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Abstract. We prove that given a nearly log-concave density, in any
partition of the space to two well separated sets, the measure of the points
that do not belong to these sets is large. We apply this isoperimetric
inequality to derive lower bounds on the generalization error in learning.
We also show that when the data are sampled from a nearly log-concave
distribution, the margin cannot be large in a strong probabilistic sense.
We further consider regression problems and show that if the inputs and
outputs are sampled from a nearly log-concave distribution, the measure
of points for which the prediction is wrong by more than € and less than
€1 is (roughly) linear in €1 — €g.

1 Introduction

Large margin classifiers (e.g., [CS00,SBSS00] to name but a few recent books)
have become an almost ubiquitous approach in supervised machine learning. The
plethora of algorithms that maximize the margin, and their impressive success
(e.g., [SS02] and references therein) may lead one to believe that obtaining a
large margin is synonymous with successful generalization and classification. In
this paper we directly consider the question of how much weight the margin
must carry. We show that essentially if the margin between two classes is large,
then the weight of the “no-man’s land” between the two classes must be large
as well. Our probabilistic assumption is that the data are sampled from a nearly
log-concave distribution. Under this assumption, we prove that for any partition
of the space into two sets such that the distance between those two sets is ¢, the
measure of the “no man’s land” outside the two sets is lower bounded by ¢ times
the minimum of the measure of the two sets times a dimension-free constant. The
direct implication of this result is that a large margin is unlikely when sampling
data from such a distribution.

Our modelling assumption is that the underlying distribution has a (-log-
concave density. While this assumption may appear restrictive, we note that
many “reasonable” functions belong to this family. We discuss this assumption
in Section 2, and point out some interesting properties of $-log-concave functions.
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In Section 3 we prove an inequality stating that the measure (under a (-
log-concave distribution) of the “no-man’s” land is large if the sets are well
separated. This result relies essentially on the Prékopa-Leindler inequality which
is a generalization of the Brunn-Minkowski inequality (we refer the reader to
the excellent survey [Gar02]). We note that Theorem 2 was stated in [LS90]
for volumes, and in [AK91] for 8-log-concave distributions, in the context of
efficient sampling from convex bodies. However, there are steps in the proof
which we were unable to follow. Specifically, the reduction in [AK91] to what
they call the “needle-like” case is based on an argument used in [LS90], which
uses the Ham-Sandwich Theorem to guarantee not only bisection, but also some
orthogonality properties of the bisecting hyperplane. It is not clear to us how
one may obtain such guarantees from the Ham-Sandwich Theorem. Furthermore,
the solution of the needle-like case in [AK91] relies on a uniformity assumption
on the modulation of the distribution, which does not appear evident from the
assumptions on the distribution. We provide a complete proof of the result using
the Ham-Sandwich Theorem (as in [LS90]) and a different reduction argument.
We further point out a few natural extensions.

In Section 4 we specialize the isoperimetric inequality to two different se-
tups. First, we provide lower bounds for the generalization error in classification
under the assumption that the classifier will be tested using a §-log-concave dis-
tribution, which did not necessarily generate the data. While this assumption is
not in line with the standard PAC learning formulation, it is applicable to the
setup where data are sampled from one distribution and performance is judged
by another. Suppose, for instance, that the generating distribution evolves over
time, while the true classifier remains fixed. We may have access to a training
set generated by a distribution quite different from the one we use to test our
classifier. We show that if there is a large (in a geometric sense) family of clas-
sifiers that agree with the training points, then for any choice of classifier there
exists another classifier compared to which the generalization error is relatively
large. Second, we consider the typical statistical machine learning setup, and
show that for any classifier the probability of a large margin (with respect to
that classifier) decreases exponentially fast to 0 with the number of samples, if
the data are sampled from a (-log-concave distribution. It is important to note
that the 5-log-concave assumption applies to the input space. If we use a Mercer
kernel, the induced distribution in the feature space may not be S-log-concave.
If the kernel map is Lipschitz continuous with constant L, then we can relate the
“functional” margin in the feature space to the “geometric” margin in the input
space, and our results carry over directly. If the kernel map is not Lipschitz, then
our results do not directly apply.

In Section 5 we briefly touch on the issue of regression. We show that if we
have a regressor, then the measure of a tube around its prediction with inner
radius €g and outer radius €; is bounded from below by €; — ¢y times a constant
(as long as €; is not too large). The direct implication of this inequality is that
the margins of the tube carry a significant portion of the measure.



