € D(G>)
with the parameter § = 1. Similarly to the Pareto distribution,
the loss of efficiency does not converge to 0, nor its empirical
standard deviation (see Figure 6).

In fact, for every Fréchet-type random variable, we can find
a linear transformation with m,, = 0 [DNO3]. Therefore, the
same result as for Pareto distribution example holds, which
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Fig. 7. LOE versus n for S; x utility functions, S; sampled with exponential
distribution.

we summarize in the following corollary.

Corollary 4.5 (Non-zero asymptotic loss of efficiency):

For scalar-modulated linear utility functions, U;(x) = S; x,
with S; drawn i.i.d. from some distribution F' € D(Gs),
the loss of efficiency does not tend to O almost surely as n
increases to infinity.

The proof follows the same lines as Example 4.1.

Let us turn our attention to the other two extreme value
distributions. By definition, Weibull-type random variables
have finite support (Equation (7)); hence, Theorem 3.1 holds.
For Gumbel-type random variables such as exponential and
Gaussian random variables, difficulties arise because the nor-
malizing sequences m,, increase with n [DNO3]. It is not
clear if we can prove a similar result. Furthermore, notice
that the Gumbel-type distributions have a light tail (Equa-
tion (5)) whereas Fréchet-type distributions have a heavy tail
(Equation (6)). Nonetheless, simulations suggest that even for
Gumbel-type random variables, a non-zero loss of efficiency
can be expected (see Figure 7).

Figure 8 shows the relative frequency for pairs of values
(LOE, 1 /a2) in a simulation where the user slopes S; are
drawn at random according to the exponential distribution
F(z) =1—e#, z > 0. The distinctions between Gumbel-type
(e.g., exponential, Gaussian) and Fréchet-type (e.g., Pareto,
Cauchy) random variables is further emphasized by inspecting
Figures 8, 9, and 10. They also highlight the empirical
difference in the distribution of a3 /vy for various distributions
of utility functions. For Fréchet-type distributions, there is
a noticeably broader range of values taken by «s/c;. In
Figures 8, 9 and 10, we can also clearly observe the outline
of the lower-bound plotted in Figure 4.

V. SINGLE LINK WITH ELASTIC SUPPLY

In this section we consider the case of elastic supply or soft
capacity. We introduce a cost function cost(c) that reflects the
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cost incurred to all the users when ¢ units of commodity are
produced.
Assumption 5.1: There exists a price function p(c) such that

cost(c) = /Ocp(z)dz.

Moreover, p(c) : (0,00) — (0,00) is convex and differen-
tiable, and p’(c) < oo for every ¢ < oc.

A. Socially optimal outcome

In the soft capacity case, the socially optimal outcome,
which maximizes the aggregate surplus, is the solution to the
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Fig. 10. Empirical joint relative frequency of LOE and a2 /a1 out of 5 x 104
experiments for S; = utility functions, .S; sampled with Pareto distribution,
and n = 103 users.

following problem [JMTOS5]:

n n
max E u;(x;) — cost g T
T1,..,Tn
i=1 i=1

subjectto z; >0, 1=1,...,n,

where the objective function is the aggregate surplus. The
optimality conditions for this problem are:

o if xl(n) > 0, then u;(xgn)) = p(c™),

o if 2\ =0, then u/(0) < p(c™),

« it xgn) = .

Kelly et al. [KMT98] present a bidding mechanism that,
when combined with the assumption that users do not an-
ticipate the effect of their bids on the price, maximizes the
aggregate surplus. In this mechanism, every user submits a
bid as before, but the pricing mechanism changes. When
Z?:l b; > 0, the selling price per unit of the commodity,
A, is set to satisfy the equation

A=p <Zn;1b> = p(c™).

Every user receives a proportional share of the commodity
as before: Ign) = b;/\. For more details about the bidding,
pricing and allocation mechanism, the reader is referred to
[JMTOS] and [KMTO8].

When Z?Zl b; > 0, every price-taking user ¢ maximizes

his surplus as follows:
b;
R
bi ( A )

max Uu;
subject to  b; > 0.

(10)

(11)

The variable A is taken as given and assumed independent of
b;. Kelly et al. [KMT98] showed that when the users behave as
price-takers, there exists a set of bids that is optimal for every
individual user and that maximizes the aggregate surplus.



