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Abstract—We prove that given a nearly log-concave density, land” is large if the sets are well separated. This result relies
in any partition of the space to two well separated sets, the essentially on the Rkopa-Leindler inequality which is a
measure of the points that do not belong to these sets is large. Wegeneralization of the Brunn-Minkowski inequality (we refer

apply this isoperimetric inequality to derive lower bounds on the
generalization error in learning. We further consider regression the reader to the excellent survey [4]). We note that Theorem

problems and show that if the inputs and outputs are sampled 2 Was stated in [5] for volumes, and in [6] for continuogts
from a nearly log-concave distribution, the measure of points for log-concave distributions, in the context of efficient sampling

which the prediction is wrong by more than ¢y and less thane:  from convex bodies. However, the proof sketched in [6] relies
is (roughly) linear in ¢, —eo, as long asc is not too small, ander iy 9 essential way on having a continuous distribution ([7]).

not too large. We also show that when the data are sampled from W id let f of th | It usi
a nearly log-concave distribution, the margin cannot be large in € provide a compiete prootf of the more general result using

a strong probabilistic sense. the Ham-Sandwich Theorem (as in [5], but using a different

Index Terms— statistical learning theory, margin, classification, method) and a different reductlon argument. We further point
generalization error out a few natural extensions.

In Section IV we specialize the isoperimetric inequality to

I. INTRODUCTION provide lower bounds for the generalization error in classifi-

Large marain classifier 11 12] to name but a f V(\:/ation under the assumption that the classifier will be tested
arge margin classifiers (e.g., [1], [2] 0 hame but a eu:sing ag-log-concave distribution, which did not necessarily
recent books) have become an almost ubiquitous approac

supervised machine learmning. The plethora of algorithms t Nerate the data. While this assumption is not in line with
pervi . 9. 'he p X 9 standard PAC (Probably Approximately Correct) learning
maximize the margin, and their impressive success (e.g.,

and references therein) may lead one to believe that obtainin ?mulat|on (see, e.g., [8]), itis applicable to the setup where

o : o a are sampled from one distribution and performance is
large margin is synonymous with successful generalization an

o . . ) .Judged by another. Suppose, for instance, that the generating
classification. In t.h's paper we _dlrectly consider the quest|$ istribution evolves over time, while the true classifier remains
of how much weight the margin must carry. We show th

ed. We may have access to a training set generated by a

M . . b
essentially if the margin between two classes is large, then tthgtribution quite different from the one we use to test our
weight of the “no-man’s land” between the two classes mt;g,lt

_— o assifier. Another important motivation is the case where the

be large as well. Our probabilistic assumption is that the d ta were indeed generated by the true distribution, but a
are sampled from a nearly log-concave distribution. Under thé%rtion of the data were erased. or lost '

;Sgusrgg'ggér\]’vt i;r?r:;e (;ihs‘?;:g; T)rg:v\?:eratlt?]rc])soef :VTI?) z’pfﬂc]z "0 the absence of further information about the generating

N distribution or its evolution, or the data erasure, it becomes

measure of the “no man’s land” outside the two sets is lowﬁ%\tural to ask *how bad” the training data may be. We show

bounded byt times the minimum of the measure of thg tW.that if there is a large (in a geometric sense) family of

f)?iiigr?e:essul?igItrﬂztnzl?:r-free;;?r:?intn-lli—csl d\;\rligtn'?;r:'fal‘itr']%&ssifiers that agree with the training points, then for any
9 9 y PiNGnoice of classifier there exists another classifier compared to

data from suc;h a d|str|bujc|on_. . ... which the generalization error is relatively large.
Our modelling assumption is that the underlying distribution . . . .
In Section V we investigate regression problems. We con-

has aﬁ-log—'co.ncave density. While ttus assumpflon MY der several regression models and lower bound the measure
appear restrictive, we note that many “reasonable functlog§a tube around the prediction with inner radiysand outer
belong to this family. We discuss this assumption in Section 4

. : . . radiuse;. The measure of this tube represents the probability
II, and point out some interesting properties@fog-concave - . .
functions of a prediction error between, and ¢; (equivalently, this

In Section Il we prove an inequality stating that thdS the weight of samples that become erroneous when we

measure (under @-log-concave distribution) of the “no-man’sChange.the sensitivity parame_ter fram 1o <o when_ using
e-sensitive error). Our results imply that the margins of the

A preliminary version appeared in the 17th Annual Conference on Learnitigbe carry a significant portion of the measure. We start from

Thgory (COLT) 2004. Lecture Notes in Computer Science 3120, pages 53 simple additive model where the noise is independent of the
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which is jointly 5-log-concave and show that the result extendghe class of3-log-concave distributions is considerably richer
to this setup. This setup is particularly interesting becausesihce we allow a factor o¢~” in Ineq. (I.1). For example,
applies to linear prediction when the measure is generatedvijile log-concavity implies a distribution is continuous, this
some other (unknown) linear function. We then extend theg not the case fof-log-concave distributions. They can even
result to a conditional3-log-concave distribution and showhave arbitrarily many discontinuities, and may not have a well-
that similar results still hold even if the independent variablgefined derivative. Nevertheless, we see that while they are not
is drawn first from ag-log-concave distribution, and thenregular in this respect, they have enough structure that much
the dependent variable is drawn from anoti¥elog-concave can be said about them. We now provide some results that are
distribution (with, perhaps, a differeit). useful in the sequel. We start from the following observation

In Section VI we consider the standard statistical machirieee, e.g., [6]).
learning setup, and show that for any classifier the probabilityLemma 1:The support of a3-log-concave distribution is a
of a large margin (with respect to that specific classifiefonvex set. Alsoj3-log-concave distributions are bounded on
decreases exponentially fast to 0 with the number of samplesunded sets.
if the data are sampled from @&-log-concave distribution. Distributions that are3-log-concave are not necessarily uni-
It is important to note that thes-log-concave assumption modal, but possess a unimodal quality, in the sense of Lemma
applies to the input space. If we use classification methogsbelow. This simple lemma captures the propertieszof
such as kernel methods that use Mercer kernels ([9], [10lg-concavity that are central to our main results and subse-
the margin is typically measured in the feature space. Singgent applications. It implies that if we have3dog-concave
the induced distribution in the feature space is not necessadligtribution on an interval, there cannot be any big “holes”
B-log-concave our results do not directly hold. If, however, ther “valleys” in the mass distribution. Thus if we divide the
kernel map is Lipschitz continuous with constantthen we interval into three intervals, if the middle interval is large, it
can relate the “functional” margin in the feature space to thaust also carry a lot of the weight. In higher dimensions,
“geometric” margin in the input space, and our results cargssentially this says that if we consider two subsets, then if
over directly. the distance between the two sets is large, the mass of the “no-

Some recent results such as [11], [12] argue that the succegs's land” will also be large. This is essentially the content
of large margin classifiers is remarkable since most classg#sTheorem 2 below.
cannot have a useful embedding in some Hilbert space. OuLemma 2:Suppose thatf(z) : [uj,us] — R is S-log-
results provide a different angle, as we show that having a larggéncave on an intervahi, us]. Let u; < 1 < x5 < us.
margin is unlikely to start with. Moreover, if there happens t@hen for anyz € [z, z»], at least one of the following holds:
be a large margin, it may well result in a large error (which is
proportional to the margin). A notable feature of our bounds is fl@)> fly)-e™”, forally € [uy,z],
that they are dimension-free and are therefore immune to the

) . . o . or
curse of dimensionality (this is essentially due to thog- 5
concave assumption). We note the different flavor of our results f() ,2 fly)-e™", Torally € fas, o). .
from the “classical’ lower bounds (e.g., [13], [14]) that ar& ROOF Consider anyz € [x1,25], and suppose, in order
mostly concerned with the PAC setup and where the sam ?eObta'n a contradiction, that there ex@ge [u1, 2] and
T2, us), such thatf(z) < f(y;)e™?, fori =1,2. Then,

complexity is the main object of interest. We do not addre$8 €l i
the sample complexity directly in this work. there exists\ € [0, 1] such thate = Ay, + (1 - Xy, and thus
by §-log-concavity of f, we have:

II. NEARLY LOG-CONCAVE FUNCTIONS
flx) = fOy+ (1= Ny)
1—X

We assume throughout the paper that generalization error -8 A
_ _ R . > e "f(y) f(y2
is measured using a nearly log-concave distribution. In this
section we define such distributions and highlight some of their >

)
e P (@) (f(2)e”) = = f(a),
properties. While we are mostly interested in distributions, it ? contradiction. 0

usefql to Writs the following definitions in terms of a genera The following inequality has many uses in geometry, sta-
funct|(_)n_ _onR ; : n . tistics, and analysis (see [16] for a proof, and [4] for more

Definition 1: A function f: R” — R is f-log-concavefor ., et ses, and references). Note that it is stated with respect
some/3 > 0 if for any A € (0,1), 21 € R, z2 € R, We 0 oocificy ¢ (0,1) and not to all\.

have that: Theorem 1 (Pekopa-Leindler Inequality)let 0 < A\ < 1,

—A A

FOx 4+ (1= N)zg) > e Pfx) M fao) (I.1) andh, g, 9> be nonnegative integrable functions &, such
1-X A n
A function f is log-concaveif it is 0-log-concave. ?ﬁég((l_)‘)ﬁ)‘w > g1(x)" "2 (y)”, for everyz,y € R™.