Some recent results [BES02,Men04] argue that the success of large margin
classifiers is remarkable since most classes cannot have a useful embedding in
some Hilbert space. Our results provide a different angle, as we show that having
a large margin is unlikely to start with. Moreover, if there happens to be a large
margin, it may well result in a large error (which is proportional to the margin).
A notable feature of our bounds is that they are dimension-free and are therefore
immune to the curse of dimensionality (this is essentially due to the S-log-concave
assumption). We note the different flavor of our results from the “classical” lower
bounds (e.g., [AB99,Vap98]) that are mostly concerned with the PAC setup and
where the sample complexity is the main object of interest. We do not address
the sample complexity directly in this work.

2 Nearly Log-Concave Functions

We assume throughout the paper that generalization error is measured using a
nearly log-concave distribution. In this section we define such distributions and
highlight some of their properties. While we are mostly interested in distribu-
tions, it is useful to write the following definitions in terms of a general function
on R™.

Definition 1. A function f : R® — R is 8-log-concave for some 3 > 0 if for
any X € (0,1), 1 € R*, 25 € R", we have that:

FQOzy+ (1= M) > e fa)* fa) (2.1)
A function f is log-concave if it is 0-log-concave.

The class of log-concave distributions itself is rather rich. For example, it
includes Gaussian, Uniform, Logistic, and Exponential distributions. We refer
the reader to [BB89] for an extensive list of such distributions, sufficient con-
ditions for a distribution to be log-concave, and ways to “produce” log-concave
distributions from other log-concave distributions. The class of (-log-concave
distributions is considerably richer since we allow a factor of e=# in Eq. (2.1).
For example, unlike log-concave distributions, (-log-concave distributions need
not be continuous. We now provide some results that are useful in the sequel.
We start from the following observation.

Lemma 1. The support of a 3-log-concave function is a convex set. Also, 3-log-
concave functions are bounded on bounded sets.

Distributions that are §-log-concave are not necessarily unimodal, but possess a
unimodal quality, in the sense of Lemma 2 below. This simple lemma captures
the properties of 3-log-concavity that are central to our main results and subse-
quent applications. It implies that if we have a (3-log-concave distribution on an
interval, there cannot be any big “holes” or “valleys” in the mass distribution.
Thus if we divide the interval into three intervals, if the middle interval is large,
it must also carry a lot of the weight. In higher dimensions, essentially this says



that if we divide our set into two sets, if the distance between the sets is large,
the mass of the “no-man’s land” will also be large. This is essentially the content
of Theorem 2 below.

Lemma 2. Suppose that f(x) is 5-log-concave on an interval [uy,us]. Let uy <
x1 < T3 < ug. Then for any x € [x1,x2], at least one of the following holds:

f(z) > fly) e P forallye [ug, x1],

or
f@) > f(y)-e™?, forall y € [z,us].

Proof. Fix € > 0. There is some z* € [u1,us] such that sup,cp,, u,) f(2) <
f(z*) + e. Suppose a* € [u1,z1]. Then for any = € [x1,x2] and y € [z, us], and
for some A € (0,1) we have z = Az* + (1 — A\)y, and by the S-log-concavity of f,
we have

fla) > f@) ) e = (fly) — M y)' e (2.2)

Similarly, if z* € [x2,us], then for every x € [z1,22] and y € [u1, z1], Eq. (2.2)
holds. Finally, if * € [x1,x2], then for any z € [z1,2*], Eq. (2.2) holds for
y € [u1, 1], and for & € [z, 23], Eq. (2.2) holds for any y € [r2,uz]. Take a
sequence €; \, 0. We know that for every ¢; Eq. (2.2) holds for all z € [x1, 2]
and all y € [uy,x1] or all y € [x2,us]. It follows that there exists a sequence
€; "\, 0 such that for all z € [z1,x2], Eq. (2.2) holds for all y € [uy, 1] or for
all y € [x9,uz]. Since ¢; converges to 0, f(z) > f(y)e™” in at least one of those
domains. O

The following inequality has many uses in geometry, statistics, and analysis
(see [Gar02]). Note that it is stated with respect to a specific A € (0, 1) and not
to all A

Theorem 1 (Prékopa-Leindler Inequality). Let 0 < A < 1, and h, g1, 9> be
nonnegative integrable functions on R™, such that h((1-=\)z+y) > g1(2)' g2 (y)?,
for every x,y € R™. Then

/n h(z)dz > </ngl(x) dz>u (/ g2 () dx)/\.

