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Abstract

We consider a finite state, finite action, infinite horizon, discounted reward Markov Decision
Process and study the bias and variance in the value function estimates that result from
empirical estimates of the model parameters. We provide closed-form approximations for
the bias and variance, which can then be used to derive confidence intervals around the
value function estimates. We illustrate and validate our findings using a large database
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1 Introduction

Bellman’s value function plays a central role in the optimization of dynamic decision-making
models, as well as in the structural estimation of dynamic models of rational agents. For the
important case of a finite-state Markov Decision Process (MDP), the value function depends
on two types of model parameters: the transition probabilities between states and the expected
one-step rewards from each state. In many applications in the social sciences and in engineering,
the transition probabilities and expected rewards are not known and instead must be estimated
from finite samples of data. The estimation errors for these parameters introduce bias and
variance in the value function estimates.

In this paper, we present a methodology for evaluating this bias and variance. This,
in turn, allows the calculation of confidence intervals around the value function estimates.
The confidence intervals are themselves approximations. For analytical and computational
tractability, they rely on second order Taylor series approximations. Moreover, because the
expressions for the bias and the variance approximation require the true but unknown model
parameters, we replace these unknown parameters by their estimates. We evaluate the accuracy
of these approximations and validate the expressions using a large sample of real data obtained
from a mail-order catalog company.

Sources of Variance

We start by distinguishing between two types of variance that can arise in an MDP: internal
and parametric. Internal variance reflects the stochasticity in the transitions and rewards. For
example, in a marketing setting there is rarely certainty as to whether an individual customer
will purchase, resulting in genuinely stochastic transitions and rewards. Parametric variance
arises if the true transition probabilities and expected rewards are estimated rather than known;
the potential for error in the estimates of these parameters introduces variance in the value
function estimates.

The two types of variance have different sources and can be illustrated through different
experiments. To illustrate internal variance, we can fix the model parameters and then generate
a number of finite-length sample trajectories (with all trajectories having the same length,
starting from the same state, and using a common control policy). The variation across sample

trajectories in the total rewards and/or the identity of the final state reflects internal variance.



In contrast, aggregation across samples does not mitigate parametric variance. The latter can
be illustrated by comparing the average outcomes from a large number of samples generated
under different estimates for the model parameters. The variation in the average outcomes
under different estimates reflects parametric variance.

Internal variance has already been considered in the literature. In particular, Sobel (1982)
provides an expression for the internal variance in an MDP with discounted rewards, while
Filar et al. (1989) and Baukal-Gursoy and Ross (1992) consider the average reward criterion.
In this paper we focus on parametric variance. Our motivation is that in many contexts the
underlying objective involves averaging outcomes across a large number of samples, in which
case the internal variance is averaged out. For example, in a marketing application, firm profits
typically represent the aggregation of outcomes across a large number of customers. Similarly,
in a labor economics setting, a firm often aggregates across a large number of employees.
Of course, there are settings where internal variance is also important. For example, when
allocating financial portfolios, the (internal) variance of the return on a single financial portfolio
is important in its own right.

Literature

Markov Decision Problems, and the associated methodology of Dynamic Programming,
have found a broad range of applications in numerous fields in the social sciences and in
engineering. These applications can be broadly divided into two categories, based upon the
research objectives.

The first and more traditional category of applications focuses on optimizing the operation
of human or engineering systems, and on providing tools for effective decision-making. The
application areas are vast, and include finance (Luenberger, 1997; Campbell and Viceira, 2002),
economics (Dixit and Pindyck, 1994), inventory control and supply chain management (Zipkin,
2000), revenue and yield management (McGill and van Ryzin, 1999), transportation (Godfrey
and Powell, 2002), communications, water resource management, electric power systems. The
vast majority of this literature assumes that an accurate system model is available. There is an
underlying implicit assumption that the true model will be estimated using statistical methods
on the basis of whatever data are available. However, the statistical ramifications of working
with finite data records have received little attention. An exception is the literature dealing

with on-line learning of optimal policies (adaptive control of Markov chains, reinforcement



learning) (Sutton and Barto, 1998; Bertsekas and Tsitsiklis, 1996). However, this literature
is concerned with asymptotic convergence as opposed to the common statistical questions of
standard errors and confidence intervals.

The second category of applications focuses on explaining observed phenomena. Amongst
the most widely cited examples is the work of Rust (1987), who develops a discrete dynamic
programming model of the optimal replacement policy for bus engines. According to this ap-
proach the researcher starts by assuming that individuals or firms behave optimally, but that
the parameters of the firm or customer decision problem are unknown. By maximizing the
likelihood of the empirically observed actions of individuals or firms under the optimal policies
for different sets of parameters, the researcher seeks to identify these unobserved parameters.
Similar applications of discrete dynamic programming models have become increasingly com-
mon, particularly in the labor (Keane and Wolpin, 1994), industrial organization (Hendel and
Nevo, 2002), and marketing (Goniil and Shi, 1998) literatures.

While these methods use a variety of approaches to calculate or approximate the value
function, the value function relies upon point estimates of the model parameters. Previous
attempts to consider the impact of parameter error on the calculated value function have been
limited to simulation-based approaches.

We finally note that the impact of uncertainty in the model parameters on the accuracy of
the value function estimates has received attention in the finance literature. For example, Xia
(2001) and Barberis (2000) investigate how dynamic learning about stock return predictability
affects optimal portfolio allocations. The general problem considered in these studies is similar
to the one addressed in this paper. However, the sources of variance are different. In partic-
ular, the finance literature is concerned with internal variance due to the stochasticity in the
underlying process, and parametric variance due to non-stationarity of the model parameters,
including changes in the investment horizon and/or dynamic learning. In contrast, we abstract
away from the problem of internal variance, assume that the model parameters are stationary,
and focus on the parametric variance that results from estimating the model parameters from
a finite sample of data.

Overview

As far as we know this is the first paper to study parametric bias and variance in MDPs.

It serves two purposes. First, to illustrate the potential for error in value function estimates



and to highlight the potential magnitude of these errors. Second, to provide formulas and a
methodology for estimating the bias and variance in value function estimates, which can then
be used to construct confidence intervals around the value function estimates.

We begin with some notations and background material in Section 2. In Section 3 we
illustrate the relationship between errors in the model parameters and the accuracy of value
function estimates, using actual data from a catalog mailing context. In Section 4, we present
a methodology for estimating the bias and variance in the value function estimates. In Section
5, we validate our methodology using the catalog mailing data. We conclude in Section 6 with

a review of the findings and a discussion of opportunities for future research.

2 A Formal Description of the Problem

We consider a finite state, finite action, infinite horizon, discounted reward MDP, where S
denotes the set of states, of cardinality m, A the set of actions, a € (0,1) is the discount
factor, and P and R (i,j € S,a € A) denote transition probabilities and the conditional
expected rewards. The scalars PZ‘; and Rfj are interpreted as follows: if the current state is 4
and action a is applied, then the next state is j with probability F;%; furthermore, given that
a transition from 7 to j occurs following an action equal to a, a random reward is obtained,
whose conditional expectation is equal to Rfj Note that if action a is applied at state i, the
expected reward, denoted by R{, is equal to ) | ; PR

We are interested in the value function associated with a stationary, Markovian, possibly
randomized, fixed policy w. The assumption that the policy is fixed allows us to initially
abstract away from the control problem. As we discuss in Section 4.2, the impact of parameter
uncertainty on the solution to the control problem raises additional issues. We use 7(ali) to
a

denote the conditional probability of applying action a when at state i. Let P, = > m(ali) P,

which is the transition probability from ¢ to j, and

a a

R = mlali) R =} w(ali) }_ PGRY;, (1)
J

which is the expected reward at state ¢, under the policy w. We use P™ to denote the m x m

matrix with entries P, and R™ to denote the m-dimensional vector with components R7 .



