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Design of /;-Optimal Controllers with Robustness
ver sus Performance Tradeoff

Patrick Cadotte, Shie Manndvlember |EEE, Hannah MichalskaMember |EEE,
and Benoit BouletMember |EEE,

Abstract

A new design methodology that allows for flexible managenoénbe tradeoff between robustness
and quality of the system performance is presented in thigmpa he proposed strategy combines a
recently developed quasi-robust linear programming cgnedth a well known/;-optimal controller
synthesis approach. The efficiency of the resulting teckits further demonstrated using several

examples.

I. INTRODUCTION

Standard/;-optimal controller synthesis aim at minimizing the worase peak-to-peak gain
of systems disturbed by unknown persistent signals boumdedagnitude; they apply to a
large variety of control problems owing to their ability teal efficiently with time-domain
performance objectives. See [5], [10], and [11] for exarmp}¢ customary/; oriented design
techniques and [6] for a comprehensive summary of resutlsraferences.

Linear programming (LP) problems are well known for theirattive computational proper-
ties, see [16]. However, their inability to handle unknowat bounded, parameter variations have
motivated the development of alternate approaches thatrgensolutions with better robustness
properties for these perturbed LP problems, see [3], [14], [A5]. In particular, [3] proposes a
guasi-robust strategy (which is inspired by previous dbations in the field of robust convex
programming, see [2] and [7]) that offers an elegant progedo balance the tradeoff between

robustness to parameter variations and size of the optiosalfor a given perturbed LP problem.
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Taking advantage of the fact thatoptimal design problems can be restated as LP problems,
a new approach is developed in this paper that combines itj@arconcept of quasi-robust LP
developed in [3] with thé;-optimal controller synthesis technique of [10]. The newtimeology
employs a free design parameter allowing for a flexible mamamnt of the tradeoff between
robustness to disturbance signals and magnitude of the weak-to-peak gain of the designed
system. Specifically, decreasing the value of the tradenfupeter induces a proportional reduc-
tion of the estimated worst possible peak-to-peak gain, 9otultaneously, it also increases the
probability that the system fails to achieve such improvacl of performance. By adequatly
adjusting the tradeoff parameter, it is hence possible taiolesigns with significantly lower
peak-to-peak gains (than those achieved with standaaptimization techniques) often at the
modest cost of a small probability of failure.

The paper is structured as follows. The required notatiomioduced ingll. Then, the
background material concerning robust linear programnaing/;-optimal controller synthesis
are presented iglll. The main result relevant to the new flexible design apgtois stated in
§IV, followed by a thorough analysis of the probability of tsiness failure i3V. Finally, the

new methodology is applied to several example probleny/in

[I. NOTATION

Let Z, denote the sets of positive integers.

Given a real numbet, the floor function|z| roundsz to the nearest integer value towards
minus infinity.

Given a matrixA and a setA, let |A| and|A| denote the entry-wise absolute value/Afind
the cardinality ofA, respectively.

For any matrix4 € R™", A £ [A;]ieq....m), WhereA,; is theij™ entry of A. Similarly, for
JjE n

{1,...,n}

any vectora € R*, a = [a; ...a,]T, whereq, is thei™ entry of a. This notation carries to the
case of MIMO systems and vector signals.
Let /7 denote the space of all infinite sequengeér) }°, of vectors of lengtm, s(k) € R”,

equipped with the nornfjs||, < oo, where

Isll, £ 31>

k

|si(k)[P.

o n
=0 =0
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For p = oo, also defing||s||. £ sup I{nax }|si(k)|. Given a bounded operatdf : () — £
k>0 €{1,...n
with s — S(s), let

S
”S”pfind é sup || (S)Hp
s20  |Isllp

be the induceg-norm of S. Furthermore, ifS is linear and causal, the$i(s) is determined by

k
the convolution(S  s)(k) = > S(k,1)s(1), where S(k,[) denotes the kernel of. In the case
=0

k

when S is also time-invariantS(s) simplifies to(S x s)(k) £ > S(1)s(k — ), where{S(1)}2,
=0

is the impulse response 6f Then, it is known that, see [6],5]|cc—ind = ||S]|1, Where

ISIhv £ max Y% [S(k). (1)

i€{1,..., -
ie{lmt TS

Moreover, letS(z) £ . S(k)z~* denote thez-transform of the impulse response 8fand
k=0
define

1514 £ (1S

as theA-norm of S.

I1l. BACKGROUND

The robust and quasi-robust LP formulations as well as/theptimal controller synthesis
methodology are detailed below as they are instrumentdigrdevelopment of the new flexible

approach proposed in this paper.

