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Abstract

We consider a finite two-player zero-sum game with vector-valued rewards. We study
the question of whether a given polyhedral setD is “approachable,” that is, whether
Player 1 (the “decision maker”) can guarantee that the long-term average reward be-
longs toD, for any strategy of Player 2 (the “adversary”). We examine Blackwell’s
[2] necessary and sufficient for approachability, and show that the problem of check-
ing these conditions is NP-hard, even in the special case whereD is a singleton. We
then consider a Stackelberg variant whereby, at each stage, the adversary gets to act
after observing the decision maker’s action. We provide necessary and sufficient con-
ditions, and establish that checking these conditions is an NP-complete problem. On
the other hand, if the dimension of the reward vector is fixed, these conditions can be
checked in polynomial time.

1 Introduction

We consider a decision maker (Player 1,P1) who interacts repeatedly with the environment,

modeled as an adversary (Player 2,P2). At each stage (time step), each player chooses an

action from given finite sets and a vector-valued reward is realized, as a function of the

pair of actions chosen. We are given a polyhedral setD, and we are interested in the

question of whether there exists a strategy forP1 under which the long-term average of the

reward vector is guaranteed to belong toD, for every strategy ofP2 (in which case, we

say thatD is “approachable”). This problem was introduced and studied by Blackwell [2],

using the tools of what became known as “approachability theory.” In particular, Blackwell

established necessary and sufficient conditions for the case of a convex setD, as well as
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a prescription for the strategy ofP1. Note that for the case where the dimension of the

reward vector is equal to one, we are essentially dealing with the classical case of a zero-

sum matrix game. (For an extension to non-convex sets, see [9].)

The motivation for the setting described above, comes from those contexts that involve

an uncertain environment (modeled as an arbitrary adversary) and in which performance

is measured in terms of multiple criteria. For some examples, a wireless device may be

interested in the tradeoff between throughput and power consumption [8]; a network node

may be interested in the tradeoff between average delay and fairness; and a controller may

be interested in the tradeoff between fine but expensive actuation and precision. In addition,

the approachability problem arises in many other contexts in repeated games (see, e.g.,

[3, 7], and [5] for a detailed account).

In this paper, we start by showing that checking Blackwell’s conditions for approacha-

bility is an NP-hard problem, even in the special case where the setD is a singleton. We

note that Blackwell’s conditions refer to the case where, at each stage, the two players act

simultaneously, without knowledge of the other player’s action. We then introduce a Stack-

elberg variant in which, at each stage,P1 acts first andP2 (the adversary) is informed of

P1’s action before choosing her own action. This variant can be viewed as a special case

of the original problem, with an enlarged action space forP2 (at each stage,P2 chooses,

simultaneously withP1, a function that prescribesP2’s response toP1’s action). This view

readily leads to necessary and sufficient conditions for approachability in the Stackelberg

variant. We establish that the question of approachability is an NP-complete problem, even

in the special case where the setD is a singleton. On the other hand, in many contexts,

there is only a small number of criteria under consideration, which leads us to consider the

special case where the dimension of the reward vector is fixed. For that case, we establish

that the question of approachability can be decided in time which is polynomial (though

exponential in the dimension of the reward vector).

The rest of the paper is organized as follows. We start in Section 2 with a description

of the model, background results from approachability theory, and the NP-hardness result

for the case of simultaneous actions. in Section 3, we introduce Stackelberg variants, de-

rive necessary and sufficient conditions for approachability, and establish computational

complexity results.

2 Approachability for the Case of Simultaneous Actions

In this section, we introduce the model of interest and provide some background results

from approachability theory.
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2.1 Model and Background

We consider a repeated game where a decision maker wishes to guarantee that the long-

term average of a vector-valued reward belongs to a prespecified target set. The stage game

is a finite game involving two players,P1 (the decision maker) andP2 (the adversary). This

naturally abstracts the case where there are multiple players and we are only concerned

with the reward obtained byP1.

The game is defined by a triple(A,B,M) where:

(a) A is the finite set of actions forP1; we will assume thatA = {1, 2, . . . , m}.

(b) B is the finite set of actions forP2; we will assume thatB = {1, 2, . . . , n}.