B. Nash equilibrium outcome

In contrast to the price-taking situation, every user ¢ can
instead anticipate the price and maximize his surplus as
follows (assuming that Z?Zl b; > 0):

max u ( bi ) b
X Uy | —=5 ) — U

subject to  b; + Z b, =d-p(d),
j#i
bi > 07

12)

where d is used to denote the amount of commodity. This
amount may be different from the amount c allocated in the
social optimum. Under Assumption 5.1, Johari et al. [JMTO05]
show the existence of a unique Nash equilibrium set of bids
for the case of price-anticipating users. It is also shown that
the necessary and sufficient conditions characterizing the Nash

equilibrium allocation (ygn), ce yé")) are:

() > (, then

i
1-— yz(n) p/(d(n)) ui(y;") =
p(d0) + di) /(@) )

o if 4™ =0, then u}(0) < p(d™),
° Z?:l ygn) = d(n)

Moreover, the loss of efficiency, defined in terms of aggregate

surplus instead of aggregate utility, is at most 6 — 4v/2

[JMTO5].

C. Convergence of efficiency loss

Theorem 5.1 (Convergence of LOE with elastic supply):
Under Assumptions 2.1, 2.2, and 5.1, the loss of efficiency
converges to 0 almost surely as the number of users tends to
infinity.

Proof: (Outline) Let D(™) be the random variable for the
total quantity of commodity allocated at the Nash equilibrium
outcome, and let (™ denote its realization. Analogously to the
proof of Theorem 3.1, we first show that p(D(™) converges
almost surely to the supremum of {u(0)} as n — co. As a
second step, we show that the quantity of commodity allocated
to each active user tends to 0 as n — oo. Then, we show that
the necessary and sufficient conditions for the social optimal
outcome and the Nash equilibrium outcome coincide as n —
oo, from which follows the fact that the loss of efficiency
converges to 0 almost surely. We first consider the case v < oo
of Assumption 2.2. The proof for the case v = oo follows by
a similar argument.

Step 1: Show that lim,, .., p(D(™)) exists and equals v, the
supremum of {u}(0)}.

It can be shown that the sequence D" is monotone
increasing, and that it is bounded when v < co. Hence, it has
a finite limit D. It follows, by continuity of p, that p(D()
has a finite limit p(ﬁ). For a fixed € > 0, let K(" be the
number of users with u;(0) > v — §, then there exists some
v > 0 so that K" /n — ~ as n — oo by Assumption 2.2
and the law of large numbers.

Next, we prove that p(D(™) — v almost surely. Observe
that since the limit random variable p(D) exists and since
p(D(™) is monotone, almost sure convergence here is equiv-
alent to convergence in probability. We will show the latter by
contradiction. Suppose on the contrary that there exist an ¢ > 0
and a § > 0 such that Pr(p(D) < v—¢) > 8. In the event that
p(ﬁ) < v — ¢, there are at least K (™) active users. We show
that each of these K (") users receives a non-negligible amount

of resource. Consider the optimality condition for active users:

(n)
_ p(D™) (13)

Uiy

Yi(n) p/(D(n))
p(D(™) + D0V p/ (D)

1

where we have divided both sides by U{(Yi(")) > 0. On the
left-hand side, the expression in the denominator is bounded
away from O with probability 1 as n — oo since Pr(ﬁ =
0) = 0 (by a straight forward application of the Borel-
Cantelli Lemma). Therefore, the left-hand side converges to
1if V) — 0. However, if ") — 0, the right-hand side
tends to

UV —€

€

p(D)
U0

<

=
]

which is bounded away from 1. This implies that Yi(n) on
the left-hand side is bounded away from O with some positive
probability, so that D) — co almost surely because K (") —
oo. This contradicts the assumption that p(D) < v —e. Hence,
p(D™) — v almost surely.

Step 2: Show that the optimality conditions for the social
optimal and Nash equilibrium outcomes coincide.

From the optimality condition (13), we also conclude that
Y,L-(") — 0 almost surely. This implies that the optimality
conditions for the socially optimal outcome coincide with
those of the Nash equilibrium outcome. Finally, it follows that
efficiency loss tends to 0 almost surely as n — oo.

For the case where v = oo, we proceed as follows. First,
consider the event that D™ < oo for all n. Then, we can show
that the number of users receiving non-negligible quantities
of commodity tends to infinity, which is a contradiction.
Therefore, we have D™ — oo almost surely. This implies,
through the optimality conditions, that YZ-(") — 0. Finally, the
convergence of the efficiency loss follows from comparing the
two sets of optimality conditions. |

Figure 11 illustrates the convergence of the efficiency loss
with elastic supply.

VI. NETWORKS

Theorems 3.1 can be generalized to networks with arbitrary
topology. For this section, we will only consider linear utility
functions and define the loss of efficiency in terms of aggregate
utility. We give the outline of a proof, restricted to scalar-
modulated linear utility functions of the form: U;(x) = S; x.

Our network will be modeled as a simple undirected graph
G = (N, E). The set of nodes N comprises of the possible
sources and destinations. Each edge e; of E is a link, parallel
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edges and self-loops are not allowed. Let c; denote the
capacity of link ey.