A. Robust Linear Programming
Consider the following nominal linear programming (LP) Iplem.

Problem 3.1 (Nominal LP Problem):

max cx
rER”

subject to Az <

[ <x<u,

where A € R™", b e R™, c € R", | € R", andu € R" and the inequalities are understood to

be defined component-wise.
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Many design problems are restated as LP problems sinceedkists an abundance of excellent
LP algorithms which can provide fast and accurate solutionsigh dimensional problems at
small computational expense, see [6] and [16]. Still, n@hitP formulations such as that of
Problem 3.1 do not admit perturbations in the entries of matr. This is considered to be
a serious drawback as it is common to encouter applicatiassedon models with unknown
parameters that are inside a set with finite support. In tlesgmce of such perturbations, the
nominal LP solution may fail to hold for some of the consttaim Az < b.

For this reason, the following perturbed version of Probm has been studied in [14] and
[3]. Consider the' row of matrix A and letJ; be the set of entries in rowthat are uncertain.
Each perturbed entry is modeled as a symmetric and boundatbwn variablefll-j, Jj € J;,
limited to the intervald,; € [A;; — A;;, Ai; + A;;], where A;; and A;; are the nominal value and
the maximal deviation allowed for thg*" entry of A, respectively.

Soyster, see [14], offers a robust solution for such peedirbP problem. However, the last
solution appears to be excessively conservative for mapjicapions. Bertsimag: Sim, see
[3], hence suggest a quasi-robust strategy that is morebRexn terms of tradeoffs between
robustness and performance in place of the completely tadmigtion of [14]. The approach
of [3] is based on the realistic assumption that the prokghif all perturbed entries ofd
simultaneously and significantly deviating from their noalivalueA is usually low. The quasi-
robust problem solution exhibits a higher cest as compared when [14] is employed. This
improvement is achieved at the price of possible, albeiffireafuent, violation of the constraints
Az <b, Ae [A— A, A+ A]. The quasi-robust problem is cited below.

Problem 3.2 (Quasi-Robust LP Problem): For every:, let I'; be a real parameter that takes

June 22, 2005 DRAFT
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values in the intervalo, |J;|].
max cx
z,yeR™

subject to

Z Aijl'j + max {Z Aijyj + (Fz — LFZJ) Az‘sini} S bz \V/Z (2)
7=1

S»;CZ,S»;GZ: j€S;

[Si| = [T/,

si € Ji\'S;
—y; <x; <y Vj
lj < x5 <y Vi

wherel € R" andu € R™ are arbitrary lower and upper bounds enrespectively.

For each rowi, the max term on the LHS of (2) constitutes a kind of detergtiniprotection
against up to|S;| + 1 deviations from the nominal entries;;, j € J;, where|S;| of those
perturbations are bounded byA;; and the remaining one is bounded ty(I’; — [I;]) A;;. In
the eventuality when more thai;|+ 1 perturbations occur simultaneously, constraints viotai
may occur. Nevertheless, Problem 3.2 offers the possilmfimodifying the tradeoff coefficient
I'; as to guarantee that the probability of such failure is low.

The role of the parametdt; is to adjust the tradeoff between robustness and size ofdste ¢
More explicitely, largel’; favor stronger robustness properties, while snhallield increased
cost values. The limit cases are determined®y; = |J;| Vi, for which Problem 3.2 yields a
completely robust solution equivalent to the one propose8dyster in [14] and, converseli,)
I'; = 0 Vi, where Problem 3.2 is equivalent to the nominal LP Problein Bhe next theorem

offers an LP solution for Problem 3.2.
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Fig. 1. Controller synthesis framewor&: is the augmented plani is a controller,T" is the closed-loop system, aad e, u,

andy are disturbance, performance, command, and measuredssigggpectively.

Theorem 3.3: Problem 3.2 is equivalent to

/

max cx
zeR” yeR" zeR™ peR™m*n

subject to
ZAZ‘J’%‘ + ozl + sz‘j < b Vi 3)
i=1 J€;
it py 2 Aoy, Vi, j €J; (4)
—y; <z <y; Vj (5)
lj < < Vj ©)
Py 20 vi,j € J, @
y; >0 Vi ®)
w=l vi ©)

wherel € R" andu € R™ are arbitrary lower and upper bounds onrespectively.
Proof: See [3]. [ |
In the worst case, i.e., whed,;| = n, the above LP problem containsn + 2n + m variables,

mn + 2n + m multivariable constraints (3)—(5), andn + 3n + m box constraints (6)—(9).

B. ¢,-Optimal Controller Synthesis

There exists a few solutions to the problem of synthesizaimist/;-optimal controllers, see
[5], [10], and [11] for examples of customary solutions aB{i for a comprehensive summary

of results and references.
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Fig.1 illustrates the standard controller synthesis fraork. Here, it is assumed that the
augmented plantz and the controlle’ are discrete, causal, LTI systems, but not necessarily
stable. The resulting closed-loop systé= Gy + G, K (I — G,y K)~'G,q, Where G is
partitioned according to its input and ouput signals (feti@t S denotes the:-transform of
S). The chosen design objective is to find a controller thatimiies the worst case peak-to-
peak gain betweed ande. It is well known that such objective is equivalent to the mmization
of | |1, see [6].