Define the value function associated with policy 7 to be the m-dimensional vector given by
[o.¢]
YT — Zak(Pﬂ'>k’R7T'
k=0
Using the geometric series formula, the value function is given by (Bellman, 1957)
Y™ = (I —aP™)"'R".

and RY., are not known. Instead, we have

In our setting the true model parameters, P2 0

ij
access to a finite sample of data, from which these parameters can be estimated. Specifically,
assume that for every 7 and a, we have a record of V' transitions out of state 7, under action a,
and the associated rewards. We treat the numbers N as fixed (not as random variables), and
assume that N > 0 for every ¢ and a. This last assumption restricts attention to actions that
have been tried before. For at least two reasons we anticipate that this will be a relatively weak
assumption in practice. First, the inability to evaluate actions in one state does not restrict our
ability to evaluate the same action in other states, because we can still evaluate an action at
any state where the action has been tried before. Thus the restriction only applies to states in
which there is no past information about the outcome. Second, there is a tremendous amount
of variation in historical policies in many real-world applications. This variation may arise for
a lot of reasons including experimentation, implementation errors or non-stationarity in the
policy. If there is interest in untried actions, and there are priors available to help predict the
outcome, then a Bayesian approach can be used. For completeness we detail such an approach
in the online Appendix D (Mannor et al., 2005).

Furthermore, we do not assume any relation between the sampling process and the policy
7 of interest; in particular, the N¢, for different a, need not be proportional to the 7(ali), and
the number N; = > N/ of transitions out of state i need not be related to the steady-state
probability of state ¢ under policy 7.

For the N{ transitions out of state ¢ under action a in the sample data, let NZ‘ be the
number of transitions that lead to state j. Furthermore, let Cj; be the sum of the rewards

associated with these N;j transitions (for completeness we define Ci; =01if Nj; = 0). We



define

NE e
pe =Y R = 4
) Na ) Nz'aj

which will be our estimates of P% and RY, respectively. When N5 =0, we define R‘fj = 0.

iJ e
The possibility of Nji being zero for feasible transitions introduces some additional bias, which

will not be accounted for. However, in our analysis, we will assume that any transition with

Nj;=01s infeasible. In addition, we define

Py =7 n(al))Py,

a

and
a

=Sy = 20, R =Y n(ali) e, )

a

which will be our estimates of P, R, and R, respectively. We finally define a matrix P
and a vector R™, with entries Pfjr and Rf, respectively, which will be our estimates of P™ and

R™. Based on these estimates, we obtain an estimated value function Y™, given by
Y™ = (I —aP™) 'R". (3)

We assume that the sample data reflect the true process, in the following sense. The vector
(N&,...,N2 ) follows a multinomial distribution with parameters (N?; P3,..., P2 ). Let IE
denote expectation under the true model. We then have ]E[NZ‘;] = N/'P;;. A last assumption
that reflects our earlier assumptions that N is fixed and that each sample reward is condi-
tionally independent from the past, is that IE[CY; | Njj] = NjjRf;. Under these assumptions it
is easily verified that P™ and R™ are unbiased estimates of P and R.

Based on Eq. (3), we can anticipate the impact of errors in P™ and R™ on Y™. Notice
first, that Y™ is linear in R™, so that if P™ were observed without error (i.e., if P™ = PT), the
variance of R™ would lead to variance in Y™ but not to bias (since R is unbiased). In contrast,
Y™ is nonlinear in 15”, so that errors in P lead to both bias and variance in Y. Moreover, due
to the matrix inversion the nonlinearity is substantial, so that any error in P can translate
to a large error in Y™, This is particularly true when « is close to one. Furthermore, if the

errors in P™ and R™ are correlated, the nonlinearity implies that errors in R™ will also lead to



bias in Y.

3 An Illustration

To illustrate the bias and variance that can be introduced to value function estimates by errors
in the model parameters we use real data from a mail-order catalog company. While this
application serves as a useful case study, our findings are not limited to this application.

Deciding who should receive a catalog is amongst the most important decisions that mail-
order companies must address. Yet, identifying an optimal mailing policy is a difficult task.
Customer response functions are highly stochastic, reflecting in part the relative paucity of
information that firms have about each customer. Moreover, the problem is a dynamic one.
Purchasing decisions are influenced not just by the firm’s most recent mailing decision, but
also by prior mailing decisions. As a result, the optimal mailing decision depends upon past
and future mailing decisions.

A typical catalog company might mail 25 catalogs per year. The number of catalogs, the
dates that they are mailed, and the content of the catalogs are determined up to a year before
the firm decides to whom each catalog will be mailed. For this reason, these decisions are
typically treated as fixed when deciding who to mail to. Accordingly, the firm only needs to
decide which customers to mail to, on each exogenously determined mailing date (a discrete
infinite horizon problem).

The firm’s objective is to maximize its expected total discounted profits. Rewards (profits)
in each period are calculated as the revenue earned from customer purchases (if any) less the
cost of the goods sold and the mailing costs (approximately 65 cents per catalog mailed). To
support their mailing decisions, catalog firms typically maintain large databases describing the
individual purchase and mailing histories for each customer. We are fortunate to have access
to a large database describing the transaction and mailing histories for the women’s apparel
division of a moderately large catalog company. This data is described in detail in Simester
et al. (2004). It includes the complete transaction histories for approximately 1.72 million
customers. The mailing histories are complete for the six-year period from 1996 through 2002
(the company did not maintain a record of the mailing history prior to 1996). Catalogs were

mailed on 133 occasions in this six-year period, so that on average a mailing decision occurred



every 2-3 weeks.

The catalog mailing problem can be modelled as an MDP (as in Goniil and Shi, 1998),
where the state is a summary of the customer’s history, and the action at each period is to either
mail or not mail. The construction of the state space is an interesting problem that we will not
consider here. We will instead follow a standard industry approach to this problem that uses
three state variables, the so-called “RFM” measures (e.g., Bult and Wansbeek, 1995; Bitran
and Mondschein, 1996). These measures describe the recency, frequency and monetary value
of customers’ prior purchases. “Recency” is measured as the number of days (in hundreds)
since a customer’s last purchase. “Frequency” measures the number of items that customers
previously purchased. “Monetary Value” measures the average price (in dollars) of the items
ordered by each customer.

For the purposes of this illustration, we constructed a state space by quantizing each of
the RFM variables to 4 discrete levels, yielding a state space with |S| = 43 = 64 states. At
each historical mailing epoch, we evaluate the RFM variables of each customer (regardless of
whether the customer received a catalog or made a purchase) and characterize him/her into
one of the 64 states. We also treat the purchase amount (zero if no purchase in the epoch) less
the mailing cost as a reward sample. Therefore each customer’s historical data over time serves
as a sample trajectory. Following the procedure described in the previous section, we may then
estimate the model parameters P and R and calculate Y for the current policy embedded in
data.

Since the firm is interested in the average profit per customer, rather than the profit earned
from an individual customer, internal variance averages out. However, parametric variance is
of interest because it affects the comparison of different policies. In particular, when evaluating
a new policy, the firm would like both a prediction of the expected profits from adopting the
new policy, together with confidence bounds around that prediction.

In order to illustrate the impact of parametric variance, we randomly divided the 1.72 mil-
lion customers and 164 million observations into 250 equally sized sub-samples, each containing
approximately 657 thousand observations. By “observation” we mean a mailing period and an
associated state transition in the history of a customer, irrespective of whether a catalog was
mailed or a purchase was made during that time period. We then separately estimated the

model parameters P™ and R™ following Section 2 using the observations from each of these



sub-samples. Here we considered the policy 7 to be the same as the sampling policy that
generated the data. Using equation (3) we calculated 250 estimates of the value function. As
a benchmark, we also estimated the model parameters using the full sample of 1.72 million
customers. For the purposes of this illustration, we will interpret the model estimated using the
full sample as the “true” model, which is essentially equivalent to assuming that the 1.72 mil-
lion customers are the full population. Thus, within a typical sub-sample, the expected reward
in each state R™ were estimated using an average of approximately 10 thousand observations
(N;), while the transition matrix P™ was estimated using an average of 160 observations per
transition. In practice, most of the transitions are infeasible; for example, a customer cannot
transition from having 3 prior purchases to only having 2 prior purchases. When limiting
attention to only those transitions that are feasible, the average number of observations per
transition was approximately 1,400. (The average of the positive N{’s is around 1,400.)