The class of log-concave distributions itself is rather rich.
For example, it includes the Gaussian, Uniform, Logistic, and !
Exponential distributions. We refer the reader to [15] for an / ,h(x) dz 2 /Rn 91(z) dz) (/Rn 92() dx)
extensive list of such distributions, sufficient conditions for a The following lemma plays a key part in the” reduction
distribution to be log-concave, and ways to “produce” logechnique we use below. It essentially says that the projection
concave distributions from other log-concave distributionsf a 3-log-concave distribution is stilB-log-concave. Recall



that the orthogonal projection of a skt C R"*™ ontoR™ is this nature exist in the literature for log-concave distributions.
defined ask|gn 2 {r eR":Jy e R™ s.t. (z,y) € K}. Recent results along thes_e Iines (e.g., [17]; for a survey see
Lemma 3:Let f(z,y) be af-log-concave distribution on [18]) use a powerful localization lemma proved in [19] that
a convex setX C R"*™. For everyz in K|g- consider requires a continuity assumption (for related results using
the sectionk (x) A {(z,y) € R™™ . (2,y9) € K}. Then generalized localization _theorems, we refer the reader to _[20]
he distribution/(z) 2 is 4] and [21]). Here, we provide a different proof here that requires
the distributionF'(z) = fK(r) f(z,y) dy is B-log-concave on "\ regularity.
K(x). o . ] We first prove the result for bounded sets and then provide
PrROOR  This is a consequence of the &Ropa-Leindler 1, immediate corollaries. Lei(x,y) denote the Euclidean
inequality (as in [4] for log-concave functions). FIX,22 €  gistance inR". We define the distance between two sets
K|g~. Define t.he fu'nctlonSQi(y) :.f(mi,y) for i = 1,2. K, and K as d(K:, Ko) A infoer, yer, d(z,y) and the
Thereforeg,(+) is defined onK (z;), i = 1,2. For A € (0, 1), di ter of % as diam(K) 2 d Gi
letz = Az1+(1—\)xo, and define the functioh(y) = f(z,y) Iac;n? %r (t)' a sel as laf[l;](t ) I_(SugweK (x’g)' ) “{En
defined onK(z). By the convexity of K, \K(z1) + (1 — a distribu lon f we say tha “(. .) = Ji f(z)dz is the
. . induced measure. A decomposition of a closedsef R™
MK (x2) C K(z). In particular, for anyy; € K(z;),i=1,2, ; o
; 7 to a collection of closed set&, Ko, ..., K, satisfies that:
the point(z,y) = Ma1,y1) + (1 = A)(x2,y2) € K(x). Bythe T .
S-log-concavity of f(x, ) Uiy Ki = K andv(K; N K;) = 0 for all i # j wherev is
Y the Lebesgue measure &t.
flxy) = fM@1,1) + (1= A)(22,92)) Theorem 2:Let K be a closed and bounded convex set
> flzn,y) - flog,y2) 7 re ™7, with non-zero diameter ifrR™ with a decompositionk =
K; U B U K. For any g-log-concave distributiory(x), the
induced measurg satisfies that

and therefore this implied(Ay1 + (1 — Ny2) > g1(y1)* -
g2(y2)' e P,

Denoting the indicator function by(-), we have u(B) > e P d(Ki1, K>) min{ (K1), p(Ka)}
- diam (K ’ '
h(y1+ (1 =N y2) Xk () (¥) = (91(41) - XK (1) (41)) We remark that this bgur%d is dimension-free. The ratio

(92(y2)  Xre(n) (2)) e ™7 (K, K)/ diam(K) is necessary, as essentially it adjusts
; for any scaling of the problem. We further note that the
But then the functions? (y) = e®h(y) - Xk (o) (¥), G1(y) = . ; . )
01(¥) X (o (), andGa(y) = ga(y) 'XK(I;()E?J), satisfy the m!mmummm{ﬂ(Kl),u(Kg)} might be quite small; howe\_/er,
hypotheses of the Bkopa-Leindler Theorem, and thus we ca@'S appears FO pe unavoidable (e.g., consider the tail of a
write F(Az1 + (1 — A)za) — F(x) as aussian, which is log-concave).
The proof proceeds by induction on the dimensianThe

F(@,y) - X (y) dy = / h(y) - i (v) dy steps are as follows.
JRm

R™ (1) We prove the base case,= 1, in Lemma 4. Here, the

o -5 p % i A setK is an interval. The key tool we use is Lemma 2.
=€ mgl(y)XK(Il)(y) Y ng2(y)XK(x2)(y) Y (2) The inductive step uses a projection argument to reduce
A to n — 1 dimensions. Lemma 5 reduces to the case of
= e ( F(@1,9) - XK (1) () dy) . an “e-flat” set, i.e., a set contained in an ellipse whose
R smallest axis is smaller than some- 0.

Flaa,y) - X (y)d 1A (3) Once we have reduced to thelat case, we complete
Rm ’ K(@2)\¥) Y the induction by projecting ta — 1 dimensions where
= F(z1)*- F(zp) e, the result holds by inductive hypothesis. By properly
performing the projection, we show that if the result
Since this holds for al\ € (0, 1), F(x) is $-log-concave.[J holds for the projection, it holds for the original set.

. ) . ) We abbreviate = d(K;, K2). The theorem trivially holds if
There are quite a few interesting properties Gflog- ; _ 0, SO we can assume that> 0. From Lemma 1 above,
concave distributions. For example, the convolution Qfe know that the support of (z) is convex. Thus, we can
a [-log-concave and af,-log-concave distribution is a5syme without loss of generality that sinkeis compact,

(61 + B2)-log-concave; Gaussian mixtures gtdog-concave; () is strictly positive on the interior of.
and mixtures of distributions with bounded Radon-Nikodym

derivative are alsgj-log-concave. Additional discussion ofgiep (1):
these and other properties @flog-concave distributions is | emma 4: Theorem 2 holds for, — 1.

beyond the scope of this paper. PROOF If n = 1, then K is some interval,K = [u1,uz),
with diam(K) = |uz — uy|. Sincet = d(Ky, K2) > 0, no
[Il. 1 SOPERIMETRICINEQUALITIES point of K, is within a distance (strictly less thar)from

In th|S section we prove our main resu't Concerni/ﬁg any pOint of KQ. Furthermore, there must be at least one
log-concave distributions. We show that if two sets are wdltterval (b1,b2) € B such that|b, — b, > ¢, and such that
separated, then the “no man’s land” between them has laf§e: b2) N (K1 U K2) = (. Fix somee > 0, with e < ¢/2.
measure relative to the measure of the two sets. ResultsDaffine thee-expansion setd(; 2 {r e K : d(z, K1) < €},



and Ky £ {z € K : d(z,K») < ¢}. Define B to be the
closure of the complement ik of K, U K,. Each set is

Since [uy,7;_1] U [rj.2, us] contains either all ofk; or Kg,
combining these two inequalities, and using the fact fhaD

a union of a finite number of closed intervals, and thus wg;, and B C B, we obtain

have the decompositiofuy, us] = |J;~, [ri—1,7:], where each
interval [r;_1,7;] is either aK;i-interval, a Ko-interval, or

a B-interval. We modify the sets so that if thB-interval

[ri_1,7;] is sandwiched by twd<;-intervals ¢ = 1,2) then

we add that interval tds;. If the B-interval is either the first
interval [rq, 7], or the last interval[r,,_1,r.,], then we add
it to whichever setk; is to its right, or left, respectively.

