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Abstract—We consider filter design of a linearly evolving the existence condition checking, and takes a slightly frextli
system where the system parameters are subject to uncertdinIn  recursive form comparing to the standard Kalman filter. lenc
contrast to robust design which focuses on a worst case analg, it can pe implemented in real-time applications. In additio
we propose a design methodology which aims to achieve a good . - o . ..
tradeoff between the nominal performance and robustness tthe under C_erta'n detec_tab'l'ty a”‘_"_ stabilizability Condm_!) the
uncertainty. We prove that the proposed filter achieves sinar ~ robust filter has desirable stability and bounded erroravee
steady-state stability properties as the robust filter. Simlation properties.
results show that unlike the I’ObUSt filter and the Kalman filter, Empirica| Study shows that when the uncertainty is rela-
whose performances can be significantly affected by the préém ey |arge, the performance (measured by the steadg-stat
setting, especially the relative magnitude of the admissie un- ; . L
certainty, the performance of the proposed filter is suitabé for error Var'anc_e) of the robust filter is significantly bettba"?

a wider selection of parameters and hence can achieve a morethe Kalman filter [10]. On the other hand, when the magnitude
flexible fiter design. of the uncertainty is small, the Kalman filter can have a bbette
performance than the robust filter, which we believe is due to
the fact that the robust filter takes a worst-case view andéen

can be overly conservative. Furthermore, even in casesewher

The Kalman filter addresses the optimal linear least meahe steady-state error of the Kalman filter is larger, it ligua
square-error estimation problem for linearly evolvingteyss, has a faster transient response. This is well expectede sinc
and is widely used in numerous fields including controhchieving robustness implies reducing sensitivity andchen
finance, communication and many others since its inceptitire robust filter can have a slower response. Since both the
in the early 1960s [1]. Two characteristics of the KalmaKalman filter and the robust filter are good in certain cases, a
filter contribute to its practical success. First, it is cédted filter that exhibit a similar performance as the better ondeun
in a recursive way with a low computational cost and memoall cases is desirable.
requirement, and therefore is suitable for online apgbeat  In this paper, we present a new filter design approach
Second, when the system is observable (a characteristic twvhich is essentially an interpolation of the Kalman filter
can be easily verified), thie filter is guaranteed to convéogeand the robust filter. To be more specific, similarly to the
a stable steady state filter. standard Kalman filter and the robust filter, the proposed

One central assumption of the Kalman filter is that the ufiiiter is based on finding an one-step “optimal” smoothing
derlying state-space model is exactly known. In practibs, t filter. The “optimality” is obtained by minimizing the con-
assumption is often violated, i.e., the parameters we ufeeasvex combination of the regularized residual norm under the
system dynamics (referred a®minal parameterdereafter) nominal parameter and worst-case regularized residuah nor
are only guesses of the unknown true parameters. It is mghorpver all admissible parameters. This approach leads toea filt
[2]-[4] that, the performance of the filter designed based ahat takes a similar recursive formula as the robust filtet an
the nominal parameters can deteriorate significantly, &ed thence is still online solvable. Furthermore, the propodest fi
steady state estimator can be unstable even for observaenits a same stability property as the robust filter. liviely
systems. speaking, this is due to the fact that if the worst case error

To overcome this sensitivity to the modeling error of thgoes high, the total cost increases, hence the proposed filte
Kalman filter, several so-called “robust” Kalman filters bavupper-bounds the worst-case error variance. Simulatisultse
been designed (e.g., [5]-[9]). Most of these designs requin Section V show that the proposed filter exhibits a similar
checking of certain existence conditions and hence areuitet sperformance to the better one between the Kalman filter and
able for online-operation. In [10], Sayed proposed a fittgri the robust filter. That is, when the uncertainty is small veher
framework based on a worst-case analysis (hereafter egfferthe robust filter can be overly conservative, the perforreanc
to as therobust filte). Sayed’'s algorithm is based on theof proposed filter is similar to the Kalman filter. On the other
observation that the standard Kalman filter is a minimizatichand, when the uncertainty is large, which leads to a sigmific
of the regularized residual norm at each iteration. Hertee, tperformance deterioration of the Kalman filter, the projose
robust filter is designed to minimize the worst-possible- redjiter has a similar performance to the robust filter. Therefo
ularized residual norm over the set of admissible uncdstairthe proposed filter is suitable for a wider range of problem
at each iteration. By doing this, the robust filter circumtgensetups compared to the Kalman filter and the robust filter.

|I. INTRODUCTION
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The paper is organized as follows. In Section I, we modify Theorem 1: 1) G(\) has a unique local minimum, and it
the Robust Least Square Problem (RLSP) and show how to is also globally minimal.
solve it. Based on this modified RLSP we give the recursive?) Let \°> £ argminy > g7wg| G(\), we have
formu!a of the proposed f|lter in Secpon . In Section IV we arg min C(x) = x°(\°); min C(x) = G(A°).
investigate the asymptotical behavior of the proposedr filte x x
Proof: DefineR(x,y) £ (Ax—b+Hy) W (Ax—b+Hy).