The following lemma plays a key part in the reduction technique we use
below. Recall that the orthogonal projection of a set K C R™™™ onto R" is

defined as K|gn 2 {zr e R":Jy e R™ s.t. (z,y) € K}.

Lemma 3. Let f(x,y) be a (B-log-concave distribution on a conver set K C
R™™ . For every x in K|gn consider the section K(x) = {(z,y) € R™™ .
(x,y) € K}. Then the distribution F(x) 2 fK(x) f(z,y) dy is B-log-concave on



Proof. This is a consequence of the Prékopa-Leindler inequality as in [Gar02],
Section 9, for log-concave distributions. Adapting the proof for §-log-concave
distributions is straightforward. a

There are quite a few interesting properties of 8-log-concave distributions.
For example, the convolution of a (3;-log-concave and a (2-log-concave distribu-
tion is (81 + B2)-log-concave; Gaussian mixtures are 3-log-concave; and mixtures
of distributions with bounded Radon-Nikodym derivative are also 3-log-concave.
These properties will be provided elsewhere.

3 Isoperimetric Inequalities

In this section we prove our main result concerning 3-log-concave distributions.
We show that if two sets are well separated, then the “no man’s land” between
them has large measure relative to the measure of the two sets. We first prove
the result for bounded sets and then provide two immediate corollaries. Let
d(z,y) denote the Euclidean distance in R™. We define the distance between

two sets K7 and Ks as d(K;, K>) = infrer, yer, d(x,y) and the diameter of

a set K as diam(K) = sup, ,ex d(z,y). Given a distribution f we say that
w(K) = [ f(x)dx is the induced measure. A decomposition of a closed set

K C R"™ to a collection of closed sets K1, Ko, ..., K, satisfies that: Ule K, =K
and v(K; N K;) =0 for all i # j where v is the Lebesgue measure on R™.

Theorem 2. Let K be a closed and bounded convex set with non-zero diameter
in R™ with a decomposition K = K1 UBUKsy. For any 3-log-concave distribution
f(x), the induced measure u satisfies that

_pd(K1, K2)

HiB) ze diam(K)

min{u(K1), p(Kz)}.

We remark that this bound is dimension-free. The ratio d(K5, K2)/ diam(K) is
necessary, as essentially it adjusts for any scaling of the problem. We further
note that the minimum min{u(K7), p(K2)} might be quite small, however, this
appears to be unavoidable (e.g., consider the tail of a Gaussian, which is log-
concave). The proof proceeds by induction on the dimension n, with base case
n = 1. To prove the inductive step, first we show that it is enough to consider
an “e-flat” set K, i.e., a set that is contained in an ellipse whose smallest axis
is smaller than some ¢ > 0. Next, we show that for an e-flat set K, we can
project onto n—1 dimensions where the theorem holds by induction. By properly
performing the projection, we show that if the result holds for the projection, it
holds for the original set. We abbreviate t = d(K1, K3). The theorem trivially
holds if £ = 0, so we can assume that ¢t > 0. From Lemma 1 above, we know that
the support of f(z) is convex. Thus, we can assume without loss of generality,
that since K is compact, f(x) is strictly positive on the interior of K.

Lemma 4. Theorem 2 holds for n = 1.



Proof. If n = 1, then K is some interval, K = [uy, us], with diam(K) = |us —uy|.
Since ¢t = d(K1, K2) > 0, no point of K; is within a distance ¢ from any point
of Ks. Furthermore, there must be at least one interval (by,be) C B such that
|ba — b1] > ¢, and such that (by,b2) N (K3 U K3) = (. Fix some e > 0, with

€ < t/2. Define the e-expansion sets K = {r € K : d(z,K;) < €}, and

K, 2 {rx € K : d(x,K,) < ¢}. Define B to be the closure of the complement in
K of K; UKS5. Each set is a union of a finite number of closed intervals, and thus
we have the decomposition [ug,us] = Ul 1[7"1 1,7], where each interval [r;_q, 7]
is either a K 1-interval, a KQ interval, or a B-interval. We modify the sets so that
if the B-interval [n,l,rz] is sandwiched by two K;-intervals (i =1,2) then we
add that interval to KZ If the B-interval is either the first interval [ro, 7], or
the last interval, [rp,—1, 7], then we add it to whichever set K; is to its right,
or left, respectively.

The three resulting sets Kl,K27 and B are closed, intersect at most at a
finite number of points, and thus are a decomposition of K. Each set is a union
of a finite number of closed intervals. Furthermore, ¢ = d(Kl, K2> >t — 2¢, and
K, D K, Ky D K>, and B C B. By our modifications above, each B-interval
must have length at least .