The three resulting sets;, K>, and B are closed, intersect

at most at a finite number of points, and thus are a decom

sition of K. Each set is a union of a finite number of close

intervals. Furthermore, = d(Kl,K2) > t—2¢, andK; D Ky,
Ky D Ky, andB C B. By our modifications above, eadh-
interval must have length at leaist

Consider anyB-interval [ri_1,7;]. Let z* be a maximizéer
of f(x) onuy, us], andzy,i, @ Minimizer off (z) on[r;_1,7;].
Suppose that* > z,;,. Then by Lemma 2, forany < r;_1,
we must havef (zmin) > f(y)e~P. Therefore,

Ti—1
eiﬁ/
u1

e Pu(fur,ri1]) f(z)dx

< (ric1 —ur) f(@min)

< A [T ) do
(T’L - Tzfl) Ti_1

S )

t

If instead we haver* < z,;,, then in a similar manner we

obtain the inequality

e B (s ua]) < SR

: u([rie, i)

w(B) > u(B) > p([rj—1,7;] U[rjs1,m542])

m (a2, u2))

e P

—Bm min{u(K1), p(K2)}
—5(;#(26@ n(K2)}

ince this holds for every > 0, the result follows.

min{M(K1)>

O

Step (2): We now prove then-dimensional case. The
first part of our inductive step is to show that it is enough
to consider an é-flat” set K. To make this precise, we use
the Lowner-John Ellipsoidof a setK. This is the minimum
volume ellipsoid £ containing K (see, e.g. [22]). This
ellipsoid is unique. The key property we use is that if we
shrink E from its center by a factor of, then it is contained
in K. We define are-flat set to be such that the smallest axis
of its Lowner-John Ellipsoid has length no more than

Lemma 5: Suppose the theorefails by § on K, for some
0>0,ie.

(L+8)u(B) <e

t
diam(K) p(Ka2)}.

Then for anye > 0, there exists some-flat setK C K with
decomposmorK K, UBUKQ, such thatk; € K;, B C B,
d(K,,K,) > t, and dianfK) < d, and such that the theorem
fails by 4, i.e., Ineq. (I11.2) holds fork, K1, K>, B.

PrROOF Let K, K1, K>, B andd be as in the statement above.
Pick somee > 0 much smaller thart. Suppose that all
axes of the bwner-John ellipsoid ofK are greater than.

-8B

min{u(Ky), (1.2)

A powerful consequence of the Borsuk-Ulam Theorem, the
so-called Ham-Sandwich Theorem (see, e.g., [23]) says that
in R™, givenn Borel measuregi,,k = 1,...,n, such that

Therefore, in general, for anﬁ—interval (ric1,74),

pu([ri-1,m]) > fﬁm minf{y(fu, ri1]), p(lri; u2))}. the weight of any hyperplane under each measure is zero,
) ) ~ there exists a hyperpland that bisects each measure, i.e.,

Suppose, without loss of generality, tharo, ] 1S 4, (H+) = p(H™) = L, (R™) for eachk, where HT, H~

a K1'|nterval. Consider the firstB-interval [7"1,7‘2]. If denote the two half- -spaces defined B& NOW since we

p([ri,ra]) > e P(t/ diam(K))u([rz, uz]), then u(B) > haven > 2, the Ham-Sandwich Theorem guarantees that
e~?(t/ diam(K))u(Ky) and we are done. So let us assuMghere exists some hyperplaré that bisects (in terms of the
that p([ri,72]) > e P(f/ diam(K))u(fur,m]). Similarly, measurey) both &, and K». Let K’ and K” be the two
for the last B-interval (ry,—2,7m-1), We can assume thatparts of K defined by # (K and B are not necessarily
p([rm—2.rm—1]) = e P(t/ diam(K))p([rm—1,uz]) other- pisected), and similarly defin&”, K/, i, K%, and B', B".
wise the result immediately follows. This implies that therehe minimum distance cannot decrease, HeK, K}) > t,
must be two consecutive3-intervals, say(r;-1,7;) and andd(K?, k) > t, and the diameter ok cannot be smaller
(rj+1,7j+2) such that than either the diameter ok’ or K. Consequently, if the

wllrjersr]) = B () diam(K))p(fur, 1)), theorem holds, or fails by less than for both K’ and K,

then
and (L4 0)u(B) = (1+8)u(B)+ (1 +8)u(B")
(i([rj41,7j42]) = e Pt/ diam(K))p([rjq2, uz)). > e—ﬁm (min {p(K?), p(KL)} +
oDy 24 b oo, sow Ty bl M)
o o Temave with o Srument sare 1o et gwon in Lemma 2 = () M), p(K))-



Therefore the theorem must fail by for either K’ or K.
We note that this is theameos as above. Call the set for K o
which the theorem does not hol§"), and similarly define ,

KM K{Y and B, We continue bisectindc ) in this way, T 5

always focusing on the side for which the theorem failséby lﬁ
thus obtaining a sequence of nested sets

K, K,
KODOKWo...ogW ...,

. . . Fig. 1. The inductive step works by projectifg onto one less dimension.
We claim that eventually the smallest axis of théwner- in (a) above, a projection on the horizontal axis would yield a distance of

John ellipsoid will be smaller than If this is not the case, then Zerotﬁettween lthet_ projetiteﬁll E;]”d_K2-t?”°¢ we blijectttOﬁobttatihfb), we
: . : see that a projection onto the horizontal axis would not arrec e minimum
the setK always_ contains a ball of radlug_fn. '_I'h|s follows  jiciance betweerk; and Ko.
from the properties of the dwner-John ellipsoid. Therefore,
letting B, /,,(zo) denote the ball of radius/n centered aty,

we have allows us to project to one fewer dimensions. We takmaller
) thant/2, and also such thay/t? — 4e2 > t/(1 + §). Assume
p(EY) = /Km ) dx that the(n+1)** coordinate direction is parallel to the shortest

axis of the ellipsoid, and the first coordinate directions span
> inf (/ f(z) da;) >n>0, the same plane as the otheraxes of the ellipse (changing

Be/n(z0)SK \ JB, ,, (0) coordinates if necessary). Call the last coordingteso that
we refer to points ilR"*+! as(z,y), for € R”, andy € R.
Let IT denote the plane spanned by the otheaxes, and
let ki = 7(K) denote the projection of¢ onto II. Since
€ < t/2, no point in K7y is the image of points in bott;
and K, otherwise the two pre-images would be at niast ¢
apart. This allows us to define the sets

V

for somen > 0, independent ofj. We know thatn > 0 by
our initial assumption thaf (x) is non-zero onk.

However, by our choice of hyperplanes, the sﬁﬁé), Kéj)
are bisected with respect to the measpreThus;L(Kfj)) =
277 u(Ky), and M(Kéj)) = 277u(Ks,), and the measure of
each setK{j),KQ(j) becomes arbitrarily small asincreases.

. . . R 2 A
Since the measure o) does not also become arbitrarily K1 = {(z,y) € K : n(z,y) € m(K1)},
() - A
small, the measure 0B"/) must also be bounded away from i & vk ) € n(K)),
zero. In particular, . A
= Y

B {(z,y) € K : 7(x,y) ¢ (K1) Un(K3)}.

(@ —97J
w(BY) zn =277 (u(Ky) + u(K2)), Note thatyu(Ki) > p(kK:), i = 1,2, and u(B) < u(B).

and thus for Again we have a decompositiofl = K; U B U K. On
. K1, we also have a decompositioRy = 7(K;) Un(B) U
> logy (2(u(K1) + (K. 7 1L : . ; 1 !
J 2 logy (2(u(K) + ul(K2))/1) 7(K3). Since we project with respect to the* norm, by
we have the Pythagorean Theoreri(w (K1), 7(K3)) > vt2 — 4€2. In

addition, diam(K;) < diam(K).
For x € Ky, define the sectionk(z) = {(z,y) €
This contradicts our assumption that the theorem fails &' : (z,y) € K}. We define a function o<y C R™:

all elements of our nested chain of sets. The contradictign;) £ Jictey f(@,y) dy, where f(z,y) is our 3-log-concave
completes the proof of the lemma. O distribution onR™+!. We have

p(BY)) = n/2 > min{u(K{"), p(K$)}.