We assume that each user ¢ picks a source and destination
pair {o;,7;} in N according to some non-degenerate distri-
bution, i.e., such that for every pair vi,vo € N, we have
Pr({o; = v1} N {m = wve}) > 0. Furthermore, the random
source and destination are picked independently of the random
utility function U;. Next, we assume that each user ¢ routes
his traffic on a single-path, m;, i.e., flows are unsplittable. To
determine 7;, user ¢ picks one of the shortest paths from o;
to 7; in any deterministic or probabilistic manner. In order to
obtain network resource along the path m;, user ¢ submits a
bid b;; to each link e; on the path ;. Each link ey sets its
price per unit of commodity as follows:

Z?:l b
Ck ’

fur =

User 4 receives an allocation of commodity b;x /) from each
link e, € m;. However, the maximum amount of flow that
user ¢ can dispatch on path 7; is limited by the critical link to

b
kiexemi \ Uk ’

min

With the linear utility function assumption,
anticipating users maximize their surplus as follows:

price-

. b;
max §; min ALy I Z bix
bik1 kiex€mi \ [k
k:ep€m;
n
> i1 bk
subject to iy, = =I=LTE 0 Wk iep e,
Ck
bir >0, Vk:ep€m,.

Theorem 6.1 (Convergence of LOE in networks): Suppose
that the random utility functions U;(z) = S;z satisfy
Assumption 2.2. Then, within the described network setup,

the loss of efficiency tends to O almost surely as the number
of users tends to infinity.

Proof: (outline) The proof can be divided into four steps.
In the first step, we show that for every link, the number
of users who bid for that link alone tends to infinity with
the total number of users. In the second step, we show that
every link’s price is greater than half the maximum price with
high probability. In the third step, we show that users who
bid for more than one link’s commodity will become inactive
with high probability as the number of users tends to infinity.
Finally, we observe that in the large number of users limit, only
users who bid on a single link can be active, hence allowing us
to apply the results from Theorem 3.1. We consider only the
case v < oo of Assumption 2.2 since Assumption 2.1 applied
to linear utility functions forbids infinite slope expect at 0.

Step 1: Show that the number of users whose shortest path
is the link ey tends to infinity as n — oo for every e € F.

Let M(ey), e, € E, be the number of single-link users with
source and destination pair {c;, 7;} equal to e. For every link
ek, as the number of users n tends to infinity, we know that

@ 2 Pr({os, i} = ex) > 0.
Therefore, M (ex) — oo as n — o0.

Step 2: Show that py, > v/2 with high probability as n —
oo for every e, € F.

With enough of these single-link users on each link eg, the
price of each link, p, will be driven above /2 with high
probability (by the same argument that (™) — v in the proof
of Theorem 3.1).

Step 3: Show that for every user ¢ such that |m;| > 1
becomes inactive with high probability as n — oc.

Every user whose source and destination pair are separated
by shortest paths of length 2 or greater will eventually become
inactive as n increases. The reason is that such a user has to
split his total bid among multiple links and compete against
many other users with comparable utility functions, but who
bid only on a single-link.

For example, consider a user ¢ who chooses a shortest path
of length 2, say m; = (e1,e2). When user i acts as price-
anticipator, he solves the following optimization problem:

b1 b;
s; min <1, 2) — (bi1 + bi2)

max
bi1,bi2 M1 2
. Z?:l bk
subject to pup = ——, k=1,2,
Ck

big >0, k=1,2.

We know that s; < u and that p; > v/2 and pe > v/2 with
high probability when n — oo, then the objective function
satisfies the following inequalities with high probability:

bi1 b;
s; min (1, 2) — (bi1 + bi2)
f e

b1 b;
<umin< ! 2>_(bi1+bi2)§0~

v/2 v/2



This implies that the optimal bids are b;; = b;2 = 0 when
n — oo, Le., user ¢ becomes inactive with high probability.
The same argument holds for shortest path of length greater
than 2.

Step 4: Show that only users with |7;| = 1 have a positive
probability of being active as n — oo.

In summary, with high probability as n — oo, all the
active users play single-link games and the efficiency loss still
converges to 0 by the results of Theorem 3.1. |

VII. RELEVANT WORKS IN ECONOMICS

The subject of games with many players, more specifically,
markets with many traders, has been extensively studied in
economic theory and game theory. The idea that price-taking
behavior is characteristic of large markets has been around for
a long time. It is often observed that non-cooperative equilibria
of markets tend to be inefficient in the presence of only
finitely many participants, but efficient when there are many
small participants. The notion of perfect competition among
a large number of producers dates back to Cournot’s 1838
work [Cou38]. In this section, we situate our contributions
with respect to other relevant works.