Consider any B-interval [r;_1,7;]. Let 2* be a maximizer! of f(z) on [uy, us),
and Zmin a minimizer of f(x) on [r;_1,7;]. Suppose that z* > Zyi,. Then by
Lemma 2, for any y < r;_1, we must have f(2Zmin) > f(y)e™”. Therefore,

Ti—1

e P ([, i) = ¢ / (@) dz < (riot — u1) f(wmin)

1

< diam(K) - f(@min) < d-la_mr ) / f(z
< diamfA(K)’u([”ib”]).

If instead we have z* < xpin, then in a similar manner we obtain the inequality

e allrial) < T )

Therefore, in general, for any B-interval (r;_1,7;),

-8

Tam(K) min{ p(fur, 7i-1]), p([ri, uz]) }-

p([rie1,mi]) > e

Suppose, without loss of generality, that [ro,71] is a K;-interval. Consider the
first B-interval [r1,72]. If p([r1,ra]) > e (&) diam(K))u([ra, us]), then u(B) >

! As in Lemma 2, f may not be continuous, so we may only be able to find a point z*
(Zmin) that is infinitesimally close to the supremum (infimum) of f. For convenience
of exposition, we assume f is continuous. This assumption can be removed with an
argument exactly parallel to that given in Lemma 2.



e P(i/ diam(K))u(K>) and we are done. So let us assume that pu([ry,rs]) >

e P(t/ diam(K))pu([u1,1]). Similarly, for the last B-interval (rp_g,7m_1), we

can assume that u([rm_o,7m_1]) > e ?(t/ diam(K))u([rm_1,u2]) otherwise the

result immediately follows. This implies that there must be two consecutive B-

intervals, say (7j_1,7;) and (741, 7j12) such that pu([rj_1,7;]) > e~#(¢/ diam(K))p([u1,7j-1])
and pi([rj1,7j42]) = e7(t/ diam(K))u([rj42, ug]). Since [ur,7j-1] U [rj12, us]

contains either all of K, or Kg, combining these two inequalities, and using the

fact that K; D K;, and BC B, we obtain

w(B) > u(B) = pu([rj—1, 751U [rj1,7542])

s

> e qamiiey llunsmial) + e, wal)

> e min{u(Ry), u(Kr)}

diam(K)
> 0 L2 min{u(K), w(K)).
- diam(K)
Since this holds for every € > 0, the result follows. a

We now prove the n-dimensional case. The first part of our inductive step is
to show that it is enough to consider an “e-flat” set K. To make this precise, we
use the Lowner-John Ellipsoid of a set K. This is the minimum volume ellipsoid
E containing K (see, e.g. [GLS93]). This ellipsoid is unique. The key property
we use is that if we shrink F from its center by a factor of n, then it is contained
in K. We define an e-flat set to be such that the smallest axis of its Lowner-John
Ellipsoid has length no more than e.

Lemma 5. Suppose the theorem fails by & on K, for some d > 0, i.e.

t
14+ 0)u(B) < e P ————— min{u(K1), u(K)}. .
(14 8)u(B) < €9 gt min{ (). 4 (1)) (33)
Then for any € > 0, there exists some e-flat set K C K with decomposition
K = K{UBUK,, such that K; C K;, BC B, d(K,K5) > t, and diam(K) < d,
and such that the theorem fails by 8, i.e., Eq. (3.3) holds for K, K|, Ky, B.

Proof. Let K, K1, K5, B and § be as in the statement above. Pick some € > 0
much smaller than ¢. Suppose that all axes of the Lowner-John ellipsoid of K
are greater than e. A powerful consequence of the Borsuk-Ulam Theorem, the
so-called Ham-Sandwich Theorem (see, e.g., [Mat02]) says that in R™, given n
Borel measures ug,k = 1,...,n, such that the weight of any hyperplane under
each measure is zero, there exists a hyperplane H that bisects each measure, i.e.,
pe(HY) = pp(H™) = i (R™) for each k, where HT, H~ denote the two half-
spaces defined by H. Now, since we have n > 2, the Ham-Sandwich Theorem
guarantees that there exists some hyperplane H that bisects (in terms of the
measure p) both K; and Ks. Let K’ and K" be the two parts of K defined by
H (K and B are not necessarily bisected), and similarly define K1, K{, K}, KY



and B’, B”. The minimum distance cannot decrease, i.e., d(K}, K}) > t, and
d(K{,KY) > t, and the diameter of K cannot be smaller than either the diameter
of K’ or K. Consequently, if the theorem holds, or fails by less than ¢, for both
K’ and K", then