It is possible (and desirable) to simplify the structurela above control problem by removing
the linear fractional dependance @f on K. By virtue of the Youla parameterization of all
internally stabilizing controllers, see [6], the closed system transfer function can be redefined
asT=H-U=xQ=xV,whereH, U, @, andV are all stable, discrete, causal, LTI sub-systems.
The sub-systemé/, U, andV are functions ofGG, while @) is the new design variable which
parametrizes all internally stabilizing controllefs. The last substitution allows for a robust
¢1-optimal control problem wher@’ is an affine function ofy).

Problem 3.4 (¢;-Optimal Controller Synthesis Problem):

m(gn |H—-UxQx*V|.

An LP formulation for Problem 3.4 is given below provided ttlae following assumptions

hold:

A.1 The transfer functiors) exhibits a finite impulse response (FIR) of length

A.2 The transfer functiod = H — U « Q) x V has a FIR of length< 7,

A.3 The @ parameters denoted y,s(x), Q(r) € R™e*"e, x € {0,...,7¢9 — 1}, are bounded
by arbitrary lower and upper bounds;(x) andu,s(x), respectively.

Assumption A.1 permits a convex problem formulation witspect to the parameters of the
impulse response d@. Assumption A.2 allows for a finite dimensional problem fadation. In
practice,T’ does not always exhibit a FIR, d0is chosen large enough to allow for an accurate
computation of||7’||;. Assumption A.3 limits the gains of the controller.

Theorem 35 Let{Q(x)}/2,", Q(r) € R™@*me {T(k)}ir3t, T(k) € Rt and{O(k)}75",

O(k) € Rmr>"r characterize the impulse responseg)fl’, and©, respectively. Additionally,
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let v € R. Under assumptions A.1, A.2, and A.3, Problem 3.4 is egeivaio

min
Q,T,0,y
subject to
ny Tr—1
> Ouk)<n Vi (10)
j=1 k=0
= 0y(k) < T(F) < ©45(k) Vi, j, k (11)
mqQ nQ k
Tyi(k) = Hij = > > Y (Uia * V) (k — 5) Qap(k) Vi, j, k (12)
a=1 =1 k=0
©;(k) >0 Vi, j, k (13)
lap(k) < Qap(k) < tap(k) Va, B, k. (14)
Proof: See [10]. [ |

Let @, T, ©F, and~; denote a solution to Theorem 3.5. The above LP problem amntai
2mpnyptr + mongTg + 1 variables,3mpnyrr + my multivariable constraints (10)—(12), and

mopnrTr + 2mongTo box constraints (13)—(14).

IV. A FLEXIBLE APPROACH TO THEDESIGN OFROBUST ¢;-OPTIMAL CONTROLLERS

Consider Fig.1 with all signals and systems defined &8li¥rB. The solution of Problem 3.4
yields a controller that minimizes the worst possible peakeak gain ofl’. However, assuming
that all sub-signald; of the input signall are bounded in magnitude Wy for such worst case
to occur, a very specific sequence of vector impulses of then (k) = [di(k)---d..(k)],
d;j(k) = £1, k € Z, must enter system. This observation follows from th&-norm definition,
see [6]. Still, it is very unlikely to happen in practice (esmlly whenT exhibits a lengthy
impulse response). Such a situation may thus lead to undulgecvative designs and encourages
the development of a methodology that merges the benefitseofjiiasi-robust LP approach of
§IlI-A with the /¢;-optimal design scheme diflll-B. The next problem formulation captures
the concept of a robugt;-optimal controller design with flexible management of thedeoff
between robustness to disturbante@nd magnitude of the peak-to-peak gain7af The idea
is to minimize the worst case peak-to-peak gain betwéamd e when only a fraction of the

admissible disturbance impulses are considered to be @&mn-z
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Problem 4.1 (Flexible Controller Synthesis Problem): Let T = {T';,...,[,.}, [; € R, be a

set of tradeoff coefficients.

nr

mqi)nmc?x{ max ; I[H—Ux*xQx*V];j*djlloo : |d;lls < Ty, ||d]|ec < 1} )