Step (3): We now perform the projection, proving thee/ - F(x) dx:/A flzyy)dedy = p(K;), i=1,2,
inductive step. We put the steps together to complete the/ (%% K

proof. and similarly for B. By Lemma 3,F(z) is (-log-concave.
Proof of Theorem 2The proof is by induction on the numberTherefore, by the inductive hypothesis, we have that

of dimensions. By Lemma 4 above, the statement holds A

for n = 1. Assume that the result holds fer dimensions. u(B) > u(B) = / flz,y)drdy = |  F(x)dr

Suppose we havek C R™*!, with the decomposition B ™(B)

— i i i 2 _ 2
\I/(v = K, UBUK, satisfying .the assumptions of the theorem. S e m in / Fa) dw,/ Fa) de
e show that for every > 0: diam(K ) () (Ra)
t 2 2
(1+8)u(B) = e ¥ min{u(K1), u(K2)}. _ eVE-de
dlam(K) e dlam(Kﬂ) 011 R]j('rv y) d$ dy7 K{(x, y) dl‘ dy
Taking 0 to zero yields our result. LeE' be the lbwner-John _st/(1+08) . . .
S S Ky, (K
ellipsoid of K. By Lemma 5 above, we can assume that the = ¢ gi,(K) min{p(K71), p(K2)}

Lowner-John ellipsoid ofK has at least one axis of length nd thus
no more thare. Figure 1 illustrates the bisecting process of
Lemma 5, and also the essential reason why the bisection (14 6)u(B) > (t/diam(K)) min(u(K7), u(K3)).



Since this holds for every > 0, the result follows. O The result now follows by some algebra. O

Corollaries 1, 2, and Proposition 1 below offer some flexif most of the mass of the distribution is contained in
bility for obtaining a tighter lower bound op(B). a small-diameter set, so that the trace of the covariance
Corollary 1: Let K be a closed and bounded convex sehatrix is not too big, then it is possible to obtain a similar
with a decompositionk’ = K; U B U K, as in Theorem 2 result, replacing the terrdiam(K) in the denominator by a

above. Letf(x) be any distribution (not necessaril§-log- term involving the covariance.
concave) that is bounded away from zeroldnsay f(z) > n Proposition 1: Let K, K, K5, B and f andu be as above,

for x € K. Then the induced measuresatisfies and letz = (z4,...,,) be the mean of the distributiof(z),
(K., Ks) . ando? the trace of the covariance ¢fx) (which we assume
wB)=mn- Wﬂlm{l/([ﬁ)v’/([@)} to be finite):
wherer denotes Lebesgue measure. 5 A n . o
PROOF Consider the uniform distribution od. Since it 7 = /K Z(xi — )" ) flz)dr = /KHJJ_“””2 f(z)dz.
=1

is log-concave, Theorem 2 applies with = 0. Since the
Lebesgue measure is just a scaled uniform distribution, Then the induced measuresatisfies
v(B) > (d(K;,Ks)/diam(K))min{v(K;),v(K2)}. The K K.
corollary follows sinceu(B) > nv(B). O p(B)>e™” o 017 2) min{p(K1)*?, u(K2)*?}.
PROOF Let us assume first that(K;) < p(Ks). We require
The lower bound on(B) which we obtain from Theorem the following generalization of the Chebychev inequality to
2, depends inversely on the diameter of the Setwhich we muyltiple dimensions. For such generalized inequalities, see,

take to be bounded. This poses two potential problems. Firé,tg_, [24] or [25], and references therein. Here we use the
if the setK’ is unbounded, then the theorem cannot be appligdequality
2

and the isoperimetric inequality, as stated, is meaningless.
Se_cond, even if is b_ounded,_the inequality may b_e_ rendered (K \ By(z)) = (u({z : |Jx — ||z > 1}) < %, (111.3)
quite weak if the diameter is very large. Specifically, the
problem arises ifk has a very large diameter, while most ofvhere B;(z) denotes thé-ball about the mean;. Setting the
the mass of the distribution is contained in a small-diametéght hand side of Ineq. (lIl.3) equal to(X)/2, we find
subset of K, with light tails putting very little mass on the
rest of K. A Gaussian is a prime example ofdalog-concave l=0o 2 _
(in fact 0-log-concave) distribution with this behavior. p(K7)

The following two results address both issues by truncatin P - .
K, and then applying Theorem 2 to the truncation. First ow let K, K and B denote the truncations df;, K> and

give a corollary that does not assume any further knowled e.and let deno'Fe the truncated and renormalized measure.
about the distributionf(z). Then in Proposition 1 we give sing 2! as the diameter of the truncated set, and observing

a corollary that replaces the diamater in Theorem 2 by tﬁ%atfd(j(l’Kﬂ > d(K1, K3), and then applying Theorem 2,
second moment of (z). we fin

Corollary 2: Fix ¢ > 0. Let K be a closed, convex, but A pd(Ky, K)o
B) > —_ K K5)}. 1.4
not necessarily bounded set. L&t = K; U BU K, be a f(B) z e 21 min{fi(K1), fi(K2)} (In-4)

decomposition ofK. Let f be a3-log-concave distribution Noting thatu (B (z)) > 1 — u(K1)/2 > 3/4, we have
with induced measurg, such that there exist§¢) for which

BN Bz

(1= (K1) < p(Ki N Baco), (1-Op(K2) < plKaDBao),  p(B) > (BN Bi@) = u(Bu(a AE LU
and (1 — €)u(B) < u(B N By), Where By is a ball with 1(Bi(7))
radiusd(e) around the origin. Then > §/:L(B’)

B) > e (1 — o UELKD) k), (K N Zl

w(B) 2 e7P(1 = )" =~ min{u(K1), n(K2)}- pE) = gk N By(@))

PrROOF We have thap(K N Bg)) > (1 —€)u(K). Let P = 4 9
(1(K N Bye), and note tha > 1 — . Consider the measure 2 g(u(Ey) — u(K1)/2) = Sp(KL)
fr defined onK N By by the distributionf(x) = f(z)/P. 2

It follows that f is 3-log-concave. We now apply Theorem 2 iK2) = §N(K2)'

on f to obtain that: Together with inequality (111.4) we have

,[L(Bde € )Zeiﬁ(t/d(e)) Inin{,&(}<1de € )7 ﬂ(1<2de € )}7 K. K
o “ v u(B) = et ML) ), )
wheret > d(K7, Ks). It follows that ( 4l )
d(Kq, K
N -B 1,12 3/2
K\NB > (1-— K = K .
M( 1M d(E)) = (1 6)“( 1)a e 40_\/5 /’L( 1)

and similarly for &, and also A similar inequality results whem(K>) < u(K;), whence

1(B)/(1 =€) > u(B)/P > ji(B N By). the result follows. O



IV. LOWERBOUNDS ONGENERALIZATION ERROR Theorem 3:Suppose thaf is 8-log-concave defined on a

In this section we obtain lower bounds on the generalizatiGiPSed and bounded séf Wzith nonzero di?meter. Then for
error of classification problems. The generalization error Y€y € T, for everye > 07, there exists’ € H such that

the weight of the region where the chosen classifier and the e PP
true classifier differ. This in turn is related to the weight of ~ A(h; ')
the no-man’s land. Appealing to the isoperimetric inequality s

of Theorem 2, we use the size (in the geometric sense of > ﬁ 1( sup dist(hq, ha)—e), (IV.6)
distance between sets) of the no-man’s land, to obtain bounds diam(K) 2 p, nyem

on the weight it must carry. Thus we show that the size of ) ) ~ =

the no-man’s land can be a tractable measure providing g%?erepl = inffep min{u(K™(h)), u(K™(h))}.

bounds on the measure of the set where two classifiers diff .thOUt the ﬁ-log-cqncawty assumption, - this re:_;L_JIt ”e?d
We also point out that in the absence @fog-concavity, no not hold. Indeed, without it, we may have classifiers with
’ dist(h, h') large, but with little or zero weight on the region

such bounds are valid. '@ which they differ.