In a market with a continuum of traders, e.g., represented
by the interval [0,1], Dubey et al. [DMCS80] show that,
under conditions of convexity of strategy sets, continuity of
outcomes with respect to strategies, anonymity of traders, and
aggregation of other traders’ strategies, every non-cooperative
equilibrium of continuum markets are Walrasian, and hence,
efficient. However, an important question is the extent to
which the continuum-of-participants assumption reflects mar-
kets with large, but finite, numbers of participants. This ques-
tion is addressed in [HM72], [DMCS80], [Gre80], [Gre84],
and [Car03], among other works. Hildenbrand and Mertens
[HM72], Dubey et al. [DMCS80], and Green [Gre84] show
that the limit of a sequence of equilibria of finite markets
is an equilibrium in a continuum market if the equilibrium
correspondence is upper hemicontinuous. Carmona [Car(03]
presents sequences of finite games whose Nash equilibria
differ greatly from those of the corresponding continuum-
of-agents games. In contrast to [DMCS80], we do not rely
on the continuum of participants idealization. We consider a
countable number of participants, whereas using the contin-
uum model inherently ensures that each individual participant
is strategically insignificant, as argued by Aumann [Aum64].

Green [Gre80] shows that if a sequence of equilibria for
a sequence of replica markets converges, where increasingly
large market are created by adjoining a copy of an original
finite market, the limit is a price-taking equilibrium of the as-
sociated continuum representation. In dynamic markets, how-
ever, Green gives counter-examples where non-cooperative
equilibria fail to be efficient even with a large number of
participants. Our model of a random population of players
offers heterogeneity as opposed to replica markets.

For finite markets, Postlewaite and Schmeidler [PS78] show
that under some conditions on the initial distribution of re-
sources, any allocation resulting from a Nash equilibrium is

e-efficient for a large enough economy, in the sense that the
resulting allocation cannot be Pareto dominated if the initial
endowment of commodities is reduced by an e fraction. Our
work differs from [PS78] in that we relax their restrictions
on the initial distribution of resources and that we consider
efficiency with respect to aggregate utility (and surplus).

The present work offers a new take on an old problem.
The resource allocation problem that we consider is a special
case of the market or pure-exchange economies described in
the literature. In terms of motivation, modeling, and analysis,
our work is very different. Our motivation lies mainly in
modeling heterogeneity, as opposed to large populations. We
adopt a probabilistic line of analysis. An important distinction
is that we consider a random sampling of a countable (possibly
infinite) number of participants with a continuous set of char-
acteristics (i.e., preferences or utility functions in our case).
Our method of sampling random participants is similar in spirit
to that of Palfrey and Srivastava [PS86]. They show that in
an economy with “stochastically replicated” agents possessing
random private information, the incentive to conceal one’s
private information decreases to zero as the number of agents
increases. In contrast to our work, part of their results rely on
the assumption that each agent’s private information is drawn
from a finite probability space.

VIII. CONCLUSION

In this paper, we studied the efficiency loss in two market
mechanisms proposed by Kelly for the allocation of network
resources. Not only is the loss of efficiency bounded, it also
converges to zero almost surely under some assumptions on
the utility functions (Section III). There are, however, cases
where it provably does not converge to zero (Section IV).
These results were extended to the situation where the supply
of the network resource is elastic (Section V), as well as to
more general multiple-link network topologies (Section VI).
Analogies were drawn with works in the economics literature
in Section VIL

We conclude that the lack of central regulation, or of
cooperation among users, should not result in efficiency loss as
long as no single user enjoys the commodity much more than
the other users. Interpreted differently, we can also conclude
that price-anticipating behavior is not advantageous in the
presence of many users whose utility functions are roughly
of the same magnitude.

This work is an initial step toward understanding the be-
havior of large and random competitive networks. The setup
considered here requires combining tools from probability,
optimization, and game theory. The methods developed here
can be extended to other setups, such as modeling the user-
response to a certain network situation, by sampling the utility
functions from a dependent random process. Another natural
extension of the setup discussed here is the inclusion of a
population of users that are not self-optimizing. Incorporating
a fraction of the users who behave in a fixed manner can be
easily done using the methods developed here.



Important directions for future research include deriving
convergence rates for the loss of efficiency in terms of the
number of users and studying the effect of network topology
on the loss of efficiency. It would be interesting to study
whether some topologies exhibit a reduced loss by design.
Another related problem that may, perhaps, be approached
using a probabilistic model concerns games where routing is
part of the strategic decision, as opposed to our assumption
of fixed routing given the network topology. Finally, as we
observed in experiments, even for linear utility functions
that are modulated by a random variable with heavy-tail
distribution, there is significant asymptotic efficiency loss.
Characterizing the asymptotic distribution of this efficiency
loss is a challenging problem.
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