(c) M is ann×m matrix with vector-valued entries, withM(a, b) denoting the reward

obtained byP1, whenP1 chooses actiona ∈ A, andP2 chooses actionb ∈ B; we

will assume thatM(a, b) ∈ Rk.4

The game is played in stages. At each staget, P1 chooses an actionat ∈ A, P2 chooses

an actionbt ∈ B, andP1 obtains a rewardmt = M(at, bt). We defineP1’s average reward,

at timet, as

m̂t =
1

t

t∑
τ=1

mτ .

We further assume thatP1 has a prespecified target setD ∈ Rd, assumed to be a polyhe-

dron.5 The goal ofP1 is to have the average reward̂mt approach this setD, ast increases,

in a sense to be made precise below.

For a finite setC let ∆(C) denote the set of all probability measures on a setC, which

is identified with the|C|-dimensional simplex, and will be referred to as the set of possible

mixed actions onC. A strategy forP1 (respectively,P2) is a mapping from all possible

histories of the form(a1, b1, . . . , at−1, bt−1) to the set of mixed actions onA (respectively,

B). Given the strategies of the two players, we assume that the randomizations involved

are all independent. We useρ(x, y) to denote the Euclidean distance betweenx andy in

Rk, and define the point-to-set distanceρ(x,D) = infy∈D ρ(x, y). We now define formally

the goal ofP1.

4All of the subsequent development also applies to the case where the rewards are random variables,
sampled independently at each time, with meanM(at, bt) and finite second moment. We restrict to the
deterministic case for simplicity.

5We restrict to polyhedral sets, as opposed to the general convex sets considered by Blackwell, because
we wish to focus on algorithmic aspects.
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Definition 2.1 A setD is approachableif there exists a strategyσ of P1 such that for every

ε, δ > 0, there existst0 such that for every strategyτ of P2,

P

(
sup
t≥t0

ρ(m̂t, D) > ε

)
< δ, (1)

where the probability measure is induced by the randomness in the strategies ofP1 andP2.

According to this definition, if a setD is approachable, thenlimt→∞ ρ(m̂t, D) = 0, with

probability 1. Note, however, that the definition requires in addition that this convergence

be uniform over all possible strategies ofP2. If P2 can guarantee that the average reward is

away from the setD, we say thatD is excludable byP2.

Definition 2.2 A setD is excludableif there exists a strategyτ of P2 and someε > 0 such

that for everyδ > 0, there existst0 such that for every strategyσ of P1,

P

(
inf
t≥t0

ρ(m̂t, D) < ε

)
< δ, (2)

where the probability measure is induced by the randomness in the strategies ofP1 andP2.

Obviously, a set cannot be both approachable and excludable. But whenD is a polyhedron

(as assumed in this paper), it is guaranteed to be either approachable or excludable (this is

not true for general sets).

For anya ∈ A andq ∈ ∆(B), we define

M(a, q) =
∑

b∈B
M(a, b)qb,

and for anyq ∈ ∆(B), we define

Q(q) = conv({M(a, q)}a∈A),

so thatQ(q) is the convex hull of the set of expected rewards that can be obtained by

varyinga. The necessary and sufficient conditions for approachability are as follows [2].

Theorem 2.1 The following are equivalent:

(a) The polyhedronD is not approachable.

(b) The polyhedronD is excludable.

(c) There exists someq ∈ ∆(B), such thatD ∩Q(q) = ∅.
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(d) There exists somed ∈ Rk and someq ∈ ∆(B), such that

min
x∈D

d>x < d>M(a, q), ∀ a ∈ A.

The equivalence of conditions (a)-(c) above was established in [2].6 The equivalence

with condition (d) is an immediate consequence of the separating hyperplane theorem.

Indeed, the intersection in part (c) is empty if and only if there exists a hyperplane that sep-

aratesD from Q(q). SinceQ(q) is the convex hull of the vectorsM(a, q), this is equivalent

to separatingD from the vectorsM(a, q).

We now specialize to the case where the setD is a singleton. Without loss of generality,

we will assume thatD = {0}.

Corollary 2.1 The set{0} is excludable if and only if there exists somed ∈ Rk and some

q ∈ ∆(B), such that

0 < d>M(a, q), ∀ a ∈ A.