The above problem is a min-max optimization problem. As Atbblem 3.4() is the design
variable. However, here, the influence of the disturbangeadid is not implied in the cost
function as it plays an active role in the computation of thersv possible peak-to-peak gain
max nf: I[H—U=*Q=*V];;*d;||. The constrainf|d||. < 1 ensures that the disturbance signal
i;tv)oTun:cied, while the constraifitl;||; < I'; permits only|I'; | disturbance impulses of the form
d;j(k) = £1 and one impulse;(k) = I'; — [I';| for every sub-signall;,. Each coefficient’; is
associated with an input sub-sigrgland may be considered as an upper bound for the number
of impulsesd; (k) # 0 allowed to disturtd’. Small tradeoff coefficients; tend to yield a smaller
cost value (better peak-to-peak gain properties), but n&y ater the robustness of the design
if too many disturbance impulse§(k) are neglected. This issue will be adresse@\in

The following theorem is an LP solution to Problem 4.1 undsuanptions A.1, A.2, and A.3
in §l11-B.

Theorem 4.2: LetT £ {I';, ..., },T; € [0, 7). Let {Q(r)} 1%, ", Q(k) € Rmexma, {T(k)}ir
T(k) € Rt LQ(k) Lt ©(k) € Rt and {p(k)}7,", p € R™7*"7, characterize the

impulse responses @, T, ©, andp respectively. Additionally, let € R"7, v € R™7*"7  and
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~v € R. Under assumptions A.1, A.2, and A.3, Problem 4.1 is eqeivalo

QT zpwe |
subject to
> vy < Vi (15)
j=1
Tr—1
505+ pi(k) < vy Vi, j (16)
k=0
z; + pij (k) > 0;;(k) Vi, 5, k a7
— 0;;(k) <T;;(k) < 0;(k) Vi, 5, k (18)
mgQ mnQ k
Ti(k) = Hij = > > (Uia * V) (k — 5) Qap(k) Vi, j, k (19)
a=1 =1 k=0
2; 20 V7 (21)
lag(K) < Qap(k) < uap(k) Va, 8, K, (23)

wherel,;(x) andu,s(x) are arbitrary lower and upper bounds on th@arameters, respectively.
Proof: See Appendix I. [ |

For a given set’, let Q3(T"), T} (T'), ©3(I'), 23(T'), p3(T'), v;(I'), and~;(I") denote a solution
to the LP problem of Theorem 4.2. This LP problem invol@es;n,7r + mongrg + mrnr +
nr + 1 variablesgmrnyrr + mpnr + me multivariable constraints (15)—(19), adehynrrr +
2mgongTo+ny box constraints (20)—(23). The size of the LP problem of Taeo4.2 is slightly
larger than that of Theorem 3.5, but the former offers a mophisticated design. Moreover, it
is possible to merge constraints (15) and (16) as to eliraittad variable/, but the presence of
v will prove most helpful for the robustness failure probapibnalysis ofgV.

Note that Theorem 4.2 is equivalent to Theorem 3.5 whes {7, ...,7r}. On the other
hand, whenI' = {0, ...,0}, one recovers a nominal LP problem. In the present contbgt, t

elaboration of such nominal problem requires ttiat 0, which is not useful.
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V. PROBABILITY OF ROBUSTNESSFAILURE

In practice it is unlikely that a disturbance signal systeoadly and repeatedly exhibits the
very sequence that induces the worst case peak-to-peakKigegfact justifies the flexible design
strategy proposed i§lV as a mean to reduce the conservativeness associatecheithroptimal
controller synthesis approach §l-B. In Theorem 4.2, it is easy to see that(I') — 0 when
~max _|I';| — 0. However, while a reduction of th&; tradeoff coefficients decreases the
associated cost;(I'), it is very important to assess the impact of the magnitudg;ofn the
robustness of the resulting solution. One way to proceeal éi®mpute, for eackj” input-output

channel, the probability that
77 ()]s # djl e < v75(T0) (24)

fails to hold for a uniformly sampled random sequence of ile@st;(k) = +1, j € {1,...,nr},
k € {0,..,7r — 1}. It is easily seen from the convex structure of (24) that thebability
value is maximized when using the abovementioned binonm#iiloution ford; (k) as compared
to other arbitrary symmetric distributions with compacppgart set[—1, 1]. An advantage of
using inequalities of the form (24) to assess robustnessitigheir ability to indicate which
input-output channel is most vulnerable to failure. In thxaraple problems sectiosVI, the
failure probability of (24) is computed employing Monte @asimulations involving random
disturbance sequences.

The failure probability of (24) cannot be computed beforewileg the solution of Theorem
4.2 as it relies o’} (I') and v;(I"). Morevover, the associated computational cost, albeit not
excessive, is significantly larger than that of simply sodvithe LP problem in Theorem 4.2.
The next theorem gives an upper bound for the failure praibabi (24) which depends solely
onTI';; and7r. This new bound may be helpful for designers as it offers amteaapidly gain
insight into the potential tradeoff opportunities.