Y

Tam () (hsltg){ dist(h, h1) —¢€) (IV.5)

Lower bounds on the generalization error in classificatid )

require a careful definition of the probabilistic setup. In thisROCF 1T SUPh, n,en dist(hy, hz) = 0. the result fol-
section we consider a generic setup where proper learn R&'S’ SO we can assum/e this is not the case. /For every
is possible. We consider the standard classification problém> 0 we can choose’ € H SU(_:h thatdist(h, h") >
where data points: € R™ and labelsy € {—1,1} are given, SﬁlphleH/dlst(ha h1) s we /c9n5|der the case where
and not necessarily generated according to any particu ,T’t(h’h,) - d(K_ (h)7K+ (}f )); the ot_her case whgre
distribution. We assume that we are given a set of classifi st(h, 1) = d(K (h)’K+(h ) folliaws/ In a symmetric
‘H which are functions fronR” to {—1,1}. For now, by a 'rlljr?:(?reerr.n I_Ze:fat: KA\ (K7 (h) U K™ (I)). It follows by
slight abuse of notation, we uské to refer both to the full o)
family of classifiers, and the subset of classifiers that have _pgdist(h, . + —
zero error on the training data. Thus when speaking of linear (B) diam(K) — {M(K (h)), w(K™ (R ))}'
classifiers, it is understood that ¢ we mean the subset (IV.7)

of linear classifiers that correctly classify the training data. lsfom here the first inequality of the theorem follows.
our model, the performance of the classifier is measured usigw for the second inequality, similarly to the
someg-log-concave distributiorf (and associated measyrp  above, for everye > 0 we can pick hi,hy SO

We note that this model deviates from the “classical” statisticlat  dist(h1,ha) > supy p, dist(hi, ho) — e By
machine learning setup. Theorem 2, letingB = K \ (K*(h1) U K~ (h))
Given a distributionf, the disagreement of a classifiere  inequality  (IV.7) holds ~with hi,hy in  place of
H with another classifiet’ is defined as: hoh'. Now, A(hshy) = [ X{h(@)#h (o)} f(z)dz and
oA 1 ) A(hsh2) 2 [ X{h(@)#hs (o)} f (x)d2. Sincehy (x) # ha(z)
A(h; R = / 5(1 — h(z)h (x)) f(z)dx on B, then eitherA(h; hy) > u(B)/2 or A(h; ha) > u(B)/2.
R Since P, < pu(Kt(hy) and P, < u(K~(hy))
— n . li — =~ y

= e eR":h(x) # I (2)}, and by substituting in Ineg. (IV.7), we obtain that
where . is the probability measure induced by If there A(hhi) > e 7 dist(h1, ho)P1/(2diam(K)) for i = 1
exists a true classifieb!"“¢ (not necessarily irt{) such that Of ¢ = 2. O

y = hi"*¢(z) then the error ofi is A(h; h'™¢). For a classifier .
h, let K+ (h) A (¢ € K : h(z) = 1}, and similarlyk ~ (h) A The following example demonstrates the power of Theorem

{z€ K : h(z) = —1}. Given a pair of classifiers; and h» 3 in the context of linear classification. Consider an input-

we define the distance between themias(hi, hy), given by CUIPut sequencé(zy, y1), ..., (zv, yn)} arising from some
unknown source (not necessarif§-log-concave) as in the
max {d (K" (h1), K~ (h2)) ,d (K~ (h1), K" (h2))} . classical binary classification problem. Defig, = {z; :

; = 1} and Xy = {x; : y; = —1}. Suppose that the true
rror is measured according to/log-concave distribution,

. . ) ) and thatX}; and X 5 are linearly separable. Recall that a linear
provides a useful measure of difference; see Proposition.@<difier/, is a function given byh(z) = sign((z,u) + b),

below. We consider later generalizations dfst(-,-)’ which .o sign’ is the sign function and(,-)" is the standard

are ir)teresting gxactly wher_l the classifiers are different, ther product inR”. The following proposition provides a
the distance defined above is zero. . . lower bound on the true error. We state it for generic sets of
Suppose we have to choose a cIa§S|f|er from asethis _vectors, so the data are not assumed to be sampled from any
may occur if, for example,.\{ve are given _sample data POINES 1 crete source. The lower bound concerns the case where we
and there are several classifiers that classify the data correcc{pé faced with a choice from a set of classifiers, all of which
The following theorem states that if the set of classifiers V\‘Lfgree with the data (i.e., zero training error). If we commit

choose from is too large, then the error might be large g5 o specific classifier, then there exists another classifier
well. Note that we have to scale the error lower bound by the

minimal weight of the positively/negatively labelled region. 2 7 is compact in an appropriate sense, then we cam sed.

We note thatlist(hy, he) may equal zero even if the classifier%
are rather different. However, in some casdst(hi, ho)



(whose training error is zero as well) such that the true errave define the distance measudést(h, H'), from a classifier
of the classifier we committed to is relatively large if the othes to a family of classifiersH, to be the Euclidean distance:
classifier happens to equal™c. . N + -

Proposition 2: Suppose that we are given two sets of dist(h, H') = dist(K, K7).
linearly separable vectorstt, X— C K and lett = If the intersection is empty, we define dist to be zero.
d(conv(X ), conv(X™)). Then for every linear classifier For k& = 2, Figure 2 illustrates the generalized concept
that separate¥ * and X —, and any3-log-concave distribution of dist, and further shows that Theorem 3 holds with
f and induced measurne defined on a bounded séf, there supj,, j,es dist(h1, h2) replaced by the new distance concept,

exists another linear classifiéf that separateX+ and X~ sup  dist(h, {h1, ha}).
as well, such that {h,h1,ha}CH

A(h; 1)) > e PPit/(2 diam(K)) Indeed the phenomenon illustrated in Figure 2 holds in
where B4
Preminfudz - (2.0) > (o )bl (@) < (o)) R R
for somex® € conv(X ™) such thatd(z*,2~) =t andu = + - + ><
(zT —z7)/2. Jﬁ 4’77)’1,2
PROOF Let H be the set of all hyperplanes that separate he t/\/
XT from X~. It follows by a standard linear programming hy By ’ hy By
argument (see [26]) thatupy,, j,cq dist(hi, ho) = t. This hy
is attained forh; (z) = sign({z,u) — (z*,u)) and he(z) = (a) (b)

sign((x,u) — (z~,u)). We now apply Theorem 3 to obtain 3

the desired result. Note thaf, in the declaration of the F1d- = mé”é-“)t(i?c’f)Vieohaﬁivféﬁil Ss'issfﬁ'frﬁ;{?’{",3}’hs°hth}at

proposition is tighter thaw; in Theorem 3. This is the result jere A hiiha,hs} (with B! % h) so that if hirse —

of calculatingu (K *(h;)) andu(K ~(hy)) directly (instead of »/, then A(r;h’) > u(B1)/2, where B; is the shaded area. To see
gu H y

taking the infimum as in Theorem 3). [] this, note for instance that ih = hi, then B1 = A(hi;he) U
9 ) (h1;h3). We can then get a bound om(B1) by using the isoperi-

. : : . S A
Finally, we note that_ mequalle (lV-5)_ is in general strictlymetric inequality, and the fact thatist(h, {hs, h;}) = t1. In (b) we
stronger than (IV.6), since the inequalityp,, dist(h,h’) > add a fourth classifieris. Here we see that if we choose = ha,
SUp,, 1, dist(hh h2)/2 is usually strict. If, on the other hand,_the” the worst case generalization error is lower bounded by compar-
ke . . i ng the two distance measuresup;,, ¢, dist(h, h1) (our previous dis-
his Fhe maximum margin classn‘ler,_then the two boupd§nce measure) artd /2) supy, 1, yc 1¢ dist(h, {h1, h2}). In this example,
pomude. In the I|.near case, the maximum margm_classmarphleﬂ dist(h, h1) = t3, andsupyy,, .y dist(h, {h1, ha}) = to.
is the “safest choice.” Thus we have a reinterpretation of the
maximum margin classifier as the “safest” classifier undgeneral. We can restate Theorem 3 using the distance to a
worst-case (minimax) assumptions. fixed classifier. The statement of Theorem 3 now becomes:
Theorem 8 Under the assumptions of Theorem 3, for every

1 !
A More General Notion of Distance h € H there existsh’ € H such that

e P .
In the above discussion, we show how the A(h;h') > .maX{P1 sup dist(h, hy),
: . . . . diam(K) hieH

isoperimetric inequality can essentially use the measure

Supp,, p,ex dist(hi,h2) to obtain  bounds on the EP sup  dist(h, {1, ha})
generalization error. As remarked above, Theorem 3 2 Q{hl’hﬁcﬁ UL TR
says nothing ikupy,, ;,, ez dist(h1, h2) = 0. Generalizing the -

notion of ‘dist’ for classifiers, and considering the distanc<\—5vhere we have

from a single classifiet’ to a family #’' C ‘H of classifiers, P, = inf min{u(K*(h1)), u(K~ (h1))}

we can obtain a stronger measure that again allows us to h}EH ) N B

derive a bound onsupy, ,, A(hi;he), the generalization Py :{hhl}gficgm{ﬂ([{ ({h1; ha})), p(E™ ({1, ha})) )
error.