2.2 NP-Hardness

SinceM(a, q) is linear inq, we see that checking the condition in Corollary 2.1 is equiva-

lent to solving the following problem:

EXCLUDABILITY: Given a finite collection ofk × n matricesAa, with rational entries,

determine whether there exists a solution(q, d) ∈ Rk × Rn to the system of inequalities

q ≥ 0,
∑

b∈B
qb = 1, 0 < d>Aaq, ∀a, (3)

where the inequalityq ≥ 0 is interpreted componentwise.

It is well-known that solving a system of general quadratic inequalities is NP-hard (see

[6]). Our result below boils down to a proof that the special case that involves only bilinear

inequalities and nonnegativity constraints is also NP-hard. It is not known whether the

problem belongs to NP: if the inequalities have a feasible solution, there is no guarantee

that there exists a feasible solution with a polynomial number of bits.7

Theorem 2.2 EXCLUDABILITY is NP-hard. In particular, the problem of deciding

whether the setD = {0} is approachable is NP-hard.

6Blackwell’s model considers strategies that depend on the history of past rewards, as opposed to the
history of past actions of the two players, but the same result (with essentially the same proof) is valid for our
setting as well.

7We are grateful to Steve Vavasis for clarifying this point.
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Proof. We provide a reduction of the 3-satisfiability problem (3SAT), which is NP-complete,

to EXCLUDABILITY . An instance of satisfiability consists ofn variables,x1, . . . , xn,

andm clausesC1, . . . , Cm, where each clause is a disjunction of three literals, and where

a literal is a variable or its negation. The question is whether there exists an assignment of

truth values to the literals so that all clauses are satisfied.

Given an instance of 3SAT withn literals andm clauses, we construct an instance of

EXCLUDABILITY , as follows. We let the dimension ofd and ofq be equal to2n, and use

the notationd = (d1, d1, d2, . . . , dn), q = (q1, q1, q2, . . . , qn). We also letd0 =
∑n

i=1(di +

di) andq0 =
∑n

i=1(qi+qi). In addition to the conditionsq ≥ 0 andq0 =
∑n

i=1(qi+qi) = 1,

we introduce the following inequalities:

diqi + diqi <
1

3n
d0(qi + qi), i = 1, . . . , n, (4)

and

diqi > 0, diqi > 0, i = 1, . . . , n. (5)

For each clause of the form(xi ∨ xj ∨ xk), we introduce the inequality

(di + dj + dk)q0 >
d0

n
q0. (6)

In case a variablexi appears negated in a clause, we write down a similar constraint, except

thatdi is replaced bydi. For example, given the clause(xi ∨ xj ∨ xk), we introduce the

inequality

(di + dj + dk)q0 >
d0

n
q0. (7)

Suppose that the instance of 3SAT is satisfiable, and consider a satisfying assignment.

If xi is “true,” we set

di = 10, di = 1, qi =
1

10n
, qi =

9

10n
.

If xi is “false,” we set

di = 1, di = 10, qi =
9

10n
, qi =

1

10n
.

Since every clause is satisfied, we see that in every constraint associated with a clause [e.g.,

the constraint (6) or (7)], at least one of thedi or di variables in the left hand side is set

to 10, so that the left hand-side is at least equal to 12. Since the right-hand side evaluates

to 11, such a constraint is satisfied. All other constraints are obviously satisfied, and we

conclude that we have a “yes” instance ofEXCLUDABILITY .
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For the converse, suppose that we have a solution(d, q) to the system of inequalities.

We construct a truth assignment by setting each variablexi to “true” if and only if di ≥ di.

Since everydi is positive [due to (5)], inequality (4) implies that eitherdi < d0/3n or di <

d0/3n. Therefore, ifxi is set to false (respectively, true), thendi < d0/3n (respectively,

di < d0/3n). Consider a typical clause, say,(xi∨xj∨xk), and the associated constraint (7).

Since the constraint is satisfied, at least one of the variablesdi, dj, dk must be at leastd0/3n,

which implies that at least one of the literalsxi, xj, xk is true and the clause is satisfied.

We conclude that the instance of 3SAT is satisfiable, which completes the reduction.2

As an immediate corollary of Theorem 2.2, we see that the problem of deciding ex-

cludability of a polyhedral setD is NP-complete. In many contexts, the specifications of

desired performance, as captured by the setD, consist of minimum requirements for each

component of the reward vector. Equivalently, the setD is a translated orthant. This case

is addressed by the following result.