In Figure 1 we report the empirical distribution (histogram) of the value function Y™ across
all 250 sub-samples under the historical policy used by the firm (as calculated using the whole
sample). In order to summarize an estimated value function with a single number, we average
the estimates across states for each sub-sample, weighing each state equally. We will refer to
this measure as the “average value function”, or “AVF”. We use equal weights to increase the
clarity of illustration. By using equal weights (as with any fixed weights), we avoid potentially
introducing an additional source of variance due to the weights themselves being random
variables. The true AVF, computed from the parameters estimated for the full sample, is
$28.54. In comparison, the average of the 250 estimates is $28.65, with an empirical standard
deviation of $0.97. The difference between $28.54 and $28.65 is not statistically significant
and is of seemingly little managerial importance. However, the variance is potentially very
important. The 95% confidence interval around the 250 AVF estimates ranges from $26.59
to $30.49, or roughly 14% of the true mean. Of course, we were able to estimate the $0.97
standard deviation only because we had access to many sub-samples. In a real world setting,
where only a single sample is available, the researcher generally relies on simulations or jack-
knifing techniques to estimate the standard deviation. In this paper, we will present a procedure
for deriving closed-form approximations of the standard deviation directly from the data.

We can demonstrate the robustness of the above described results by varying both the size of

the sub-samples and the discount factor. In Table 1 we present the empirical bias and standard
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Figure 1: Mail catalog problem: a histogram of the AVF of the historical policy for a partition
of the customers to 250 sub-samples. The discount factor per period is o = 0.98. The policy
used is the historical (mixed) policy used by the firm, and the value function is weighted
uniformly across states. The AVF obtained from the full data is $28.54, and is plotted as a
vertical line. The empirical standard deviation is $0.97.

deviation for different discount factors (averaged over 10 repetitions). In each repetition, we
divide the data set into 100 sub-samples and compute the AVF for each sub-sample. We
calculate the average absolute value of the bias and the empirical standard deviation of the AVF
estimates across sub-samples. It can be seen that the average bias is small for discount factors
that are not too close to 1. For discount factors that are close to 1, the bias becomes more
meaningful but still remains much smaller than the standard deviation. In another experiment
we varied the precision of the estimates by changing the size of the sub-samples and repeated
the analysis using sub-samples with a different number of observations. In Figure 2 we report
empirical standard deviations of the AVF estimates under the different sized sub-samples.
Fach cross in Figure 2 represents a random assignment of the observations to sub-samples
(the different assignments led to variation in the sub-samples between repetitions). While
increasing the size of the sub-samples increases the accuracy of the model parameters, and in
turn reduces the variance in the AVF estimates, the rate at which the variance approaches
zero slows down as the sub-samples increase in size. It seems that even when estimating the
model parameters with very large amounts of data, parametric variance leads to non-negligible

variance in the value function estimates.

10



«a | bias/AVF | STD/AVF
0.500 0.12% 3.57%
0.900 0.14% 3.37%
0.925 0.15% 3.32%
0.950 0.19% 3.26%
0.980 0.42% 3.33%
0.991 0.99% 3.88%
0.996 2.38% 5.26%

Table 1: Bias and variance as a function of the discount factor. For each discount factor,
we partition the data 10 times, with each partition resulting in 100 sub-samples (each with
roughly 1.6 million observations). We present in the table the mean absolute value of the bias
and the mean empirical standard deviation each averaged across the ten repetitions. Both of
these means are standardized by dividing by the AVF associated with the historical policy (as
measured on the whole data set).

$1.5

$1

STD of AVF

$00 2 4 6 8 10 12 14 16 18
Number of observations per sub—sample (Millions)

Figure 2: Mail catalog problem: the empirical standard deviation of the AVF as a function
of the sample size. Fach cross represents a single (random) partition of the observations into
sub-samples.

4 Analysis

In this section we provide closed-form approximations for the bias and variance of the estimated
value function using second order approximations. We then briefly discuss the control problem
where in addition to the estimation process, we look for an optimal policy. In Section 4.1 we

will drop the superscript m, because we consider a fixed policy .

4.1 Approximations for Bias and Variance in the Estimated Value Function

We now derive closed-form approximations for the (parametric) bias and variance of Y. The

analysis follows a classical (non Bayesian) approach, where the bias and variance are expressed

11



in terms of the (unknown) true parameters. Since the true model parameters are unknown,
we substitute the estimated parameters, which is a standard practice. However, as a result of
this substitution, the values obtained for the bias and variance are themselves estimates.

For completeness we also provide in the online Appendix D (Mannor et al., 2005) a Bayesian
analysis. Under the Bayesian approach P and R are treated as random variables with known
prior distributions, and we deduce approximations for the conditional bias and variance, given
the values of P and R. The expressions obtained using the Bayesian approach are almost
identical to the ones in the classical approach (unless an informative prior is available).

Our goal is to calculate IE[Y] and the covariance matrix for Y, defined by

A A A~ A

cov(Y) =E[YYT] - E[Y]E[Y]".

We define a random m x m matrix P = P — P and a random m-vector R = R — R. Note
that P and R are zero mean random variables that represent the difference between the true
model and the estimated model.

To help interpret some of the later analysis, it will be helpful to have a sense of the
magnitudes of P and R. Because the transition probabilities are bounded by zero and one, the
errors in these probabilities are also bounded between zero and one. The transition probabilities
themselves will tend to be smaller the larger the number of states to which transitions are
feasible, while the errors in these probabilities will be smaller the more observations there
are relative to the number of feasible transitions. In the example discussed in Section 3 and
Figure 1, the maximum error in the transition probabilities in a sub-sample (max;; | P;;|) has a
mean of 0.011, and a standard deviation of 0.004. Furthermore, the average (averaged over all
pairs (4,7) with a nonzero transition probability) absolute error in the transition probability
estimates, \]—zﬁ-j\, has a mean of 6.3 x 104 and an empirical standard deviation of 0.001. Note
that in that example, the feasible transitions consist of less than 10% of the 642 entries in P.
The expected rewards are not bounded a priori and so the errors are also unbounded. In the
catalog example, the average absolute error in the reward estimates, \Rij], has a mean of $4.25
and a standard deviation of $1.82. The maximal error in the reward estimates, max;; | R;;|,

has a mean of $56.3 and a standard deviation of $43.2.

12



We now write the expectation of Y (cf. Eq. (3)) as:

E[Y] = B [(I —a(P+P) YR+ R)}

- E[iak(P+l5)k(R+R) , (4)

k=0

where the geometric series expansion of (I — a(P 4+ P))~! was used to obtain the second
~ ~ k ~\ k
equality. We use the notation X = (I — aP)™! and fx(P) = X (PX) = (XP) X. The

following lemma will be useful.

Lemma 4.1 Y02 (P + P)! = 302, o f.(P) .

Proof:
fe’e) _ fe%s) N )
d b f(P) =)o (XP) X = (I —aXP) X
k=0 k=0
=(X'-X"'aXP)'=(I-aP-aP)' =) o (P+P),
=0
where we repeatedly used the definition of X, and the fact that X is invertible. O

Using Lemma 4.1 in Eq. (4), we obtain:

E[Y]= (I —aP) 'R+ (Z akIE[fk(P)]) R+ o"E[fp(P)R]. (5)

k=1 k=0

There are three terms on the right-hand side of Eq. (5). The first term is the value function
for the true model. The second term reflects the bias introduced by the uncertainty in P alone,
and the third term represents the bias introduced by the correlation between the errors in P
and R.