(1 (B = (1+ (B + (1 +5)(B")
> o9 gt (min { D). st} min {3, g )

diam

t
= eﬁm min{p (K1), p(K2)}.
Therefore the theorem must fail by § for either K’ or K”. We note that this
is the same § as above. Call the set for which the theorem does not hold K,
and similarly define K £1), K él) and B, We continue bisecting K7) in this way,
always focusing on the side for which the theorem fails by d, thus obtaining a
sequence of nested sets K D KM D...D KW O ...,

We claim that eventually the smallest axis of the Léwner-John ellipsoid will
be smaller than e. If this is not the case, then the set K always contains a ball
of radius ¢/n. This follows from the properties of the Léwner-John ellipsoid.
Therefore, letting B, /,(x0) denote the ball of radius €/n centered at xo, we have

KU :/ z)dr > inf / z)dx | >n >0,
WK = [ ) &MmEK<Bwﬂwﬂ> >

for some 1 > 0, independent of j. We know that n > 0 by our initial assumption
that f(z) is non-zero on K.

However, by our choice of hyperplanes, the sets K fj ), K éj ) are bisected with
respect to the measure p. Thus u(K7) = 279 (K1), and p(KY) = 279 u(K>),
and the measure of each set K fj ), Kéj ) becomes arbitrarily small as j increases.
Since the measure of KU) does not also become arbitrarily small, the measure
of BU) must also be bounded away from zero. In particular, u(BW) > n —
279 (u(K1) + p(K2)), and thus for j > logy(2(u(K1) + u(K2))/n), n(BY) >
n/2 > min{u(K fj ), M(Kéj ))} This contradicts our assumption that the theorem
fails on all elements of our nested chain of sets. The contradiction completes the
proof of the lemma. ad
Proof of Theorem 2: The proof is by induction on the number of dimensions.
By Lemma 4 above, the statement holds for n = 1. Assume that the result
holds for n dimensions. Suppose we have K C R"!, with the decomposition
K = K; UBU Kj, satisfying the assumptions of the theorem. We show that for
every 6 > 0:

(L+8)u(B) > e

> ey i), ()

Taking § to zero yields our result. Let E be the Lowner-John ellipsoid of K.
By Lemma 5 above, we can assume that the Lowner-John ellipsoid of K has



at least one axis of length no more than e. Figure 1 illustrates the bisecting
process of Lemma 5, and also the essential reason why the bisection allows us
to project to one fewer dimensions. We take e smaller than ¢/2, and also such

Fig. 1. The inductive step works by projecting K onto one less dimension. In (a) above,
a projection on the horizontal axis would yield a distance of zero between the projected
K; and K>. Once we bisect to obtain (b), we see that a projection onto the horizontal
axis would not affect the minimum distance between K7 and K.

that V12 —4e2 > t/(1 + §). Assume that the (n + 1)t coordinate direction is
parallel to the shortest axis of the ellipsoid, and the first n coordinate directions
span the same plane as the other n axes of the ellipse (changing coordinates
if necessary). Call the last coordinate y, so that we refer to points in R"*! as
(x,y), for x € R™, and y € R. Let IT denote the plane spanned by the other n
axes, and let Ky = w(K) denote the projection of K onto IT. Since € < t/2,
no point in K7 is the image of points in both K; and Ks, otherwise the two
pre-images would be at most 2e < ¢ apart. This allows us to define the sets

Note that u(K;) > p(K;), i = 1,2, and uw(B) < u(B). Again we have a

decomposition K {, UBUK,. On K 7, we also have a decomposition:

K = n(K))Un(B)Un(Ky). Since we project with respect to the L? norm, by the
Pythagorean Theorem, d(7 (K1), 7(K2)) > /12 — 4¢2. In addition, diam(K,) <
diam(K).

For x € Ky, define the section K(z) = {(z,y) € R"™ : (z,y9) € K}. We
define a function on K7 C R™: F(x) = fK(m) f(x,y) dy, where f(z,y) is our
B-log-concave function on R"*!. We have

[ F@de= [ fdedy=pi), =12,



and similarly for B. By Lemma 3, F (z) is B-log-concave. Therefore, by the
inductive hypothesis, we have that

u(B) > u(B) = [ o) dndy = |  F@

/12 _ 42
Ze_ﬁdi;m(Ke)min{/ A F(a:)dx,/ h F(x)dx}
us Tr(Kl) W(KQ)

6767152 —de min
diam(K)

ey dedy, | f<x,y>d:cdy}
Ky Ko

_gt/(14+0) . 5 5

B

i min (). (),

and thus (1 + 6)u(B) > (¢/diam(K)) min(u(K7), p(K2)). Since this holds for
every ¢ > 0, the result follows. a0

Corollaries 1 and 2 below offer some flexibility for obtaining a tighter lower
bound on u(B).