Corollary 2.2 EXCLUDABILITY is NP-hard even for the special case where the setD

is the nonnegative orthant,{y ∈ Rd | y ≥ 0}.

Proof: Consider condition (d) in Theorem 2.1. Ifd has a negative component thenminx∈D d>x =

−∞. Therefore, for the case whereD is the nonnegative orthant, excludability is equivalent

to the condition that there exist somed ≥ 0 and someq ∈ ∆(B) such that0 < d>M(a, q)

for all a ∈ A. The proof of Theorem 2.2 applies without change, except that the inequalities

diqi > 0, diqi > 0 are no longer necessary. 2

As a final note, if we restrict the reward dimensionk, or the cardinalitym or n of either

action set, it is not known whether the problem remains NP-hard or whether a polynomial

time algorithm is possible.

3 Stackelberg Variants

In a Stackelberg variant, everything is the same as before except that at each stage, one

player acts as the leader, and the other as follower. In particular, the follower can take into

account the action chosen by the leader at the current stage. We focus on the case where

P1 is the leader andP2 is the follower, which represents the case where a disturbance

is determined by Nature in a potentially malicious manner. We provide conditions for

approachability (Section 3.1), and establish NP-completeness of the problem of checking

these conditions (Section 3.2). In contrast, we present a polynomial algorithm for the

special case where the dimension of the reward vector is fixed (Section 3.3). Finally, the
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Stackelberg variant whereP1 is the follower andP2 is the leader, is discussed in Section

3.4.

3.1 The Model and the Approachability Conditions

Formally, a strategy for the leader,P1 [respectively, the follower,P2], is a function that

maps any possible history of the form(a1, b1, . . . , at−1, bt−1) [respectively,(a1, b1, . . . , at−1,

bt−1, at)] to a mixed action onA [respectively,B]. This setting can be viewed as a special

case of the setting in the preceding section, except that we now have a new action setB for

P2, namely the setB = BA, of mappings fromA to B. Accordingly, we define the reward

vector to be

M(a, f) = M(a, f(a)), a ∈ A, f ∈ B = BA.

As before, we allow the players to choose mixed actions. A mixed action forP2 will now

be an element of∆(BA).8 For anyq ∈ ∆(BA), we let

M(a, q) =
∑

f∈BA
M(a, f(a))qf .

We have the following counterpart of Theorem 2.1.

Theorem 3.1 For the Stackelberg variant in which playerP1 leads, the following are

equivalent:

(a) The polyhedronD is not approachable.

(b) The polyhedronD is excludable.

(c) There exists somed ∈ Rk and somef ∈ BA, such that

min
x∈D

d>x < d>M(a, f(a)), ∀ a ∈ A. (8)

Proof. The equivalence of conditions (a)-(b) in the Stackelberg variant is similar to [2],

and is therefore omitted. Comparing condition (c) above with condition (d) in Theorem

2.1, we only need to show that if there exists somed ∈ Rk and someq ∈ ∆(BA) such that

minx∈D d>x < d>M(a, q) for all a ∈ A, then there also exists aq that corresponds to a

8With our definition,P2 randomizes between different responses to the action ofP1. In an alternative
formulation, we could haveP2 carry out a separate randomization for every action ofP1. The resulting set of
mixed actions would then be(∆(B))A. It can be checked that the two formulations are equivalent.
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pure action [i.e., an element ofBA] and for which the same condition holds. Indeed, if such

a q ∈ ∆(BA) exists, then for anya ∈ A, we have

min
x∈D

d>x < d>M(a, q)

= d>
∑

f

M(a, f(a))qf

= d>
∑

b

∑

{f :f(a)=b}
M(a, f(a))qf

= d>
∑

b

M(a, b)
∑

{f :f(a)=b}
qf

≤ max
b∈B

d>
∑

b

M(a, b).

This implies that for everya ∈ A there exists someb ∈ B such thatminx∈D d>x <

d>M(a, b), which is equivalent to condition (c) in the statement of the theorem. 2

3.2 NP-Completeness

We now establish that checking the conditions for excludability, for this Stackelberg vari-

ant, is also an NP-complete problem, even in the special case whereD is a singleton, e.g.,

if D = {0}. Condition (c) in Theorem 3.1 leads to the following problem.