Equation (5) provides a series expansion of the error in terms of high order moments and
cross moments of the errors in P and R. The calculation of the bias is tedious because the
term IE[fy,(P)] involves kth order moments of multinomial distributions. But since |Pj;| is
typically small, P¥ is generally close to zero for large k. For this reason we limit our attention
to a second order approximation and we will assume that IE| fk(ﬁ)] ~ 0 for k > 2, and that

IE[fx(P)R] ~ 0 for k > 1. We use the catalog data to investigate the appropriateness of this

13



assumption in Section 5. Therefore we can write Equation (5) as:

E[Y] = (I — aP) 'R+ aE[f1(P)|R + ®E[f2(P)|R + XE[R] + aE[f1(P)R] + Lexp ,  (6)
where we represent all the terms of order greater than 2 in

Lesp = Y o"E[fi(P)|R+ Y _ o*E[f1(P)R] . (7)
k=3 k=2

Given that we will be using second order approximations, we expect that the mean and
variance of Y can be calculated as long as we are able to compute the covariance between
various entries of R and P.

We start with P. First we introduce some notation. We use the notation A;. and A,; to
denote the i*" row and column, respectively, of a matrix A, and diag(A;.) to denote a diagonal
matrix with the entries of A;. along the diagonal. We note that P;. and ]5] are independent
when i # j. To find the covariance matrix of P;., we consider the row vectors Pﬁ and P with

the estimated and true transition probabilities, and define Iai‘? to be their difference. Note that
= w(ali) P
a

For each state-action pair (i,a), we define
M = ding(PF) — (P)T S

which is a symmetric positive semi-definite matrix. Recall that for each (i, a), we have ]51‘; =

Ny /NZ, where the Ny are drawn from a multinomial distribution. The covariance matrix of

P2 is M{/N{, and the covariance matrix of P;. is

e

~ m(ali)?
Z]:Z (’)Ma

@) — E[pT
cov® = E[P] e Mi

a

Now we consider R. Since C;j is independent of Cj; whenever i # k, we have ]E[RZR;C] =0,

for i # k. Furthermore,

E[R]] =) (ali)*E[(R)*).

a

14



In the following we use N{ to represent the vector with components N/ i d=1...,m, and
R to represent the vector with components RU, j = 1,...,m. Note that C;; and Cj, are

independent given N;; and N, so that

m@ﬂzmﬂ

%) - e[S
-l (S ) v [ )
- e () [T

—(£Mw> WP1+WZW%}
- %(Rf_Mf‘R;‘,T + Vi?PﬁT> . (8)

(2

Here, V;7 is the variance of the rewards associated with a transition from ¢ to j, under action
a.

In order to account for the correlation between P and R;, we use Eq. (2), to obtain

R = 2 mlal) 2 RGPS

- Zw(a\i)z (R;;P;; + RYBL + RE. P +R;3P;;) (9)

a J

where Rfj = Rg] — R{;. Comparing with Eq. (1), we have

YY) LAY LYY

Ri=Ri— R =Y n(al))y (Ra P+ R%P% 4 R% P“) (10)
a j

We use o to denote Hadamard multiplication: for any two matrices A and B with the same
dimensions, (AoB) is a matrix (again with the same dimensions) with entries (AoB);; = A;; B;j.
We also use e to denote the m-dimensional vector with all components equal to one. And we
use 7 to denote the m-dimensional vector with the ith component being 7(ali). With this

notation, Eq. (10) becomes

Rz<Z7r“o[(PaoR“—i—RaoPG—{—R“oP“)e]). (11)
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We define an m x m matrix Q with entries
Qy=Ccovix,. (12)

(Recall the definition X = (I —aP)~!, and that Y = X R is the true value function.) And we

define an m-dimensional vector B with its i** component defined as

m(ali)?
Bi=)_ N REMEX
a (2

The following proposition quantifies the bias under the second order approximation as-

sumption. The proof is given in Appendix A.

Proposition 4.1 The expectation of the estimated value function Y satisfies
E[Y] =Y 4+ a’XQY 4+ aXB + Leyp ,

where Leyp is defined in Eq. (7) and

1

where N& = MiN(; o).r(ai)>0 Vi and the term o(-) satisfies limy .o 0(1/N) - N = 0.

In the above proposition, (i*,a*) represents the least sampled state-action pair that is used
by the policy. The term Ley, decreases to 0 faster that 1 /Ni‘i*, whereas Q and B can be
shown to decrease like 1 /NZ-‘i*. Therefore, our approximation for the bias in the value function

estimates will be

a’XQY + aXB. .

For the purposes of the next proposition, we introduce some more notation. We define the

diagonal matrix W whose diagonal entries are given by
7I-(a|i)2 T a a aT aT pa
Wi =y T (v +Re) g (ay + R2T) +ve TP (13)
a 7

The next proposition provides an expression for the second moment, ]E[YYT]. Together
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with the expression for IE[Y] in the preceding proposition, it leads to an approximation for the

covariance matrix of Y. The proof is given in Appendix B.

Proposition 4.2 The second moment off/ satisfies
EYY | =YY + X{a2(QYRT +RYTQT) +a(BR" + RBT) + W}XT ¥ Loar

where Ly, 1 given by

Law = Y oB|f(P)(RET + (R)R)T) (D) | + o[ X(R)(R)T H1(P)T] +
kl:k+1>2
oE[A(P)B)(R)TXT| =0 <N1> .

By taking the difference between IE[YY ], as given by Proposition 4.2, and IE[Y]E[Y ],

as prescribed by Proposition 4.1, the following corollary is easily derived.

Corollary 4.1 The covariance matriz of the estimated value function satisfies

. 1
cov (Y) =XWX" 4o (Nf:) .

The expressions in Propositions 4.1, 4.2 and Corollary 4.1 yield several insights. First, as
the counts N{' increase to infinity, COV @ approaches 0, and thus all the terms involving the
matrices @, B and W converge to 0. As expected, this implies that as the sample size increases
and the accuracy of the estimated parameters improves, both the bias and the variance decrease
to 0. Second, the expressions for the bias and variance rely on the true model parameters,
which are unknown. As discussed in the introduction, to obtain computable approximations
of the bias and variance, we will use instead P, R, and the empirical variance of each R,. In
principle, we could also estimate the bias and variance due to this approximation, but this is
tedious and, as suggested by the experimental results in the next section, generally unnecessary.
Third, when min; , N is large, it follows that the non zero entries of B, W, and () decreases
to 0 like 1/N%". Therefore the standard deviation decreases to 0 like 1/4/N&", which is the
usual behavior of empirical estimates.

The expressions in Proposition 4.1 and Corollary 4.1 allow us to qualitatively compare the

magnitude of the bias and variance. According to Corollary 4.1, the standard deviation of Y;
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can be approximately estimated as

o(V;) =/ Xi WX, . (14)

The next proposition, proved in Appendix C, quantifies the ratio between the standard devia-
tion and the bias. Recall that for two positive functions f and g (defined on the real numbers)
we write f(n) = Q(g(n)) if there exist constants Ny and C' > 0 such that f(n) > Cg(n) for

n > N().
Proposition 4.3 Suppose that o(Y;) > 0 and N& /N& > ¢ >0 for all a and i. Then

o(Y;

’IE[YZ]_YH :Q(W) for all 1.

Proposition 4.3 implies that the errors introduced by the parametric variance will generally

~—

be much larger than the bias. Note that since W is a positive semi-definite matrix, a(ffi) >0is
a very weak non-degeneracy assumption. The condition Nﬂk* /N2 > ¢ > 0 requires that sample
sizes increase “uniformly”.