Theorem 5.1: Let the disturbance impulses (k) be treated as random variables. Suppose
the d;(k), j € {1,...,nr}, k € {0,...,7 — 1}, are independent identically distributed with a
common probability density function that is arbitrary, l®yimmetric about the zero mean and

with compact support sét-1, 1]. Then,
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+
F s —t g

Fig. 2. Disturbance rejection block diagrafi:and W are arbitrary plant and filter, respectivellf, is a controller, andi, e,

andu are disturbance, performance, and command signals, tesggc

Pr (|[TF (D)) * djlloc > v5(T)) < <1 — mod (F”% 1)) ¢ ((TT’ LWD

T

+ ) C(ml), (25)
I= LF”#J +1
wheremod (“%, 1) is the remainder in the division £/~ by 1, and
27T ifl=0orl=7p,

¢/ it OXP (TTlog (ﬁ) + llog (TTZ_1)> otherwise
Proof. Follows from a straightforward adaptation of Theor8rmn [3] to Problem 4.1.m

C(TT, l) =

VI. EXAMPLE PROBLEMS

The relevance and usefulness of the methodology proposétViis confirmed with three

example problems.

A. Disturbance Rejection Problem with an Arbitrary System

Consider the block diagram in Fig.2, where the plahtand filter W are assumed SISO,
discrete, stable, strictly-proper, and LTI. Both are ofesr2D with their poles and zeros randomly

determined, see Appendix II-A for precise transfer funttiepresentations.
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The objective is to attenuate the influence, in the peaketiksense, of the disturbance signal
d on both the performance and command sigrad®id u, respectively. This is usually achieved
by synthesizing an internally stabilizing, causal, LTI troller that minimizes the4-norm of

the following pair of transfer functions (recall thatdenotes the-transform ofsS).

| Tea(K) |l W+ PR
min || =min|| _ o ) (26)
| Tuatr) ||, | WEQ S PR)
By the Youla parameterization, see [6),= k(1 + PK)™', so the optimization problem (26)

is rearranged in the form of Problem 3.4 as follows.

) W —-—W=xPx@Q
min , 27)
@ W@

whereH = [W 07, U=[W=xP —W]' andV =1.

Note that, in this examplen, = 2 andny = mg = ng = 1. The robust approach ¢fll-B
is first employed to solve (27). The solutiofi = 930.33 is obtained withry = 30 and 7y = 60.
The quality of this solution is confirmed by a calculation efhishows that it lies within 8.5%
error bound of the/;-optimal solution involving an arbitrarily large, and an infiniter,. See
[10] for details on how to compute a tight lower bound for saeh/;-optimal solution.

The new methodology presentedsity allows to compute other controllers of the same order
(i.e., with 7 = 30) for (27) that improve significantly the system performaatéhe tradeoff of a
relatively small loss in robustness. For simplicity, Igt = I's; = I' for the example considered.
The results are depicted in Fig.3 in the form of a normalizedgvmance cost (NPC) curve and a
pair of robustness failure probability (RFP) curves. Thedhcurves are functions of the tradeoff
coefficientI” which is limited here td" € [1,30] as havingl' €]30,60] does not allow for any
noticeable tradeoff. The NPC curve refers to the ratid”) /+;;, while the RFP curves represent
the probability that, for each of the two input-output chalisn (24) fails to hold for a uniformly
sampled random sequence of impulgés) = +1, k£ € {0,...,7r — 1}. Stated differently, each
point on a RFP curve is the probability that an arbitrary loedchdisturbance signal acting
on systendl" yields a peak-to-peak gain response which excegdE) for a given input-output
channel (note thdv;(T')];; = ~;(T') for bothi € {1, 2} in the present example). The RFP curves
are computed pointwise fdr = {1, ...,30}. Each point on an RFP curve is computed according

to the results ol 0000 simulations involving the robustness criterion (24) foifetient randomly
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Fig. 3. Disturbance rejection tradeoff options: normalizerformance cost curves and robustness failure probabilives,
all with respect to the variation of thé coefficient.

generated sequencégk) = +1, k € {0,...,7 — 1}. The NPC curve is normalized (i.e. scaled
by ~;) to facilitate the comparison with RFP curves towards idieation of possible interesting
tradeoffs.

From Fig.3, it appears that fdr > 13, the probability of a robustness failure is very low. In
particular,I" = 14 offers an interesting tradeoff as it allows for an improveine performance
of 20%, while the robustness failure probability remains below2% for both input-output
channels.