Definition 2: Given a classifierh, and » other classifiers The proof follows directly. This restatement of Theorer_n_ 3is
H = {hy,...,h}, define the sets in fact somewhat stro_nggr, since when the two |nequaI|_t|es of
Theorem 3 do not coincide, theax in the restatement picks
N N , N A N out the stronger lower bound.
KT=K"({h}UH) = K7 (h)N ﬂ K (hi) We can obtain a general version of this result.
i=1 Theorem 4:Under the assumptions of Theorem 3, for every
h € H and for anye > 0, there existsh’ € H such that

K= =K-({h}uH) = K~(h)N QK_U”)’ A(h: 1) is bounded below by

max
T {h1,. R }CH

so thatK+({h} UH’) is the set of points that all classifiers_ e”” lpT( sup  dist(h, {h1,...,h.}) — €)p,
in H/, and alsoh, label as‘+’, and similarly forK—. Now diam(K) reN



where P, is given by This set represents all the pairs where the predictiork of

) ) . B is off by more thane, and less thare;, or alternatively,

{hl_,__lif}i}rcnﬁn{“([( ({155 he}))s m(BT (fhas - B )} the set of pairs whose prediction is converted to zero error
(IV.8) when changing the in an e-insensitive error criterion from

PrROOF This proof closely follows that of Theorem33For ¢ to ¢;. Different assumptions on the joint distributignlead

everye > 0 andr € N, choose{h1,...,h,} C H that attain to different results. We start with a simple case representing

the supremum on the right hand side of (IV.8) withinLet an additive independent noise model, and then consider the

Kt = K™ (h,hy,...,h,), and K~ = K~ (h,hq,...,h,). case wheref is 3-log-concave jointly inz andy. We finally

Now let B = K\ (K+ U K~). By Theorem 2, it follows that consider the more complicated case, whgis 3-log-concave

in z and #'-log-concave iny conditioned onz. We provide a

w(B) > e " dist(h, {h1, .-, hr}) min{ (K1), p(K)}. lower bound on the measure of the tube under some continuity
- diam(K) i
(IV.9) assumptions.
' As a motivation, consider the classical regression setup

Now, we can writeB as the union of- possibly overlapping

: - . where
sets, wh.ere each set defines the area whet#fers with one Y = k(X) + N, (V.10)
of the h;:
r where X is the independent random variabl¥, is additive
B = U{h # h;} noise, andY is the dependent variable. The results of this
i=1 section apply to non-additive noise models as well. If the
r r noise N is arbitrary, we cannot hope to obtain a bound on
= UK ﬁKJr(hi))] U [U(Kﬂh) NK~(hi))| the measure of the intermediate tube in terms of the inner
i=1 i=1 and outer tubes, since the noise may alternate between putting

the weight on the inner and the outer tubes. We make certain
specific assumptions concerning the continuity of the noise
process.

the first equality, we have simply expanded out our definition

of K™ and K~ from above: Take any: € B. Supposer € T _(2) 2 {y:e0 <||k(x) —y|| < e}

K~ (h). Sincez € B, thenz ¢ K, and thus there must exist (;1 1 inal distributi h itional
somei for whichz ¢ K~ (h,), which means: € K+ (h,), and We denote the marginal distribution By and the conditiona

hencex € K—(h) N K*(h;). The reverse inclusion follows distribution by f, ... The associated measures are then denoted
similarly. by 1o and sy, o .
Consequently, we have If the noise in (V.10) is independent af we can stralght-
forwardly derive a lower bound on the measure of the inter-
p(B)<rmax {u((K~(h) N K+ (hi)) UK T () N K~ (hy)))}.  mediate tube.
! Corollary 3: Consider the model of Eq. (V.10). Suppose
Letting i* be the maximizing index of the right hand side, wehat IV is independent of and has a3-log-concave distribu-
have A(h, h;-) > Lu(B). Substituting in Equation IV.9, we tion. Suppose further thaV has bounded suppofty, with
then have that\(h, h;+) is at least 0 € Ky (this is always true ifN has zero-mean). Then for
every probability measure oN, we have that:

[(K~(h)n K*(hi)) U (K (h) N K~ (hy))] -

I
-

i=1

67 : + _ 1 .
diam(K) (min{u(K), u(K))) leSt(h’ U hrd). k (e1 —€0)e @ . k k

M(Tﬁo,el) Z ﬁ min {:U’(TO,EU)v /J‘(Tel,diam(l(y))} .
This concludes the proof. 0 iam(Ky ) i

PROOFE Since N is independent of and using Theorem 2,
V. REGRESSIONTUBES we have that for every:

In this section we consider regression problems, and provide (TF (@) > e P €1 — €
results of a different flavor. Throughout the section weklée /v1*\ " co.rt /) = diam(Ky)
a function fromR™ to R™. We provide lower bounds on the min{ (TF_(x)) (T . (x))}
weight of tubes aroundl. The probabilistic setup is as follows. Hylz 20,0 0))> Byla S e diam(By W) f -
We have a probability measurewith density f on R**™ that By definition,

prescribes the probability of getting a pair,y) € R™ x R™.

The densityf has support on the séf. For a specific function u(TéfeO) = / fﬁ(x)uy‘x(T&EO(x))dQs,

k:R™ — R™ we consider the set R

imi k k i k i
RN and similarly forT?” . andT? _ . Sinceu,,(T¢ . (x)) is the
= . < _ < 0,€1 15 1€0
e = 1@ y) reo < [lk(2) —yl < e} same for allz, we obtain (V.11). O
_ o It is worth mentioning that Corollary 3 does not require
3Note again that i is compact, we can set= 0. Furthermore, thenax

over N is attained for some finite € N, since dist is bounded uniformly @NY @ssumptions oX’, and in particular the support of; _is .
with respect tor in N. not assumed bounded. For the case of unbounded noise with
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finite variance (e.g., Gaussian noise) one can use Propositioefinition 3: A distribution f(x, y) is 3-8’ conditional log-
1 instead of Theorem 2 and obtain a similar bound (replaciegncave if the marginaf (z) = [;.. f(z,y) is -log-concave
diam(Ky) with 4/20 and having power oB/2 inside the and if the conditionalf(y|x) = f(y,z)/f(x) is 3'-log-
minimum). concave for allz € K|x.

We next consider the case where the distributidn, y) is The following theorem asserts that a similar bound to (V.12)
B-log-concave jointly i andy. This may arise in a situation can be obtained even fgi-3’ conditional log-concave distri-
where Eqg. (V.10) holds withV independent ofr, but we do butions. The setup is, however, considerably more general.
not know what is the trué function. In that case we can still It includes, for example, regression where the independent
consider the measure of the intermediate tube defined by sopagametery, is sampled from a uniform distribution, and the
other functionk’. The linear case is particularly simple as thelependent parameter equals= k(x) + N, where N is some
next lemma shows: -log-concave function that depends eanWe denote byB*

Lemma 6: Suppose that the model of Eq. (V.10) holds anthe unit ball inR".
that X is 3-log-concave. IfN is 3’-log-concave and if(x) Theorem 5:Suppose thaff(x,y) is 5-4’ conditional log-
is linear, we have thaf(z,y) is (3 + 3')-log-concave. concave on a bounded skt C R™*™, with induced measure
PROOFR We have thaif (z,y) = f.(z) fy.(y|z) = fo(z)g(y— Fix €1 > €p > 0. Assume further that there exist constants
Az), whereA is some matrix K(z) = Az) andg is a#'-log- € > 0, d > 0, andp > 0 such that for all(z,y) € T%, ..,
concave conditional noise distribution. Fdre [0,1] we have 4,0’ < d < dy, u, € B™, andu, € B™:

that o Ll Sl )|
fA(@1,91) + (1= A)(22,92)) Jyla(ylz) -
= f(Az1 4+ (1= Nz, Ay1 + (1 — N)ya2) Assume thatk is Lipschitz continuous with constadt Then:
= a1+ (1= Na) - u(TE ) is lower bounded by
g1 + (1= Nyz — A(Az1 + (1 = A)z2)) 1 (e1 — eg)e~ ) min{dy, 1/(2C)"/*}
il mi .
= fo(Az1 + (1= N)w2) - 18 diam(K) " diam(K) max{1, L}
y IO - ;42)/ FO- N0~ Aw) min (T ). 1TE i) }
> e Ufp(w1) fa(z2) " e 7 g(y1 — Ax1) g(y2 — Aa) PROOF. Fix positive ey < €;. For a setX C K|x (this is a
= e B8 f(@y, y) flaa, y2) set inR™) we denote the extension to a set®ft x R™ py
extr (X) = {(z,y) : € X and(x,y) € K}. We now define
O two sets:
Corollary 4: Suppose thatf(x,y) is -log-concave on a in _ & &
bounded setk C R™ ™, with induced measurg. Assume < — {x gl (To.eo(®) = Hgla (Tehdiam(K)(ID}
that k is Lipschitz continuous with constant, and that your _ [, . ¢ (2)) < Tk )L
(z,k(z)) € K for everyz € K|x. Then for everye; > { e (T, ) _M"’I‘T( o1 im0 >)}
€0 > 0, Note thatY"UXx°* = K|x. We consider the following three
(61 — e0)e=" cases.
c 1 — €0 . L k . vin . . . .
M(Tf7€ ) > : mind u(Tg )y (TE giamex))p-  CasS€ LA™ = K|x, that is, the inner tube is always heavier
T VL + 1 diam(K) { ’ i) } than the outer tube. In this case, for everywe apply Theorem