While the expression in Corollary 4.1 allows us to approximate the covariance matrix of
the estimated value function, the findings on their own do not allow us to calculate confidence
intervals around these estimates. Calculating a confidence interval requires that we know the
distribution of the value function estimates. A central limit theorem (Serfling, 1980, page 122,

Theorem A) speaks to this issue.

Theorem 4.1 (Serfling, 1980) Suppose that a sequence of random vectors {Xy, := (Xn1, ..., Xnk)}
is AN (i1, b2%) (asymptotically normal, that is, (X, — u)/bn <, N(0,X)); and the sequence
of scalars by, converges to 0. Let g(x) = (91(X),...,9m (X)), x = (z1,...,2k), be a vector-valued

function for which each component function g;(x) is a real-valued function and has a non-zero
D= [ggi ] .
Tila=p mxk

Then g(X,) is AN (g(u),b?DED").
and R?] are all estimators that asymptotically follow normal distributions, we

gradient at x = p. Let

N

Because Pjj

may consider Y as the function g in the above theorem and conclude that Y is asymptotically
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normal. We further investigate this issue using catalog mailing data in Section 5, where
we report that a Kolmogorov-Smirnov test cannot reject the hypothesis that Y is normally
distributed.

Readers may wonder whether we could have used Serfling’s result to derive our earlier
findings. It is technically possible to do so. Indeed, under the assumption that all of the
N{’s are identical, we were able to show that the two approaches yield the same result, and
observed that the two derivations were of comparable length and complexity. However, if
sampling occurs at different rates in different states, the rate at which the N?’s approach
infinity will generally vary. In this case use of the Serfling theorem, or any related central limit
theorem, requires extensive additional derivation. Moreover, these theorems do not address
the issue of bias.

The same approach can be used for infinite horizon average reward MDPs. Under mild
assumptions on the structure of the Markov chain, we get similar approximations to the bias
and variance for the average reward. The idea can also be extended to semi-Markov processes,

where the transition times between time epochs are random and estimated from sampled data.

4.2 The Control Problem

To this point we have focused on the value function under a fixed policy. In many applications
we are interested in comparing an existing policy with an alternative policy, possibly derived
through a policy optimization process. We know from the MDP theory that there exists an
optimal policy 7* such that Yf* > Y™ for all admissible policies m and all states ¢ € S. An
optimal policy may be obtained using value iteration, policy iteration or linear programming
algorithms. See, for example, Bertsekas (2000).

Since we do not have access to the true model parameters P and R, optimization based on
the estimated parameters Pand R produces an “optimal” policy 7 such that Y* > V7 for all
admissible policies w. In general, policy 7 is different from 7*. Moreover, since the policy 7
is obtained through an optimization process, the estimates of the model parameters for that
policy (]57Ar and R”) will no longer be unbiased estimates of the true model parameters (P*
and R7). Therefore we cannot use the approximation derived in Proposition 4.1 (for a fixed
policy) to evaluate the bias in the optimal value function. Nor can we use the approximations

in Proposition 4.2 and Corollary 4.1 to estimate the covariance matrix.
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We can illustrate the problem using through a simple example. Consider a single state
MDP with two actions, that is, S = {1} and A = {0,1}. Both actions yield identical zero-
mean random rewards. Clearly in such a problem 7* could be either action 0 or 1, with value
functions

*

Y™ =YT=0.

Now assume that we have n samples to estimate the expected reward R® for either action.
Indeed both R% follow (approximately) a normal distribution A/(0,1/n). The policy optimiza-
tion procedure chooses the action with the largest Re. If we use R* to denote the maximum
of RY and R', we know from Jensen’s Inequality that ]E[R*] > 0, and so the value function

estimated for the chosen policy will on average be positively biased:
E[Y7] = E [R*} ~E [max{RO, Rl}} > max {IE[J%O], JE[Rl]} ~0.

The magnitude of IE[Y7], and therefore the bias in this example, is studied in the order
statistics literature (Leadbetter et al., 1983). We also refer readers to Clark (1961), where the
author presents a procedure to approximate moments of the maximum of a finite number of
correlated Gaussian random variables.

This problem raises two issues. First, how can we de-bias the estimates of P% and R7
so that we can use our earlier results to estimate the bias and covariance matrix of a value
function when the policy is derived from an optimization procedure? Second, because the
optimization procedures themselves rely on estimates P and R’r, the policies derived from
standard dynamic programming algorithms will generally not be truly optimal (7 # 7*). In
the remainder of this section we propose a cross-validation approach that can help to address
the first issue. Unfortunately, we do not have a solution to the second issue. Indeed, it
seems unlikely that a general procedure can be found that resolves the second issue as the
sub-optimality reflects the absence of complete information in the training data.

The bias in the estimates of P™ and R” arises because optimization methods tend to favor
actions for which the estimation errors in P™ and R™ lead to inflated estimates of the value
function. As long as the errors in P and R are independent across samples, we can derive

unbiased estimates of P and R if we use a different sample of data to evaluate the policy &
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than the sample we used to design the policy. In particular, consider the following approach.
Start by dividing the training data into two sub-samples; a calibration sample and a validation
sample. Use the calibration sample to estimate the model parameters f’cal and Rcal and obtain
the “optimal” policy

Treal = arg max <I — angﬂ> R™
s

cal *

Then estimate model parameters Py, and Ry from the validation sample and (following
Equation (3)) evaluate the policy using these new parameters:

Yar' = —aPg) T R
Through this procedure we can de-bias the value function estimates by reporting }A’Vf;‘ja‘ instead
of f/:;;j‘"“, where YCZT‘"“ =(I —a]f’;cl‘"“)_lﬁfgfl. Accordingly, we may also approximate the bias and
variance and therefore the confidence bounds of szclal following Proposition 4.1 and Corollary
4.1.

The assumption that the estimation errors in P and R are independent across the cali-
bration and validation sub-samples is obviously critical. In this paper we have assumed that
estimates P and R are derived from straight-forward non-parametric aggregates of the avail-
able data. Under this approach the estimation errors are independent across the sub-samples
as long as any measurement errors are independent across observations. However, in some
settings, it is common to estimate the model parameters from maximum likelihood estimates
that require functional form and distribution assumptions (this is particularly common in the
economics literature). Under this alternative approach, any errors introduced by the functional
form and distribution assumptions will be correlated across the sub-samples. As a result, the
cross-validation procedure that we have proposed will not de-bias the estimates of P™ and Rﬁ,

even if the measurement errors are independent across the observations.

5 Experiments

The reliance on a second order expansion in deriving the approximations for the bias and
variance presumes that higher order terms are relatively unimportant. We now examine this

assumption in further detail by using the catalog mailing data to validate the findings. These
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data also enable us to investigate the impact (if any) of using estimates of the model parameters
in these expressions (in the absence of the true model parameters).

If the value function estimates follow a normal distribution, the variance and bias expres-
sions derived in the previous section facilitate calculation of confidence intervals around the
de-biased value function estimates. We can investigate the accuracy of these confidence inter-
vals by comparing how frequently the “true” value function falls within the confidence intervals.
We would expect that on average the true value will fall within one standard deviation of the
unbiased mean 68% of the time and within two standard deviations 95% of the time.

We begin by investigating whether the value function estimates follow a normal distribution.
We do so by using a Kolmogorov-Smirnov test on each of the data points reported in Section 3.
The hypothesis that the reward is a two-sided Gaussian could not be rejected with confidence
0.05 at any instance. The average P-value was 0.612 with a minimum of 0.061 and a maximum
of 0.991. This indicates that it cannot be determined that the data do not follow a Gaussian
rule.