Corollary 1. Let K be a closed and bounded convexr set with a decomposition
K = Ky UBU K3 as in Theorem 2 above. Let f(x) be any distribution that
is bounded away from zero on K, say f(x) > n for x € K. Then the induced
measure p satisfies

d(K1, K3)

u(B) =n- mmin{V(KﬂW(Kz)}

where v denotes Lebesgue measure.

Proof. Consider the uniform distribution on K. Since it is log-concave, Theorem
2 applies with § = 0. Since the Lebesgue measure v is just a scaled uniform
distribution, v(B) > (d(Ki, K3)/diam(K)) min{v(K;),v(K>2)}. The corollary
follows since u(B) > nv(B). O

Corollary 2. Fiz e > 0. Let K be a closed, convex, but not necessarily bounded
set. Let K = K1 U BU Ky be a decomposition of K. Let f be a (-log-concave
distribution with induced measure p, such that there exists d(e) for which (1 —
e)u(K1) < p(K1 N Baye)), (1= e)u(Ks) < p(Kz N Byge)), and (1 — e)u(B) <
(B N Bye)), where By is a ball with radius d(e) around the origin. Then

2 (K1, Ks)
d(e)
Proof. We have that u(KNBge)) > (1—€)u(K). Let P = u(K N By ), and note
that P > 1—e. Consider the measure ji defined on K N By by the distribution
f(x) = f(x)/P. It follows that f is S-log-concave. We now apply Theorem 2 on
f to obtain that: (BN Byey) = e P(t/d(e)) min{ (K1 N By(e)), (K2 N Bye))}s
where t > d(K1, K»). It follows that (K1 N Bge)) > (1 —€)u(K1), and similarly
for Ky, and pu(B)/(1 —¢€) > u(B)/P > i(B N By ). The result follows by some
algebra. O

p(B) > e P(1-¢) min{ (K1), p(Ka)}.



4 Lower Bounds for Classification and the Size of the
Margin

Lower bounds on the generalization error in classification require a careful defini-
tion of the probabilistic setup. In this section we consider a generic setup where
proper learning is possible. We first consider the standard classification problem
where data points @ € R™ and labels y € {—1,1} are given, and not necessarily
generated according to any particular distribution. We assume that we are given
a set of classifiers H which are functions from R™ to {—1,1}. Suppose that the
performance of the classifier is measured using some [3-log-concave distribution
f (and associated measure p). We note that this model deviates from the “classi-
cal” statistical machine learning setup. Given a distribution f, the disagreement
of a classifier h € H with another classifier i’ is defined as:

Alhs ) 2 / S (1= h(@) () (@)de = pla € R - hia) # W(2)),

n

where p is the probability measure induced by f. If there exists a true classi-
fier h'™¢ (not necessarily in H) such that y = h'"“¢(x) then the error of h is

A(h; htrue). For a classifier h, let K+ (h) 2 {z € K : h(z) = 1}, and similarly

K- 2 {z € K : h(xz) = —1}. Given a pair of classifiers hy and hy we define the
distance between them as

dist(hy, hs) = max {d (K¥(h1), K~ (hs)) ,d (K~ (h1), K* (hs))} .

We note that dist(h1, ho) may equal zero even if the classifiers are rather different.
However, in some cases, dist(hi, he) provides a useful measure of difference; see
Proposition 1 below.

Suppose we have to choose a classifier from a set H. This may occur if,
for example, we are given sample data points and there are several classifiers
that classify the data correctly. The following theorem states that if the set of
classifiers we choose from is too large, then the error might be large as well.
Note that we have to scale the error lower bound by the minimal weight of the
positively /negatively labelled region.

Theorem 3. Suppose that f is 3-log-concave defined on a bounded set K. Then
for every h € H there exists h' € H such that

A 1) > R dist(hy, ho)
; T — u 1
’ - 2dlam(K) hl,hgpe’H 1,52/

where Py = infj,, min{ (K (R)), u(K~(h))}.