Two bounds of the form (25), which depend only bandrr, are shown in Fig.4. The bounds
Bgo refers torr = 60. As expected, it is an upper bound for both RFP curves. Theardie
between B, and both RFR and RFB; can be attributed to the fact that the impulse response
of 7" decays towards zero at an exponential rate. This is paatigutrue for large values of
I' which explains why the size of the distance between theseesuncreases witl'. Hence,
assuming that the impulse responselotan be sufficiently well approximated by 89 first

pulses, the RFP curves are then compared with the tightesrupmund By.
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Relative Improvement of the Cost (INPC)

0 5 10 15 20 25 30
Walue of the Tradeoff Coefficient I

Fig. 4. Disturbance rejection tradeoff options: normalizeerformance cost curve, robustness failure probabilityes, and

independent upper bounds for the robustness failure pildgaturves, all with respect to the variation of thié coefficient.

B. Control of an Active Suspension System

Consider the relatioe u]” = T * d, whereT represents a model of an active-suspension
system which maps the elevation of the road suria@eto both the vertical displacementof
the passengers in the vehicle and the control effagquired by the actuators to compensate for
it. Since the variation of the road level is limited, the dréianced is modeled as a persistent
signal bounded in magnitude. Similarly, the magnitude ghale can be seen as a measure of
the discomfort of the passengers. The design objectivehferstispension system is hence to
compensate for the admissible disturbardcas to minimize the magnitude of the output vector
signal[e u]”.

Fig.5 presents a block diagram of an augmented active ssigpesystem, where the state-
space model of7 is given in Appendix II-B and the weight gains ag; = 0.1, W, = 10, and
W, = 1/450. Such active suspension model is first developed in [1]. NlwaelV,; ensures that
the variation in road surface remains limited by0cm, while W, andW,, normalize the relative

importance of both output signals. By virtue of the YoulagmaeterizatiorQ = K (1—G3,K) ™!,
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Fig. 5. Active suspension block diagram® is the augmented suspension modgl,is a controller,iW,, W., and W,, are
constant weightsy is the command signal in Newton, ard e, andy are disturbance, performance, and measured signals in

meters, respectively.

so the control problem is defined as follows.

T. G G
min (@) = min s . Q*Gs| (28)

@ Tud (Q) @ G21 G22

1 1

where H = [Gy; Gn]t, U= —[G2* G31 Gy * G317, andV = 1.

One way to solve (28) is to apply thig-optimal methodology proposed Kill-B. However,
as most road surfaces do not frequently exhibit abrupt trans in their elevation, the approach
of §ll1-B may vyield a solution that is too conservative for theityal conditions. Employing the
flexible design methodology dflV, on the other hand, may prove particularly advantageous.

Both approaches are implemented and their respectiveegfigicompared below. As with the
previous problemm, = 2 andny = mg = ng = 1. With 7 = 40 and 7 = 60, the approach
of §lll-B yields a cost ofy = 1.25 which is at least withir2.0% of the ¢;-optimal solution,
see§VI-A for details. For simplicity, it is assumed that; = I'y; = I'. The NPC and RFP
curves are depicted in Fig.6 as functionsIofSpecifically, it is seen that the tradeoff offered
by I = 15 is appealing as the performance objective is improved byese thanl0%, while

the probability of robustness failure does not exceeéds for both input-output channels.

C. Common ¢; Multiblock Problem

The ¢;-optimal control problem presented below is used by a fewast see [8], [10], and
[17]. Although it is not particularly well suited for the grosed flexible approach (as the optimal
impulse response of the closed-loop system is very shonnfast values of"), it is presented

here for the sole purpose of comparison.
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Fig. 6. Active suspension tradeoff options: normalizedfgrenance cost curve and robustness failure probabilitwesrall

with respect to the variation of thE coefficient.

Consider the block diagram in Fig.7, where the transfer tioncof the plantP and filters
Wy and W, are given in Appendix II-C. The problem consists in synthiegj an internally

stabilizing, causal, LTI controller that minimizes thenorm of the following MIMO system.
i (K) Toa(K) | ,n Wi(1+ PK)™! ~W,P(1+4 PK)™!
B Tegar (K) - Tea, (K) Ko =K1+ PK)™ —pWoK (1 + PK)™!
(29)
By the Youla parametrizations = (Y — QB) (X + QA), P = A"'B,and XB+ YA =1,
whereA, B, X, andY are all discrete, causal, stable, LTI systems, see Appéhd@iXor detailed

transfer functions. The optimization problem (29) is thearranged in the form of Problem 3.4

as follows.

o Tea (@) T (Q) (30)

N T€2d1 (Q) T€2d2 (Q)

) WixY+«A—WixAxBxQ —WoxX*xB—-WyxAxBx%xQ
= min
QI —pWi * X *A—pW xA25xQ —pWosx X 5 A — pWox A2 xQ

1

In this example,ny = ny = 2 andmg = ng = 1. The robust approach dflll-B yields
a cost of71.11 for (30), see [8], [10], and [17]. Such optimal solution ishewved with high
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Fig. 7. Common multiblock problem block diagrar®: is a plant, K is a controller,/W; and W, are filters,p is a constant

weight, andd and e are disturbance and performance signals, respectively.
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Fig. 8. Common multiblock problem tradeoff options: noripedl performance cost curves and robustness failure pilahab

curves, all with respect to the variation of thecoefficient.

accuracy wheng = 15 and 7y = 30.