We use the same partitions of the data as in Section 2. In Figure 3 the percentage of
times that the true value function was within one standard deviation is denoted by a ‘+’
and within two standard deviations by an ‘x’. For example, for the 250 sub-samples (with
about 657,000 observations each), we report the percentage of the 250 estimates in which the
true average value function (AVF) (as estimated on the full sample) was within the estimated
confidence interval. By re-drawing the 250 sub-samples ten times, we report ten instances of
this percentage. An analogous process was used with other choices of the sub-sample size.
The findings in Figure 3 confirm that the percentage of estimates that fall within one and two
standard deviations of the true AVF are close to the targets of 68% and 95% respectively.

We next consider the importance of the second order approximations. We do so by taking
advantage of the role played by the discount factor a. The importance of higher order terms in
the series expansions increases as the discount factor approaches one. In Table 2 we repeat the
analysis for 250 sub-samples of a fixed size, but for different discount factors (same settings as
in Table 1). As expected, as a approaches 1, the accuracy of the confidence intervals degrades.

We attribute this to the error introduced by the second order approximation.
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Figure 3: The percentage of the AVF estimates that fall within one (‘+’) and two (‘x’) standard
deviations from the value calculated based on the full data set. Each ‘+’ and ‘x’ represents a
random partition of the full data to sub-samples. The discount factor was o = 0.98.

5.1 The Control Problem

As discussed in Section 4.2, an obvious application of our analysis is the comparison of a
current policy with a new policy generated through some optimization process. We cautioned
that before applying the expressions for the bias and the variance to a policy derived from
such a process, we should first obtain unbiased estimates of the model parameters, using
an independent validation sample. We will use the catalog mailing data to illustrate the
importance of this first step.

We begin by randomly selecting a portion of the available data, to be used as a calibration
sample, and retain the remaining data as a validation sample. To demonstrate how the size
of the calibration sample affects the findings, we repeat this process for calibration samples
of different sizes. The calibration sample is used to estimate model parameters Pcal and Rcal.
Then we run a policy iteration algorithm to identify an “optimal” policy 7c, from P and

Rea. We will compare two AVF estimates for this policy: the AVF calculated on the basis of

the model estimated using the calibration sample (denoted by Yc,1); and the AVF of that policy
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Q Samples with Samples with
1 STD 2 STD
0.500 | 67.68% (63.2-73.6) | 95.44% (93.2-98.0)
0.900 | 69.12% (64.8-72.0) | 94.84% (93.6-96.0)
0.925 | 68.12% (60.8-73.6) | 95.08% (93.2-96.8)
0.950 | 67.88% (64.0-70.4) | 94.76% (92.0-96.8)
0.980 | 68.84% (61.2-72.4) | 95.52% (94.0-97.2)
0.991 | 66.60% (64.0-70.0) | 94.92% (92.0-97.6)
0.996 | 63.04% (58.8-68.4) | 92.20% (89.6-93.2)

Table 2: We randomly partitioned the data while varying the discount factor. For each discount
factor, we performed the partition 10 times, each partition was to 250 sub-samples (each with
roughly 657,000 million observations). We present the percentage of samples in which the
estimated AVF is within one standard deviation (as predicted by Proposition 4.2) of the value
as measured on all the data; the minimum and maximum percentages over the 10 runs are
provided in parentheses. The same statistics are presented for two standard deviations.

as estimated using the validation sample (denoted by Yy, ). The difference between the two
estimates represents the bias introduced by the error in the model parameters (the errors no
longer have zero expectation due to the optimization process). This bias is illustrated in Figure
4 for calibration samples of varying sizes. It can be seen that value function estimates from
the calibration sample are almost uniformly greater than the estimates from the validation
sample. This bias is statistically significant. It is also managerially relevant, averaging around
6.3% of the true optimal AVF ($33.59) for a calibration sample that consists of approximately
1.6 million observations (1% of the data). As an aside, the $33.59 AVF for the optimal policy
can be compared with the $28.54 AVF for the historical policy (reported in Figure 1). These
results indicate that the optimal policy offers a potential profit improvement of approximately
17%.

We can also use the catalog data to investigate the extent to which parametric variance
leads to sub-optimal policies. To do so, we compared the “optimal” policy derived using each
sub-sample, with the true optimal policy derived using the entire data set. Both policies are
evaluated on the validation sample. We use Y* to denote the AVF for the optimal policy found
by optimizing on the entire data set. The findings are reported in Figure 5. As expected, the
optimal policy always outperforms the policy derived from the calibration sub-sample. The
differences are again statistically significant. Note that the computation of Y* and Y, uses

the same data, which may introduce correlation between the two quantities. This will tend to
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Figure 4: The differences (marked by ‘+’) between the AVF estimates (in Dollars, and averaged
over all states) based on the calibration sample and the validation sample, for the policy
identified through an optimization process. Each ‘+’ was generated by randomly partitioning
the data to a calibration and a validation sample. The horizontal axis corresponds to the size
of the calibration sample, as a percentage of the full data sample. Here o = 0.98 for which the
true optimal AVF is approximately $33.59.

diminish our estimates of the “sub-optimality”. We also computed Y.} ,, the optimal AVF over
the validation set, in place of Y* for Table 3 and Figures 4 and 5. The results are similar.

In order to demonstrate the robustness of the findings, we performed an experiment similar
to the one reported in Table 2. In Table 3 we present the bias and sub-optimality introduced
by the optimization process, for different values of a.. Specifically, the bias was calculated as
(Yeal — Yia1)/Y™; the sub-optimality was calculated as (Yya — Y*)/Y™*. From Table 3 we can
easily obtain the mean standard errors as the sample standard deviations divided by 10 (the
square root of the sample size, 100). It is clear that both the bias and the sub-optimality are
generally significantly greater than zero, with the bias averaging around 2% of the AVF and
the sub-optimality averaging around 1%.

We conclude that parametric variance introduces two issues in policy optimization. First,
the estimates of the transition probabilities and the rewards for the “optimal” policy are
biased, leading to positive bias in the value function estimates. This problem can be remedied
relatively easily by evaluating the policy on a separate validation sample. The second problem
is more difficult to resolve: errors in the model parameters also lead to sub-optimal policies.
As we discussed in Section 4.2, this second problem is at least to some extent inevitable in the

absence of the true model parameters.
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Figure 5: The differences (marked by ‘4’) between the AVF estimates (in Dollars) of the
optimal policy based on the calibration sample and the AVF of the optimal policy found by
optimizing on the validation sample. Each ‘+’ was generated by a randomly partitioning the
data to a calibration and a validation sample. The horizontal axis corresponds to the size of
the calibration sample, as a percentage of the full data sample. Here o = 0.98 for which the
true optimal AVF is approximately $33.59.

There is an interesting question raised by a referee — given a fixed amount of data, how do
we divide it into the calibration and validation samples? Including more data in the calibration
sample potentially leads to a better policy while more data in the validation sample means
tighter confidence interval when we evaluate the policy. This tradeoff can often be resolved

empirically.

6 Concluding Remarks

We have provided closed form approximations for the bias and variance of estimated value
functions, caused by uncertainty in the true model parameters. For small and mid-sized MDP
models, the expressions can be easily calculated and used to evaluate existing policies or to
compare new polices with existing ones. For the case where a new policy is derived through a
policy optimization process, we also demonstrated how to remove the additional bias introduced
by the optimization process, by using a validation sample.