(V.12)
PROOF We use Theorem 2 with the decompositiéh =

k _ k _ k in- _g €1 — €
T B = T and Ko = T4 - BY the Lip (78 () = e 2ot (75 damiac(®)) -
schitz continuity ofk, we getd(T(ﬁEO,TE’j_diam(K)) > (e —
€0)/V L2+ 1, as follows. Take any(zy,y;) € Téjéo, and Simi!arly to Corollary 3, integrating over alt € K|x, we
(z2,y2) € TE’“1 diam(x): L€t N = [[z1 — @2[|. Then|[k(z1) — obtain that

k(x2)|| < L, and thusl|y; — y2|| > (e1 — €9) — Ln, and thus

2 to the conditional measure, to obtain:

k _ k
d((z1,91), (x2,92))* = n° + ((e1 — €) — Ln)*. Optimizing n(Tia) = X| fa (@) pry)o (T e, (7)) d
this bound over; we find thaty = (e; —eo)L/(1+ L?) gives 7; €1 — €0 3
the desired bound. O > e Jam ()" (Tel,diam(K)) .

A direct implication of Corollary 4 and Lemma 6 is that if
the true model is linear, and botk and Y|« are 3 and g’ SC the result holds.

. . . -yout — i - -
log-concave, respectively, then every function (not necessarﬁﬁse 2:47" = K. In this case the outer tube is heavier for
linear) satisfies inequality (V.12). all z. In a similar manner to the previous case we can prove

We now consider a different model where instead of assuﬁt?-at
ing thatz andy are jointly 5-log-concave, we assume that 1 ( k ) _ Ful@)iny, (T* _(2))dz
is 3-log-concave and thaj is 3'-log-concave conditioned on o-eL |, orEIE A
z. We defineK|x to be the projection of on the firstn _p' €1~ €0 L
dimensions. = € diam(K)u( 0.cr)

V
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Case 3:Both X # K|x and X°"! # K|x. In that case Case 3.1iu(extg (X \ XD )NTE, ) > u(TE,,)/3. In that

it follows from continuity of f and k that the set¥“? = case we have that
XN xevt is not empty. For every: in X we have from i .
Theorem 2 that: w(Te o) = / Jo (@) 1y (T35 (%))
Xout\XEq,&
Tk > e 8 @1~ ¢ Tk ) -5 €1~ €o k

,u'y|cv( eo,el(x)) Z € dlam(K) ,LLyI:E( O,EO(x)) Z Xout\XEq,5 f:r(x)e dlam(K) :U’y|x(TO,eo(x))
Since iy . (T . () + 210 (T4 . (2)) = 1 for z € X°, by - e—ﬁ/ﬁ/ o (@) pry 0 (T3 ()
solving for 1, (T . (x)), substituting in the inequality above fam () Jxoun xeas
and collecting terms, we obtain that —f L€ M(Téfq)) (V.15)

_ - diam(K) 3 '
(T (@) > ¥ 2 !
Hylzeo.er - diam(K) 2+ e~ zoi=as Case 3.2:p(exty (X)) NT§, ) > u(T§.,)/3. As before,

> 6_ﬁ/ €1 — € .
- 3 diam(K)

WTE ) > / Fo(@) iy (T (2)):
xea,s

Since Ineq. (V.13) holds for alt € X% for our choice of

We first consider the continuity of:,,(T* as a !
Y Oftyje (T, () 8, we obtain:

function of z.

1 /€] —€
k Ze—p_f1Tc0
|,uy|w(T€]E7€1(l‘)) _ ,uy|:v(Te]E7el (.TJ/))| N(Teo,q) > /ch)é fm(x)Ge dlam(K)
1 /€1 — €
A S U £ (D0
= /Tk " fy|m(y\x)—/Tk (I/).fy|a:(y|l‘/) dy ¢ diam(K)H(ex K ( )
0:€1 0:€1 S 16_5/ €1 — € /-L(T(ieo) (V 16)
- / - {”ym@m—/ , Juely=h(a) R dy - 6 diam{f) 3
TE ez 0.1\’

Case 3.3:;u(extg (X" \ X)) NTE, ) > p(TE,,)/3. In that
fylo(y — k(z) + k(2')|2") > /:

= / Fyle(ylz) (1 — )|y case we have that, (X \ X°%) > pu(T§, )/3. Since we
T (@) Jylz(ylz) assumed that(T3,,) < u(TY 4.m(x)) ONE Of the three cases
must hold:
S/Tk o fy=(ylz) - Case 3'3'1p(eXtK(Xin\Xeq’é)mTeli,diam(K)) > u(TEe,)/3.
o , , In this case we can use the same maneuver as in Case 3.1
(- fyle(y + Lllz — 2"[Juy|z + ||z — @ Iqu))‘ dy (applied toX™™) and (V.15) holds.

where the last inequality is due to the Lipschitz continuity ot

Case 3.3.2:u(ext g (X€99) NTE giam(x)) = M(Téfeo)/?’- In
is case we can use the same maneuver as in Case 3.2 and

- o - .16) holds.
k andul_e B™ andu, €B". It follows fro/m the continuity Case 3.3.3: plextrc(X7 \ xead) n T 4 >
assumption ory,|, that if max{L, 1}||z — z'|| < do, N , <1, diam(K),
‘ w(Ty'.,)/3. In this case we have that, (X°"*) > u(Ty ., )/3
in k
|uy|I(T6’jm(x)) - Mylx(Telf],el(xl)ﬂ :23 ;é%(tgfm 2h§t.ﬂ(T0760)/3. We can use Theorem 2 fqr,
< iy (T4 (%)) C (max{L, 1}z — 2'[])”. ' 5
L (X0 > e P (Tk /3.
Fix & = min{do, 1/(2)"/7} /max{1, L}. Then for everya" po(X°00) 2 ¢ ey (T
such thatfjx —2'|| < 4, we have that Substituting the value of, and similarly to Case 3.2:
1 k
oo (TE () > S paya (T (). (VA3) (T er)
2 1 g e —¢
| | | s [ rwlerase
Define X9 to be thes expansion ofY*?, that is Xea 6 diam(K)
1 5 € —c¢€
_ L, 84 0 2q,0
X0 = {z € K|x, ||z — 2’| < 6 for somex € X*}. -6 diam(K)u(eXtK(Xeq )
, _ i 1/ k
Assume first thatu(T5.,) < u(TY 4omx))- We bound > 1 —(g+p)_€1— € min{d, 1/(20)/7} iTo,)
/ L -6 diam(K)? max{1, L} 3

w(TE ) interms of (T, ). We have that:
The case where(Ty.,) > (TF i) follows similarly.
plext g (X XU) N Ty ) + plext g (X0 N T ) The result follows by taking the worst case of the five cases.
Hulext (X™\ X90) NTg,,) = p(Ty,,). (V14) O _ _
Several remarks are in order. First, the boundedness as-
One of the summands in (V.14) must be at Ie@SP&EO)/S. sumption can be relaxed in a similar manner to Corollary

We consider each case separately: 2 or Proposition 1, with appropriate changes. Second, the
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continuity assumption of is necessary, and counterexamplethoses in Ineq. (VI.17) and some algebra gives the desired
where discontinuity invalidates the theorem can be easilgsult. |
derived. Third, as a result of the continuity requirementfon A similar result holds by interchangingc™ and K~
Theorem 5 is dimension independentfIfs instead Lipschitz throughout Proposition 3 and the definition &f The fol-
continuous, one can still retain a similar result, however, lawing corollary is a two-sided version of Proposition 3. It
dimension dependent constant would be needed for Case 3.8ds not havee™?/ diam(K) inside the minimum.
Corollary 5: Suppose we are given a classifierdefined

VI. BOUNDING THE SIZE OF THE MARGIN on a bounded sek. Fix somey > 0 (diam(K) > v) and
peonsider the seB*™™ = {x € K~ (h) : d(z, K*(h)) <
vyU{z € K*(h) : d(z, K~ (h)) < v}. Let f be apg-log-
gpncave distribution otk with induced measurg. Then