Again, for simplicity, letl';; = I'i13 = I's; = I'yo = I'. The NPC and RFP curves are shown
in Fig.8 as functions of". Contrary to the RFR curve that vanishes quickly, the RERcurve
exhibits a long tail which indicates that the associateduirqutput channel is vulnerable to
robustness failure. It also stands out that RFR RFPR,, = 0. This is due to the fact that

the first row is the only active row in the optimization prablebecause thé; norm of the
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second row is always significantly smaller than thenorm of the first row. Consequently, the
coefficientsi,; and v,y in constraint (16) are needlessly large, but prevent agaotsistness
failures. A way to remedy this situation is to impgse- 1, but it is not implemented here as it
would obscure the comparison with previously presentedltesvhich use the original version
of the problem.

Notwithstanding the negative behavior of input-outputrofel 12, one interesting tradeoff is
offered byI" = 3.4, where the RFR and RFR, curves cross each other. At this point, the
corresponding improvement in system performance and piiityeof robustness failure i25%

and 9% for both channels, respectively.

VII. CONCLUSION

A new design methodology that allows for a flexible manageanuérthe tradeoff between
robustness and quality of the system performance is prdposthis paper. The new strategy
merges the original concept of quasi-robust linear prognarg developed in [3] with the;-
optimal controller synthesis technique of [10]. It resuitsa linear programming problem which
can be solved easily with efficient and widely-employedwafe packages such as CPLEX, see
[4]. The new method would significantly enhance the capgbdf any robust control designer
toolkit as it complements the well knowfy-optimal controller design approach and offers an
efficient mean to deal with the conservativeness inherergtaodard/, techniques. This is
confirmed using several example problems.

The advantages of the new flexible approach is most visibléaaye problems (a similar
observation is made by Bertsimas&Sim, [3], for their quadust LP approach). Indeed, the
larger is the problem, the less likely is the probabilityttii@e worst input sequence actually
occurs. The tradeoff coefficierit may be seen as an estimate of the number of disturbance
impulses that could be neglected while still achieving aoeably robust design. In practice, it
is often sufficient to consider small to moderate value$'obecause the impulse response of
the corresponding closed-loop syst&@hwvanishes exponentially.

Increasing the efficiency of the process behind estimahegptobability of robustness failure
would require a more sophisticated sampling scheme. Fgeldgrroblem, and to improve the
speed of the estimation process, it is possible to use lapoet Sampling notions, see [13].

It is worth mentioning that the new methodology may easilyonporate any types of auxiliary
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linear constraints such as extra hdkdnorm constraints or specific time-domain templates or
envelopes for various closed-loop system responses to rkrfowed input signals, see [12].
Another possibility is to consider ellipsoid-shaped coasts, instead of box constraints, to
model the uncertainty. Following [2], an efficient optimtipa algorithm can still be derived for
such problems. Note that ellipsoid constraints are pddiusuitable when the parameters are
obtained by sampling data.

Future research is intended to extend the proposed flexggeoach to handle the presence

of parametric perturbations in the closed-loop system ohos

APPENDIX |

PROOF OFTHEOREM 4.2

From the definition off’, the convolution definition, assumption A.2, and theand/..-norm

of signals definition, the optimization problem

nr
i H — ok d; sl < T |d]l o < 1
ménmgx{z‘e{?%{w};m U*Q*V]U* ]HOO | jHl— ]7” oo < }

is equivalent to

min 7y
QTy

subject to

ny Tr—1

max  max Y Y |Ty(k)|d;(k) <y

d ie{l,...,mT}

j=1 k=0
Tr—1
d;(k) < T vj
k=0
0<d;k)<1 N
Tij(k) = [H = U % Q+ V];(k) Vi, j, k,
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with d;(k) € R, j € {1,...,nr}, k € {0, ..., 77—1}. By virtue of a strong primal-dual substitution,

see [9], the above problem is furhter modified as follows

Bt
subject to
ny Tr—1 ~ Tr—1 -
min max <Ze{§?i>;ﬂ >3 LI - 5 ( () n)) <5
j=1 k=0 k=0
0<d(k) <1 Vi, k
Tij(k) = [H = U % Q * V];;(k) Vi, j, k
%20 vj,

with z; € R, j € {1, ...,nr}, and, with respect to basic properties of the max and surntiturs;

it is rearranged as
min
QTy
subject to

nr Tr—1
minmax max Z < (| T35 (k)| — z;) d;(k) + 2T ) <~

z d te{l,...mp} <
j:

1 k=0
0<di(k) <1 Vi, k
Tij(k) = [H = U Q = V];;(k) Vi, j, k
z; >0 Vj
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It is easy to see that;(k) = 1 when|T;;(k)| — z; > 0 andd;(k) = 0 otherwise. For this reason,

the dependance afy(k) can be removed as follows

QT |
subject to
nr Tr—1
min _ ma ii(k) + 205 | <
z iefl,..., m T};<;pJ( )+ 2 ]) gl
zj + pij(k) > [Ty (k)] Vi, j, k
pij (k) >0 Vi ik
%20 vj.