The expressions are based on second order approximations. Moreover, in the absence of
the true model parameters, the expressions are evaluated by relying on estimates of the model
parameters and are therefore themselves estimates, subject to parametric variance. We used

a large sample of data from a catalog mailing company to investigate the impact of these
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Bias in % Sub-optimality in %
« Mean | STD | Mean STD
0.500 | 1.19% | 1.45% | -0.64% 0.58%
0.900 | 1.66% | 1.25% | -0.84% 0.61%
0.925 | 1.59% | 1.45% | -0.77% 0.63%
0.950 | 1.83% | 1.44% | -0.96% 0.70%
0.980 | 1.59% | 1.42% | -0.87% 0.54%
0.991 | 1.14% | 1.66% | -0.69% 0.63%
0.996 | 0.42% | 1.85% | -0.38% 0.41%

Table 3: Optimization bias for different values of «. For each discount factor we performed
a random sampling of the data 100 times. Each time we use a random calibration sample of
20% of the entire data set (each with roughly 8 million observations) and the other 80% as
validation sample. We found the optimal policy in each such MDP and present in the table the
bias, Ycal — Yyal, normalized by Y*. We also present the sub-optimality, Y. — Y™, normalized
similarly. The means of the biases are significantly greater than zero.

approximations. The findings indicate that the confidence intervals obtained on the basis of
the bias and variance expressions are reassuringly accurate.

Both the catalog mailing data and our theoretical analysis provide a comparison of the
relative magnitude of the variance and the different biases. The variance introduced by para-
metric uncertainty is considerable, suggesting both practical and statistical importance. Of
the two biases, only the bias in “optimal” policies introduced by the optimization process is
significant. For a fixed policy, the bias introduced by parametric uncertainty will generally be
negligible when compared to the variance.

While we report the average of the value functions (averaged over all states), the disag-
gregate results may also be of interest. In particular, the variance of the value functions for
alternative policies could be used to guide future experimentation. Future experimentation
may favor actions that might have a large effect on the variance of the value function estimate.
In this manner, the findings may contribute to our understanding of the tradeoff between
exploration and exploitation. The findings may also help to improve the policy optimization
process. The policy improvement portions of standard algorithms focus on point estimates of
the value functions and overlook the variance around these estimates.

Finally, we caution that, as with all analyses of MDPs, our findings rely on an assumption
that the data are sampled from a Markov process. In our experiments, we ensured satisfaction

of this condition by sampling observations rather that trajectories (a trajectory here would be
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the complete history of a customer).
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A Proof of Proposition 4.1

Lemma A.1 For any action a we have IE[PY] = 0, IB[R*] = 0, and furthermore, R® is

uncorrelated with any function of P, ..., P in which |A| is the cardinality of the action
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space A.

Proof: The property IE[P?] = 0 is obvious. Let N stand for the collection of random variables
N]l-’k for every j, k, and b. We have ]E[R;’j — R, | N] = 0. The fact IE[R] = 0 follows by taking
the unconditional expectation. Furthermore, since any P is completely determined by N, it

follows that for any function g, we have
Elg(P, ..., P)RY | N] = g(P!, ..., PANE[RY | N] = 0.

By taking unconditional expectations, we obtain the last part of the lemma. O
For the proof of the proposition, we start from Eq. (5) and substitute the expression from

Eq. (11) for R, to obtain
E[Y] = (I—ap)lR+<§:ak1E [fk(P)DR
P
+ZakIE fulP (Zw o( P o RY) )) +Zak]E FulP (Zw o< a6 P)e ))]
—i—ZakIE

fo(P <Z7r o< a6 PYe ))] . (15)

From Lemma A.1, terms that are linear in P or Ra, as well as terms that involve products of

entries of P* and Ra/, vanish. That is,

X (zﬂ:wao( P o R%) ))
—i—ZakIE

olE [fl(ﬁ)} R+ E

+kzoozkIE Fu(P (Zﬂ'o( opa)>>]
(P (Zno( oP“)))]:O.

We then consider a second order approximation. This leaves us with

E[Y] = (I —aP) 'R+ a’E [f2(15)} R+aXE + Lexp . (16)

PX (z@: o ((R“ o Pa)e)>

The proof is completed by using the definition of fo(P), which yields

E[f2(P)]R = XIE[PXP]XR = XIE[PXP]Y,
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and the lemma that follows. O
Lemma A.2 We have ]E[]BXP} =@ and IE[I—:’X (Ea o ((Ra o Pa)e)) } =B.

Proof. We first observe that the errors in the transition probabilities from two different states
(P,. and P;.) are independent. Thus, I[Py Py;] = IE[Py]IE[Pyj] = 0 for i # £.

For the first assertion, we note that the ij-th entry of IE [F’X P} is equal to

B | Y XuPaly | = > Xl [Paly] = Y XucoVy) = cov X,
k0 k k

which is the same as the ij-th entry of @ (cf. Eq. (12)).

For the second assertion, let
B = E|PX (Zwa o ((R"o P%)) ]
= IE[ <Z %! o ]5a> X (Zﬂ'a o ((R“ o I:’a)e>> }
= Za:IE[ (waeT o Pa) X <7ra o ((Ra o Pa)e>) } .

Then

B = > E| w(az’)ﬁﬂkXWau);J%‘; ;3-]=;E[;wmw)%m(am;E@R?j}

a k,l
. =0 & , M) jik
= (iR XGE[ 4P| = 3 wlali? R i M)
a,k,j ak.j :
-\ 2 -\ 2
R T al
T = Y T e =
a7j @ a i

O

Finally we outline the idea that validates Ley, = 0 (1 / Ni‘i*). From the expression of Leyp in
the Proposition, it is clear that only third and higher moments of P are involved. The above
claim can be seen from the moment expressions of the corresponding multinomial distributions.

We omit a detailed proof.
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B Proof of Proposition 4.2

The second moment of Y is

e 0 T
EYY'] = JE[ (Z ol (P + P)@') (R+R)(R+R)T <Z o ((P + P)i)) } ,
i=0 i=0
Using Lemma 4.1, we have
= i i B f(P)(RRT + RRT + RRT + RRT) fu(P)T] . (17)
k=0 ¢=0

Following Lemma A.1 we may drop the 0 terms

E[X(RRT + RRT)XT] + o [XRRT fl(ﬁ)T} +aE [ fl(P)RRTXT]

£33 b [f(B) (RET + RET) (P)T] =0

k=0 ¢=0

Taking the second order approximation we obtain:

EYYT] = (I—aP)'RRT (I—aP)™")'
X <a2]E [PXRRTXTPT} + o2 [PXP} XRR' +o®RRTXTE [PXP} !
+alE [PX (RRT + RRT> } + aIE[ (RRT n RRT) XTPT}

+ B [RRTD X7+ Loar - (18)

Expanding the above terms, keeping in mind Lemma A.1 and Eq. (11), we just need to

calculate the following terms:

VY, = E :PXRRTXTPT] Y QXRRT +RRTXTQT,
VY, = :PX (RRT + RRT) }
= IE pX ((Zﬂ'a o ((Ra o Pa)e)> R+ R (Zﬂ'a o ((Ra o ]Sa)e>>T) :|7
VY; = VY,
VY, = ]E[RRT} .
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To summarize, Eq. (18) can be written in terms of VY], VYs, VY3, VY] as:
EYY'] = YY + X (®VYi+aVYo+aVYs+ V) X + Ly -

We now provide expressions for VY, VY, VYs, VYy.

VYi: We have
VY = E [PYYTPT] +QYRT+RYTQ" .

It we define Q) :— ]E[PYYTPT], then Q') = IE[E.YYTPJT} . Thus Q') = 0 for i # j
and

QY = IE[(PZ-.Y)Q} = YTIE[I%PZ-.T} Y =vTcoviy.

VYs3: We have
VY = IE[PX (Z o ((R“ o P“)e)> }RT + IE[PY <Z o ((R“ o P“)e)) T] ,

Following Lemma A.2, IE [PX (Za 7o ((Ra o ﬁ“)e)) } = B . And if we define Q@ :=

]E[PY (Za o ((R“ o Pa)e)>T], then

.
QY = IE[(PZ-.Y) (Z vr?((R?. o P;%)e)> } = Zw(a|i)7r§-‘R§‘,]E[(]5]‘-’.)T]5ﬁ}Y .