In this section we consider the problem of computing tl
likelihood that data generated bysalog-concave distribution
will have a large margin, and again show that this question ¢
be approached using the isoperimetric inequality. We consider . .. e ) i _
the standard machine learning setup, and assume that the datd B )27 diam(K) {u(KF(R)), p(K(R)) } -
are sampled from @-log-concave distribution. We examinePROOF Let BT = {z € K*(h) : d(z, K~ (h)) < v} and

the geometric margin as opposed to the “functional” margiB~ = {z € K~ (h) : d(z, K™ (h)) < v}. We have that
which is often defined with respect to a real valued funcgion u(B¥™™) = p(B™) + u(B~). From Proposition 3 we have
In that case classification is performed by considefifig) = that

sign(g(z)) and the margin o§ at (z,y) € R"x{-1,1} is de- =B

. K= (h
fined asy(z)y. If such a functiory is Lipschitz with a constant #(B~) > Wcham(K)mm{M(KJr(h))» T Vi(_ﬁ/ <(iia)u)n(K)}

L, then forz € K*(h) the event tha{d(z, K~ (h)) < v} is
contained in the event thdy(z) < yL} (and forz € K—(h) @and
if d(xz, K—(h)) <~ then—g(z) < vL). Consequently, results n e P ) _ w(K*(h))

on the geometric margin can be easily converted to results Pz 7diam(K)mm{“(K (h)), 1+ veﬁ/diam(K)} :

the “functional” margin as | the Lipschit i
hoged e mardin 8 fong s e Hpsehtz aSSAMPION the minimum is obtained byi(K* (h)) for ju(B~) or by

w(K~(h)) for u(B*), then the result holds. Suppose that the
minimum is obtained by the second term for batf3~) and

Suppose now that we have a classifier and we ask
the following question: what is the probability that if we

+ .
sample N vectors Xy = x,...,azy from f, they are w(B™). We therefore have in that case that
far away from the boundary betweeli™(h) and K~ (h). w(BY™™Y = u(BY) 4+ u(B7)
e i ) )
e, EKT(h 79 ) - . _[j .
negatively labelled samples. We next show that the probability dlan_léK) L+ ye?/ diam(K)
that a sampled point is some distance from the boundary, is - e 1
. . . . . . . Y a4 )1 A K
almost linear in this distance. An immediate consequence is fam(K) 1+ ye~#/ diam(K)
an exponential concentration inequality. S e P 1
Proposition 3: Suppose we are given a classifiedefined = 7 diam(K) 2’

on a bounded sek. Fix some~ > 0 and consider the set
B ={zx e K (h): dz, K*(h)) < v}. Let f be aj-log-
concave distribution o with induced measurg. Then

where the last inequality follows sineg < diam(K). The

result follows. O

Corollary 6: Suppose that N samples Xy =

e P ) w(K=(h xy,...,xy}t are drawn independently from &-log-

wB) 27 diam(K) mm{”(KJr(h))’ 1+ fye(—ﬂ/((ji;zn([() } : c{ioncave disj{ributiorjf defined on a bounded sé&f. Let i be
PrRoOOF Consider the decomposition @€ to K; = K*(h), a classifier. Then for every > 0:

B, and K, = K~ (h) \ B. By Theorem 2 we know that <

w(B) > ve P min{u(K,), u(K3)}/ diam(K). We also know Pr

min d(z;, K*(h)) > ’y)
that 4(B) = p(K~(h)) — u(Kz). So that

{i:x;€eK—(h)}

ol (R)
w(B) = max{re? minfu(K), s}/ = ov <‘N”Cmm{“(K M) = 1)
diam(K), u(K™(h)) = s}, (VI.17)  \yhere Pr is the probability measure of drawiny samples
where s = p(K>). Minimizing over s in the interval from fandC = e”7/ diam(K). -
seen that the minimizes is either at the PROOFR The proof follows from Proposition 3 and the

[0, p(K = (R))], itis ) .
point whereu(K~ (h)) —s = ve P u(K,)/ diam(K) or at the inequality (1 *?)N < exp(—aN) fora € [0,1] and N > 0.0]
point wherep (K~ (h)) — s = sye?/ diam(K). Substituting Corollary 6 is a dimension-free mquah_ty. !t implies that
when sampling from g3-log-concave distribution, then for
“This is the case if, for instancgowe consider kernel machines where @Ry specific classifier we cannot hope to have a large margin.

resulting classifier is of the formgn(" ; a;k(a;, ®)), where the kemnel itself |t does not claim, however, that the empirical margin is small.
is Lipschitz coptinuous, and we also have that the sum of the coefficients

s .
controlled, i.e., ;|| is finite. An L! regularization certainly achieves this. §peC|f|§:glly, forXI\[ = {®1,..., wN} one Can consider the
L? regularization along with a separate sparseness condition is also suffici@fiobabilistic behavior of the following empirical gap between
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Corollary 7: Let H be a family of classifiers. For > 0,

probability that this quantity is larger than cannot be let H. be ans-cover, with covering numbel. ... Then,

number of dimensions grows to infinity the distance betweéir
the samples may become bounded away from zero. To see
this, consider uniformly distributed samples on the unit ball
in R™. If n is much bigger thaV, it is not hard to prove that
all the sampled vectors will be (with high probability) equall
far apart from each other. Seap(X y; k) does not converge
to O (for every non-trivialh) in the regime where: increases
fast enough withN. For every fixedn one can bound the
probability thatgap(X y;h) is large using covering number
arguments, as in [27], but such a bound must be dimensi
dependent.

A guantity related to the empirical margin, is the margin to
set of classifiers with more than one, indeed possibly infinite,

bounded in a dimension-free manner. The reason is that as the<

find

in(X y;h) > <
max margin(X v; )_7) <

inf
e, He,p

N Inax Pr (margin(XN; h) >~ — E)
1€ He

hus for the best bound obtainable in this fashion, we  must

the optimal tradeoff between the fineness of the covering,

and the size of the resulting cover.
Computinge-covers with this metric, and thus the subse-
guent optimization problem, can be readily done in a number
_common cases. For example, this is the cagé i§ the set
of linear classifiers through the origin, arid is compact, or
ié ‘H is the set of classifiers parallel to a given hyperplane.

classifiers. In such cases, a uniform bound in the spirit 4€knowledgements
Corollary 6 is of interest. Specifically, let the empirical margin \We would like to thank Ravi Kannan for helpful comments.

of a classifierh on sample pointsX 5 be denoted by: We

A

margin(X y; h)
min{d((X yNK~(h)), K(h)), d(X yNKF(h)), K~(h))}-

It is of interest to boundPr (sup,c margin(X n;h) > 7).
This bound, necessarily, must depend on the size of the spa[&la
of classifiers, much like a bound on the empirical gap must
depend on the dimension. This is an appropriate bound tel
consider wherf{ consists of a set of, in some sense, equall3f3]
reasonable classifiers. That is to say, if, for examplés a
one-dimensional Gaussian distribution, thertHfcontains a
(linear) classifier far out in the tail of the distribution, the
uniform bound on the margin will be useless, as that classifier
will essentially dominate the probability that there is a large
margin. [6
If H=1{h,...
we have

(4]

, by }, then by an appeal to the union bound, (7}
(8]

El
(10]

heH

Pr <max margin(X y; h) > ’y) <

mmax {Pr (margin(X x; h) > 7)} -
Using covering numbers we can extend the use of the unidal
bound to infinite classifier families. We construct thenet

using the metric structure of the sample space, i.e., using
the same distance as that used to compute the+siakthe

margin. We define for this purpose the distancehetween [13]
two classifiersh’, v € ‘H as [14]

ol 1"y & [15]
max{ sup inf d(x,y); sup inf d(x,y) p.
{wEKW) yeK = (h") ( )meKﬂh') YyERT (h) v [16]

Note that this definition is symmetric i and’”. Therefore,
given anye > 0, and h € H, the e-ball abouth is the set [17]
B. ,(h) C H of classifiersh’ € H, with ¢(h,h') < e.
Therefore, as usual, aa-cover H,. of H is a collection
{Rh1,...,ha.} C H such that for anyh € H, there exists
someh; € H. with o(h, h;) < e. Then, we have the following (1%
corollary of Proposition 3 and Corollary 6.

(18]

would also like to thank two anonymous reviewers for

very careful comments and observations, and in particular, one
reviewer found a simplified proof of Lemma 2, which we use.
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