Proof. If supy,, j,ep dist(h1, h2) = 0, the result follows, so we can assume this
is not the case. For every ¢ > 0 we can choose hy € H and hy € H such that
dist(hy, ho) > SUDp,, hye dist(hy, ha)—e. We consider the case where dist(hy, ha) =



d(KT(hy), K~ (ha)); the other case where d(K~(h1), KT (hs)) = dist(hy, ho) fol-
lows in a symmetric manner. Let B = K \ (K1 (hy) U K~ (hg)). It follows by
Theorem 2 that

- diSt(hl, hQ)

WB) z e = K

min {p(K* (b)), p(K~ (h))} - (4.4)

Now, A(h; h1) > [ X{h(e)#h (@)} f(@)dz and A(h; ha) >[5 X (h(@)£ha (2} f (2)da.
Since hq(x) # ha(x) on B, then either A(h;hy) > u(B)/2 or A(h; he) > u(B)/2.
Since Py < u(K*(hy)) and Py < u(K~ (h2)), and by substituting in Eq. (4.4)
we obtain that A(h, h;) > e P dist(hy, ha)Py/(2diam(K)) for i = 1 or i = 2.

The result follows by taking € to 0. O
The following example demonstrates the power of Theorem 3 in the context of
linear classification. Consider an input-output sequence {(x1,41),..., (N, yn)}

arising from some unknown source (not necessarily §-log-concave) as in the clas-
sical binary classification problem. Define X3 = {z; : y; = 1} and X5 = {z; :
y; = —1}. Suppose that the true error is measured according to a [-log-concave
distribution, and that XX, and X are linearly separable. Recall that a linear
classifier h is a function given by h(z) = sign((z, u) + b), where ‘sign’ is the sign
function and ‘(-,-)” is the standard inner product in R™. The following propo-
sition provides a lower bound on the true error. We state it for generic sets of
vectors, so the data are not assumed to be sampled from any concrete source.
The lower bound concerns the case where we are faced with a choice from a set of
classifiers, all of which agree with the data (i.e., zero training error). If we com-
mit to any specific classifier, then there exists another classifier (whose training
error is zero as well) such that the true error of the classifier we committed to
is relatively large if the other classifier happens to equal h¥"“¢,

Proposition 1. Suppose that we are given two sets of linearly separable vec-
tors Xt and X~ and let t = d(conv(X™),conv(X™)). Then for every linear
classifier h that separates X+ and X~, and any B3-log-concave distribution f
and induced measure p defined on a bounded set K, there exists another lin-
ear classifier h' that separates the X+ and X~ as well, such that A(h;h') >
e PPyt/(2diam(K)), where Py = min{u({z : (z,u) > (zF,u)}), p({z : {(z,u) <

(x=,u)})} for some v € conv(X¥) such that d(x+,27) =t and u = (z+ —

x7)/2.

Proof. Let ‘H be the set of all hyperplanes that separate X+ from X ~. It follows
by a standard linear programming argument (see [BB00]) that supy,, 5, dist(h1, he) =
t. This is attained for hi(x) = sign({z,u) — {(x*,u)) and ho(z) = sign({z,u) —
(7, u)). We now apply Theorem 3 to obtain the desired result. Note that Py in
the declaration of the proposition is tighter than Py in Theorem 3. This is the
result of calculating u(K*(hy)) and pu(K ™ (hg)) directly (instead of taking the
infimum as in Theorem 3). ad

We now consider the standard machine learning setup, and assume that the
data are sampled from a (-log-concave distribution. We examine the geometric
margin as opposed to the “functional” margin which is often defined with respect



to a real valued function g. In that case classification is performed by considering
h(z) = sign(g(x)) and the margin of g at (z,y) € R"x{—1,1} is defined as g(x)y.
If such a function g is Lipschitz with a constant L, then for z € K*(h) the event
that {d(x, K~ (h)) < v} is contained in the event that {g(x) < vL} (and for
x € K~ (h) if d(z, K~ (h)) < v then —g(x) < vL). Consequently, results on the
geometric margin can be easily converted to results on the “functional” margin
as long as the Lipschitz assumption holds.

Suppose now that we have a classifier h, and we ask the following question:
what is the probability that if we sample N vectors X y = @1, ... xy from f, they
are far away from the boundary between K (h) and K~ (h). More precisely, we
want to bound the probability of the event {mini:miEK+(h) d(x;, K~ (h)) > 'y},
and similarly for negatively labelled samples. We next show that the probability
that the distance of a sampled point from the boundary is almost linear in
this distance to the boundary. An immediate consequence is an exponential
concentration inequality.