Thus QS) =0 for ¢ # j and

2
QP =S Ty Ty

a

VY, We have (VY3);; = ]E[Rifzj} = 0 for i # j and with Eq. (8)

> wlaliE[(79)?) = Y m(ali)” (RempreT +veETRE)

(VYy)u = E [Rﬂ N

a a

Define W as in Eq. (13). We have

W =a?QW + a(Q® + (@) + VY, .
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The result follows by collecting the different terms. O

C Proof of Proposition 4.3

For a fixed state i, we define
fra = X2m(a|r)? [ (ozY—r + Rﬁ) (aY + (RY) ) + ZP } .

And we define

F= Z f

Using Eq. (14), it can be easily verified that

a(V;) = N L VF.

Because we assume o(Y;) > 0, there exists some (r,a) such that f,, > 0. And f,, does not

depend on N;.. Then, the assumption NZ-“: /N® > ¢ > 0 guarantees that F' is bounded from

below.
Similarly,
- 1
IE[Y;] _}/l = Nﬂ:G )
where
G = Z m(a|r)? X (aMOX.,Y + REMX.;)

is bounded from above, because N < N2 and terms M?, X, Y and 7(a|r) do not depend on
Ne.

Thus, the bias decreases like Ni‘i*, whereas the standard deviation decreases no faster than

VNZ, which yields the desired result. O
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Online Appendix
“Bias and Variance Approximation in Value Function Estimates”

Shie Mannor Duncan Simester Peng Sun  John N. Tsitsiklis

D The Bayesian Approach

In this appendix we describe a Bayesian approach to variance and bias approximation. The
expressions for the mean and variance in the Bayesian setting are very similar to the ones for
the classical setting. The only difference is that certain expectations in the classical setting
are replaced by conditional (posterior) expectations in the Bayesian setting. But for these
expressions to be useful, one should be able to compute the conditional expectations in a
tractable manner. This will be the case for Dirichlet priors on the transition probabilities and
normal priors on the rewards, which is the case that we consider in the sequel.

As before, we assume that the sample data consist of the number of transitions out of each
state for every action (Nf) and the number of transitions from each state i to any other state
J for every action a (N/3). We also observe the rewards associated with each transition in the
sample data. We assume that the expected reward Rf; associated with a transition from ¢
to j under action a is a random variable with a normal prior. We further assume that each
transition probability PZ-‘} is a random variable with a Dirichlet prior (as in Strens, 2000) and
that the priors of F; and R{ are independent for different ¢ or a.

We first recall some properties of a Dirichlet distribution. We refer the reader to Gelman
et al. (1995) for further details. Let ap = Y, ag. We say that a vector (p1,p2,...,pm) has
a Dirichlet distribution with parameters aq, ..., q,,, if its distribution is described by a joint
probability density function of the form (1/Z(a))[[/, p®~!, where Z(a) is a normalizing
constant. Some useful properties of the Dirichlet distribution are:

1. The mean of py is ay/ap.

2. The variance of py, is ag(ag — ag)/(ad(ag + 1)).

3. The covariance between py, and py, for k # £, is —(agay)(ad(ap + 1)).

Assume that the prior distribution of P, the vector of transition probabilities out of state
¢ under action a, is Dirichlet with parameters of,...,af . If in N observed transitions, and

for every j, exactly NNj; transitions lead to state j, then the posterior distribution of P} is



again Dirichlet with parameters o} + N{j,...,af -+ N2 . It then follows that the posterior
distribution for P; has mean Epost[Ffj] = (of; + Nfj)/(afy + Nit), where afy := >, af; and
IEpost is expectation w.r.t. the posterior. This motivates us to define the estimated transition
probabilities by

P = Bpout[P3] = (af; + Nj)/(afy + N7

The difference between the estimated and the true model is then a zero mean random
matrix P := P— P. The following lemma is an immediate consequence of the properties of the
Dirichlet distribution given earlier. Here, varpost and covpest are used to denote the posterior

variance and covariance.

Lemma D.1 Under the assumption of a Dirichlet prior we have that:

i. Epost [Pl]} P8 = (af + N%)/(a% + NE).

ii. By [ PPS] = covpo (Pl PL) = ((a?ﬁN&)(afﬁNm)/(<a20+N5>2<aﬁo+Nf+1>).
i, Bpost | (P2)?] = varpes, (P2) = (a8 + N&)(ath + N — a&; = N&) ) /(o + N2 (ol +
Ne + 1)) .

We note that if af; =0 (for j =0,...,m) then we get the same approximations as in the
classical approach (up to the +1 in the denominator of the variance and the covariance).

Similarly, we define the prior distribution for the immediate reward when moving from
state ¢ to state j when using action a. Notice that this reward can be drawn from any family
of distributions for which Bayesian updates can be carried out in closed form. As a special
case, we assume the reward distribution is normal with mean R and variance 7;;- We assume
independence of the priors, i.e., that the prior distribution of RY; given 7}% does not depend on

and that the prior distribution of Rf; is normal with mean 47; and standard deviation o7;.

ZJ’ J’

For each i, j, and a, we observe Ni“j sample rewards :f:l 4R A” *. We denote the sample

variance by s7;. Following the analysis of normal data with a semi—conjugate prior distribution
(see, e.g., Gelman et al., 1995), the posterior distribution (given 7;%) for the mean reward is

then normal with mean

1/ (o +Zk”1 jga/( %)2
1/( of)? + N /()2

()Pt =

1/2
and standard deviation: (of;)P**" = 1/ (1/(0%)2 + (NZ‘E/(TZ‘;)QD . We may further assume
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priors for 7.7 and derive its posterior. For simplicity, we can approximate (,ugj)post and (Ufj)pOSt
by substituting sf; for 7,7. This leads us to define ﬁifj as the approximation for (u%)pogt that
results from this substitution.

As in the classical case, we consider a fixed (possibly randomized) stationary policy =, and

define the following quantities:

1. An (unknown) m x m matrix P representing the transition probabilities, whose ith row is

P, =Y, n(ali)P?, its estimate P, = 3", 7(ali) P?, and the difference matrix P = P — P.

2. An m-dimensional vector representing the immediate reward whose ¢ component is R; =
>oom(ali) 32, PLRY, and its estimate R; = -, m(ali) Y2, PR,
Using a second order approximation and applying Lemma D.1, we obtain expressions for

the posterior bias and variance of the estimated value function estimate under the posterior.

The proofs are almost identical to those of Propositions 4.1 and 4.2 and are omitted.

Proposition D.1 The expectation (under the posterior) of Y := (I — aP)™' R satisfies:

Epost[Y] =Y + ?XQY +aB + L}

erp

where X := (I — aP)_l,' Y = XR, vector B and matriz Q are computed according to

B, = Y m(ali B X, (19)
and
Qi = COV') X; in which COV'" = 3" m(ali)? 017, (20)

a

where matriz M} is the posterior covariance matriz of P{ as specified by parts i and it of

Lemma D.1; and higher order terms
Liwy =Y o E[f(P)R+ Y o"E[f)(P)R]
k=3 k=2

- N . N - ~ -~ \k
mwhz’chP:P—P,R:R—Randf,g(P):X(PX) .



Proposition D.2 Using the same notation as in Prop. D.1, the second moment of ¥ =
(I — aP)™'R is approzimately
var

]Epost[YYT] = YYT + X{OP(QYRT + RYTQT) + o [BRT + RBT] + W}XT + Lb

where X := (I —aP)™'; Y := XR; W is a diagonal matriz such that

Wi = S wali)?{ (a¥ "+ Rg) 417 (a¥ + (R)T) + > P <<01k>2 + (g%g>_l }
a k ¢

ik
and Q and B are calculated according to Eq. (20) and Eq. (19); and higher order terms

Lar= Y oME[f(P)(RRT +R)RT +RER)" + R)R)")F(P)T] .
kLk+1>2