S-EXCLUDABILITY: Given finite setsA andB, and a rational vector-valued function

M : A × B → Rk, does there exist somed ∈ Rk and a functionf : A → B such that

d>M(a, f(a)) < 0 for all a ∈ A?

Theorem 3.2 S-EXCLUDABILITY is NP-complete.

Proof. We first establish that the problem is in NP. If we have a “yes” instance of S-

EXCLUDABILITY, then there exists a mappingf : A → B (which will be the certificate)

such that the zero vector does not belong to the polyhedron with verticesM(a, f(a)), a ∈
A, and the latter condition can be checked in polynomial time using a linear programming

algorithm.

For the proof of NP-completeness, we introduce the following auxiliary problem, which

will be shown shortly to be NP-complete.

NONCOVERING CONES. Givenm polyhedral conesCa ⊂ Rk, a ∈ A, each specified by

n linear inequalities, is their union a proper subset ofRn?
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An instance of NONCOVERING CONES can be reduced to S-EXCLUDABILITY, as fol-

lows. Since we are given the linear inequalities that defineCa, we can define vectors

M(a, b) such thatCa = {d ∈ Rk | d>M(a, b) ≤ 0, b = 1, . . . , n}. We then observe that

we have a “yes” instance of NONCOVERING CONES if and only if there is somed that

violates one of the constraints for eachCa, that is, if and only if for everya there exists

somef(a) such that0 < d>M(a, f(a)), which is equivalent to having a “yes” instance of

S-EXCLUDABILITY.

To complete the proof, we reduce 3SAT to NONCOVERING CONES, thus establishing

NP-completeness. Given an instance of 3SAT withn variables andm literals, we letε =

1/4, and introduce the following cones inRn+1:

{d | d0 ≤ 0}, (9)

{d | di ≥ d0(1 + ε)}, i = 1, . . . , n, (10)

{d | di ≤ −d0ε}, i = 1, . . . , n, (11)

{d | εd0 ≤ di ≤ d0(1− ε)}, i = 1, . . . , n. (12)

For any clause of the formxi ∨ xj ∨ xk, we introduce the cone

{d | di + dj + dk ≤ 3εd0}. (13)

For any clause of the formxi ∨ xj ∨ xk, we introduce the cone

{d | −di + dj + dk ≤ (−1 + 3ε)d0}. (14)

For any clause of the formxi ∨ xj ∨ xk, we introduce the cone

{d | −di − dj + dk ≤ (−2 + 3ε)d0}. (15)

For any clause of the formxi ∨ xj ∨ xk, we introduce the cone

{d | −di − dj − dk ≤ (−3 + 3ε)d0}. (16)

Suppose that we have a “yes” instance of 3SAT and a corresponding truth assignment.

Let d0 = 1 and for eachi, let di = 1 (respectively,di = 0) if the variablexi is set to “true”

(respectively, false). We claim thatd does not belong to any of the above defined cones.

This is obvious for the first four types of cones [cf. (9)-(12)]. Consider a clause of the form

xi ∨ xj ∨ xk. Since the clause is satisfied, at least one of the variablesdi, dj, dk is set to

1, which is more than3εd0, andd does not belong to the cone associated with that clause.

Consider then a clause of the formxi ∨ xj ∨ xk. Since the clause is satisfied, it is seen that
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−di + dj + dk is at least 0, which is more than(−1 + 3ε)d0, andd does not belong to the

cone associated with that clause either. By a similar argument,d does not belong to the

last two types of cones, which shows that we have a “yes” instance of NONCOVERING

CONES.

For the converse, suppose that we have a “yes” instance of NONCOVERING CONES.

Fix somed that does not lie in any of the above constructed cones. Sinced does not belong

to the cone specified by (9), we haved0 > 0; without loss of generality, we can and will

assume thatd0 = 1. Sinced does not belong to the cones of the form (10), (11), and (12),

we conclude that everydi, i 6= 0, satisfies either−ε < di < ε, in which case we setxi to