The final LP version of the optimization problem is obtaindgthvhe introduction of the elective

variabler, assumptions A.1 and A.3, and the definition of convolution.

QTBzpve |
subject to
nr
Z Vij <Y Vi
j=1
Tr—1
5T+ > pig(k) < vy Vi, j
k=0
— 0ii(k) < Ti;(k) < ©4;(k) Vi, j, k
mgQ mnQ k
Tyi(k) = Hij = > > Y (Uia * V) (k — 1) Qup(k) Vi, j, k
a=1 =1 k=0
pij(k) =0 Vi, j, k
lap(k) < Qap(k) < tas(r) Va, B, k.
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APPENDIX Il

AUXILIARY DATA FOR THE EXAMPLE OF §VI

A. Auxiliary Data for the Example of §VI-A

The discrete transfer function @ and 1V are respectively given by = P, P, P;,

o (2 0.5512)(z — 0.462)(z — 0.3792)(z — 0.9442) (> — 1.056)(z — 1.237) (= + 1.232)
"7 (24 0.2324)(z + 0.2589)(z + 0.1661)(z + 0.1436) (= + 0.1202)(z 4 0.3634) (= + 0.5239)’
© (2 1L1) (2 +1.018)(2 + 0.7043) (2 + 0.6447) (2 + 0.6313) (= + 0.4931) (> + 0.321)
"~ (24 0.7253)(z — 0.2581)(z — 0.2678)(z — 0.3019)(z — 0.3166)(z — 0.1837)(z — 0.1103)’
© (242.005)(2 4+ 2.12) (2 + 2.325) (2 4 0.1821) (2 + 0.1132) (= — 0.08599)
® 7 (2= 0.08584)(z — 0.5852)(z — 0.6474)(z — 0.7175)(z — 0.7548) (= — 0.03123)’

andW = W, Wy W,
(2 — 1.521) (> — 1.227) (= — 0.9131) (> — 0.8892)(> — 0.6682)(= — 0.5869) (= — 0.5246)

Wi= (2 — 0.3303)(z — 0.3085)(z — 0.4023)(z — 0.4631)(z — 0.522)(z — 0.5655)(z — 0.1367)’
. (z — 0.4855)(z — 0.4801)(z — 2.309)(z + 0.6962)(z 4 0.7829)(z + 1.107)(z + 0.2512)
>~ (2 = 0.1289)(z — 0.06518)(z — 0.02852)(z + 0.3045)(z + 0.3737)(z + 0.6868)(z + 0.6875)’
Jir, _ (2+0.07832)(= +0.03844) (= + 0.01179) (= + 0.005005) (= — 0.05594) (= — 0.007524)

(z + 0.727)(z + 0.7551)(z + 0.7611)(z + 0.1459)(z + 0.09422)(z + 0.0189)

B. Auxiliary Data for the Example of §VI-B

The state-space model 6f is given by

) 0 1 0o | [0 0 |
0 0 0 1 0 0
A: M B: M
K /M K /M ~D/M D/M 0 1M
Ki/m —(Ki+Ky)/m D/m —D/m | | Ky/m —1/m |
1 0 00 0 0
C=10 0 00|, D=0 1],
1 =10 0 0 0

where M = 300kg, m = 50kg, K; = 3000N/m, K5 = 30000N/m, and D = 600Ns/m. The
continuous-time model is discretized usingastin bilinear transformation with a sample-time

of 1s (which accounts for a single variation in the road level pezond).
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C.

Auxiliary Data for the Example of §VI-C

The transfer functions oP, Wy, W5, A, B, X, andY are respectively given by

A —0.5z+1
P = unstable plan
0.122 —1.052+0.5 ( plant)
. 0.4 i
Wi = o (low pass filter)
z—0.6
A z—0.75
W, = ———— (high pass filter,
2 ”— 025 ( g p 7)
A ~ ZQ — 1052"‘5’
22
B~ —bz + 107
22
¥~ —26.3222+ 13.177
4
¥ A 22+ 10.5,2 — 26.33.
z
Also note thatp = —0.1.
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