Proposition 2. Suppose we are given a classifier h defined on a bounded set
K. Fiz some v > 0 and consider the set B = {x € K~ (h) : d(x, K*(h)) < ~}.
Let f be a 3-log-concave distribution on K with induced measure p. Then

1K~ (h)) }
"1+ ~yefB/diam(K) |

e B
wB) =~y Jiam(K) min {H(K+(h))

Proof. Consider the decomposition of K to K1 = KT (h), B, and Ko = K~ (h)\
B. By Theorem 2 we know that u(B) > ve™? min{u(K;), u(Kz)}/ diam(K). We
also know that u(B) = u(K~(h)) — u(K3). So that

w(B) > max{ye ™ min{u(K,), s}/ diam(K), u(K~(h)) — s}, (4.5)

where s = p(K5). Minimizing over s in the interval [0, (K~ (h))], it is seen that
the minimizer s is either at the point where (K~ (h))—s = yve #u(K;)/ diam(K)
or at the point where (K~ (h)) — s = sye~?/diam(K). Substituting those s in
Eq. (4.5) and some algebra gives the desired result. O

A similar result holds by interchanging K+ and K~ throughout Proposition
2. The following corollary is an immediate application of the above.

Corollary 3. Suppose that N samples X y = {x1,...,xN} are drawn indepen-
dently from a (-log-concave distribution f defined on a bounded set K. Let h be
a classifier. Then for every v > 0:

Pr ({i:wirg(n_(h)}d(wi, K*(h)) > 7> < exp (—nyc min {M(KJ”(h)), W}) ;

where Pr is the probability measure of drawing N samples from f and C =
e~?/diam(K).

Proof. The proof follows from Proposition 2 and the inequality (1 — a)V <
exp(—aN) for a € [0,1] and N > 0. O



Corollary 3 is a dimension-free inequality. It implies that when sampling
from a (-log-concave distribution, for any specific classifier, we cannot hope
to have a large margin. It does not claim, however, that the empirical margin
is small. Specifically, for Xy = {x1,...,xx} one can consider the probabilis-
tic behavior of the following empirical gap between the classes: gap(X n;h) =
Min j.p(a;)#h(e,) A(Ti, ;). The probability that this quantity is larger than v
cannot be bounded in a dimension-free manner. The reason is that as the number
of dimensions grows to infinity the distance between the samples may become
bounded away from zero. To see that, consider uniformly distributed samples
on the unit ball in R™. If n is much bigger than NV it is not hard to prove that
all the sampled vectors will be (with high probability) equally far apart from
each other. So gap(X y; h) does not converge to 0 (for every non trivial h) in the
regime where n increases fast enough with V. For every fixed n one can bound
the probability that gap(X y;h) is large using covering number arguments, as
in [SC99], but such a bound must be dimension-dependent.

We finally note that a uniform bound in the spirit of Corollary 3 is of interest.
Specifically, let the empirical margin of a classifier A on sample points X y be
denoted by:

margin(X n; h) = min{d (Xy N K~ (h),K*(h)),d((XnyNK"(h),K (h))}.

It is of interest to bound Pr (sup;cy, margin(X x;h) > 7). We leave the issue of
efficiently bounding the empirical margin to future research.

5 Regression Tubes

Consider a function k from R™ to R™. In this section we provide a result of a
different flavor that concerns the weight of tubes around k. The probabilistic
setup is as follows. We have a probability measure f on R™*™ that prescribes
the probability of getting a pair (z,y) € R™ x R™. For a function k : R — R™
we consider the set

A
Teger (k) = {(z,y) 1 e0 < [k(z) —yl < e}
This set represents all the pairs where the prediction of k is off by more than ¢
and less then €, or alternatively, the set of pairs whose prediction is converted
to zero error when changing the € in an e-insensitive error criterion from ¢y to
€1.

Corollary 4. Suppose that f is 3-log-concave on a bounded set K C R*T™,
with induced measure . Assume that k is Lipschitz continuous with constant L.
Then for every €1 > €y > 0

€1 —€g)e P
Te e () 2 00 it (T (), (T, i ()}



Proof. We use Theorem 2 with the decomposition K7 = T ¢, (k), B = T¢, ¢, (k)
and Ky = T,, giam(x) (k). Note that d(Tp ey, Te, diam(x)) = (€1 —€0)/L, since k is
Lipschitz with constant L. a
A result where f is conditionally 8-log-concave (i.e., given that z was sam-
pled, the conditional probability of y is 3-log-concave) is desirable. This requires
some additional continuity assumptions on f, and is left for future research.
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