“false”, or 1 − ε < di < 1 + ε, in which case we setxi to true. We now verify that this

truth assignment satisfies all clauses. Indeed, for any clause of the formxi ∨ xj ∨ xk, since

d does not lie in the corresponding cone, we havedi + dj + dk > 3ε, which implies that at

least one of the variablesdi, dj, dk exceedsε, implying that at least one of the variablesxi,

xj, xk is set to “true.” Similarly, for any clause of the formxi∨xj ∨xk, sinced does not lie

in the corresponding cone [cf. (14)], we have−di + dj + dk > −1 + 3ε. This implies that

not all of the conditionsdi > 1− ε, dj < ε, dk < ε can hold. Therefore, eitherxi is set to

“false” or one of the variablesxj, xk is set to true, and the clause is satisfied. The argument

for the last two types of clauses is similar. 2

Remarks:

(a) Naturally, the problem of deciding if a setD is excludable for this Stackelberg vari-

ant remains NP-complete for the more general case where the setD is a general

polyhedron.

(b) The reduction used in the preceding proof involves cones that are defined by at most

two inequality constraints. Since constraints correspond to elements ofB, this estab-

lishes that the problem is NP-complete even in the special case where the adversary

has only two actions.

(c) When the setD is just the nonnegative orthant, one needs to check condition (c)

in Theorem 3.1 only for nonnegative vectorsd. Note that for the instances of S-

EXCLUDABILITY constructed in the proof of Theorem 3.2, there exists a vectord

with the required properties if and only if there exists a nonnegative vectord with

these properties. Thus, the same proof establishes NP-hardness for the problem of

deciding whether the nonnegative orthant is approachable.
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3.3 Low-Dimensional Rewards

In this subsection, we fix the dimensionk of the reward vector, and show that approacha-

bility of a polyhedral target setD can be decided in polynomial time.

A naive algorithm, based on Theorem 3.1 would check condition (8) for everyf ∈ BA,

and there are exponentially many suchf to be considered. To illustrate the key idea behind

the algorithm given here, let us assume thatD = {0} and that for somef , the vector 0 does

not belong to the convex hull of the pointsM(a, f(a)), so that there is a direction vectord

that satisfies (8). It turns out that the search for such a vectord can be restricted to a smaller

set of candidate directions, namely those directions obtained by projecting the zero vector

on the convex hull of onlyk + 1 of the pointsM(a, f(a)). The number of possible choices

of thesek + 1 points is polynomially bounded (whenk is fixed), suggesting the algorithm

to be given shortly.

Some terminology first. Apartial responseg is defined as a specification

((a1, b1), (a2, b2), . . . , (ak+1, bk+1))

of a mappingf : A → B on onlyk + 1 distinct elements ofA. Let P (g) be the convex

hull of {M(ai, bi) | i = 1, . . . , k + 1}. The following algorithm assumes thatk + 1 ≤ m.

If m < k + 1, we can always introducek + 1−m new actionsa with M(a, b) = M(1, b)

for all b, which does not affect the nature of the game.

Algorithm:

Input:

A polyhedronD specified either in terms of linear inequality constraints, or in terms of its

extreme points, and anm× n matrixM with entriesM(a, b) ∈ Rk, wherek + 1 ≤ m.

Steps:

(a) For every partial responseg, of the form ((a1, b1), (a2, b2), . . . , (ak+1, bk+1)), do the

following:

(a-i) Findx ∈ D andy ∈ P (g) for whichρ(x, y) is minimized.

(a-ii) If x 6= y check whether there exists a responsef : A → B, that extendsg to all ofA,

and such that(y − x)>y ≤ (y − x)>M(a, f(a)) for all a ∈ A. If such anf is found,

return “no” (declare the setD excludable) and terminate.

(b) If the algorithm did not terminate earlier, return “yes” (declare the setD approachable).

Theorem 3.3 The above algorithm is correct, and runs in polynomial time, when the di-

mensionk is held fixed.
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Proof. We first address the complexity of the algorithm. The number of partial responsesg

to be considered is bounded by(mn)k+1. Given such ag, the computation ofx andy in Step

(a-i) is a convex quadratic programming problem and can be solved (exactly) in polynomial

time ([4]). (The particular representation ofD does not matter here: with a fixed dimension,

the number of constraints defining a polyhedron and the number of its extreme points are

polynomially related. Furthermore, one can move from one representation to the other in

polynomial time.) Part (a-ii) is straightforward: for everya that is not in the domain of the

partial responseg, examine all candidatef(a) to see if they satisfy the desired inequality.

We conclude that the algorithm indeed runs in polynomial time.

We now establish correctness. Note that the algorithm always terminates. Suppose that

it returns “no”. Then, for somef we have(y− x)>y ≤ (y− x)>M(a, f(a)) for all a ∈ A.

Furthermore, using the definition ofx, y, and the fact thatx 6= y, we have

(w − x)>d < (y − x)>y ≤ (y − x)>M(a, f(a)), ∀ a ∈ A, w ∈ D.

It follows that D is separated (and hence disjoint) from the convex hull of the points

M(a, f(a)), a ∈ A, and by Theorem 3.1 is excludable.

Conversely, suppose thatD is excludable. By Theorem 3.1, there exists somef ∈ BA

such thatD does not intersect the convex hull of the pointsM(a, f(a)), a ∈ A, which we

denote byQ(f). Let x ∈ D andz ∈ Q(f) be such that the distanceρ(x, z) is minimal.

SinceD andQ(f) are disjoint, we haveρ(x, z) > 0, and the directiond = z − x defines a

hyperplane that separatesD from Q(f), that is,

max
w∈D

d>w ≤ d>x < d>z ≤ min
w∈Q(f)

d>w. (17)

Consider the polyhedronQ0(f) = {w ∈ Q(f) | d>w = d>z}. By Caratheodory’s theorem

z can be written as a convex combination of at mostk + 1 extreme points ofQ0(f). These

extreme points are also extreme points ofQ(f) (see, e.g., [1], p. 66), and therefore they

are a subset of the pointsM(a, f(a)). If necessary, we augment that collection of extreme

points to a total ofk + 1, by picking some more of the pointsM(a, f(a)) in an arbitrary

fashion. LetQ(g) be the convex hull of thesek + 1 points. SinceQ(g) is a subset ofQ(f)

andz ∈ Q(g), it follows thatx andz also minimize the distanceρ(x, z) betweenD and

Q(g). Consider the iteration of the algorithm where this particular partial responseg was

considered in Step (a). The pointy calculated by the algorithm during that iteration is then

equal toz. It follows from Eq. (17) that

(y − x)>y ≤ (y − x)>M(a, f(a)), ∀ a ∈ A.

The termination condition in Step (a-ii) is reached at some point, so that the algorithm

returns “yes.” 2
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3.4 The Case where PlayerP2 Leads.

In this section, we discuss briefly the Stackelberg variant whereP2 is the leader andP1 is

the follower. In particular, at each stage, the action ofP1 can take into account the action

of P2, but all other aspects of the repeated game remain the same as before. We derive a

condition of approachability, and observe that it can be checked in polynomial time.

Theorem 3.4 For the Stackelberg variant where playerP2 leads, the following are equiv-

alent:

(a) The polyhedronD is not approachable.

(b) The polyhedronD is excludable.

(c) There exists someb ∈ B such that the intersection ofD with the convex hull of the

points{M(a, b) | a ∈ A} is empty.

Proof. (Outline) The equivalence of (a) and (b) follows from Theorem 2.1. Suppose

that condition (c) holds, so that for someb we have thatD ∩ conv({M(a, b)}a∈A) =

∅. In that case, ifP2 always chooses actionb, then m̂t will asymptotically reside in

conv({M(a, b)}a∈A), which is separated fromD (due to convexity), which then implies

thatD is excludable.

For the converse, suppose thatD intersects every set of the formconv({M(a, b)}a∈A).

This implies that for every actionb of P2, there exist nonnegative coefficientsαb(a) that

sum to one, and such that
∑

a αb(a)M(a, b) is in D. Consider the following policy for

P1. WheneverP2 chooses actionb, chooses an action so that the empirical frequency of

eacha ∈ A (computed over all times thatP2 choseb) is approximatelyαb(a) (this can be

accomplished by time sharing or by randomizing). For everyb ∈ B, either this action is

chosen byP2 with frequency going to zero (in which case, the resulting rewards can be

neglected), or the action is chosen byP2 with frequency bounded away from 0 (in which

case, the average reward over the times thatP2 choosesb converges to the setD). The

result follows becauseD is convex. 2

According to Theorem 3.4, the problem of checking whether a polyhedronD is ap-

proachable amounts to checking the feasibility ofn systems of linear inequalities, and can

be therefore solved in polynomial time.
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