i.e., the stability and guaranteed error variance progerti . v
Simulation results and comparisons with standard and toblgaem{jnﬁ]]ildﬁscnbes the property B{x, y); its proof can be

Kalman filter are shown in Section V. In Section VI we give |emma 1: (a) The functionmaxy | <s(x) R(x,y) is convex on
some concluding remarks. X.
Notations: Given a column vectot and a positive definite (b) Givenx, the following equation holds

matrix W, ||z||%, stands forz "W z. (Ax —b) W (A)(Ax — b) + A6 (x).

max R(x,y) = min
llyll <b(x) (<y) oA
[I. THE MODIFIED ROBUST LEAST-SQUARE PROBLEM (c) The following scalar valued function
In [11], the authors addressed the following bilevel opti- A (x) £ argglgg(AX—b)TW(A)(Ax—b) +A¢%(x)
mization problerh on x which they named aRobust Least- -
Square Problem is well defined and continuous.
) . T . Hence
min: R(x) =x QX-I-“yﬂrlSad:f(x) [(Ax—b—i—Hy) W(fb(—b—i—H}(IJ);7 mxin C(x)
where || - || is the Euclidean norm@ > 0 and W > 0 = min {xTQx+a(Ax—b)TW(Ax—b)+(1 —a)  max )R(x7y)}
X vi<o(x

are Hermitian weighting matrices and the functiof) is a L
non-negative convex function of which restricts the choice = min {XTQX +(Ax —b) TW(\)(Ax —b) + (1 — a)>\¢2(x)}
of y. Although in general, bilevel optimization problems are . T_ )
NP-hard, this special case can be solved efficiently. Sayegmin min {X Qx+ (Ax—b) W(A)(Ax —b) + (1 - a)A¢ (X)}
showed that, Problem (1) can be converted into a minimiaatio_ 7_min G
problem on a scalar variabbe Furthermore, it is also proved »>|ETwH|

that this scalar optimization problem is unimodal and hece e now show thats ()

simple line search can solve Problem (1). o
Many worst-case analysis problem can be formulated &x,)\) 2 x' Qx + (Ax —b) W(\)(Ax — b) + (1 — a)A¢*(x).
Problem (1). However, worst-case analysis tends to be ypverl ) ) o
conservative. To avoid this, we consider the following nfiedi  Note thatC'(x) is strictly convex and goes to infinity whenever
Robust Least-Square Problem which minimizes the convix|| 1 oo, which implies C(x) is unimodal and has a
combination of the cost under the worst condition and thgique global minimum. Also note/ (x, \) has the following
cost under the nominal condition. property: fix one variable, then it is a unimodal function lué t
min : a{xTQx+ (Ax—b)TW(Ax—b)} +(1-a)Rx), @) other varial_)Ie and_ achieves l_mique minimum on its domain.
x This, combined with the continuity of°(x), establishes the
wherea € [0,1] is the weighting parameter. We show thatinimodality of G(-) by applying Lemma C.2 in [11]. =
similar to RLSP, Problem (2) can be converted into a unimoda| CONSider tge caseh\_/v?]ezp(x) O HEa.Xl + Ep|l2 for someh
lar optimization problem and efficiently solved given I, and £, which Is of special interest since the
scaiar op probt eimciently : smoothing step of the filter proposed in Section Ill can be
We denAote the objective function in Problem (2)0Yx), converted into this form. Simple algebra yields
and let)\ = |H "W H]||. Further define the following matrix

functionsW-), W (-), vector functionx®(-) and scalar func- y°(y) — (Q+ATWA+(1_Q))\EIEG)71(ATWbJF(l_a))\E;FEb)
tion G(-) of X € A, +00).

is unimodal. Denote

. . andx°(\°) is the global optimal solution.
WO\ EW+WHN —H WH)Y H™W,

W) £ aW + (1 - a)W(), [1l. FILTER DESIGN
x°(\) £ arg min {xTQer (Ax —b) 'W(\)(Ax — b) We now consider the design of a state estimator for a
) linear system where the system parameters are subject to
T (=)o (x)}7 some uncertainties. Our goal is to achieve a good tradeoff
G 2 xT(NRX" () + (1 — a)Ad? (x°(V)) between both the nominal performance and the worst case

R T— R performance. Since the former can be a good indicator of
T (Ax (A) = b) W) (Ax () _b)' the true performance of the filter and the latter guarantees
Here, (-)7 stands for the pseudo inverse of a matrix. Thibe robustnes_s of the filter even if the_true parameters are fa
definition of x°()\) is valid, because the part in the curledrom the nominal ones, the proposed fllte_r can lead to a better
bracket is strictly convex ox. (Note thatQ > 0, ¢(-) is Performance under the true parameters in many cases.
convex by assumption, and> )\ implies W ()\) > 0.) We consider the following system:
Xiv1 =(F; + 0F)x; + (Gi + 6Gi)u;, i >0,
1t can also be regarded as a Stackelberg Game yi =H:ix; + v;.
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Here, the driving noiseai; and v; are assumed to beThe formulas with« are the modifications to the recursion
uncorrelated, zero mean and white, with variaigeand R, formula of the robust filter. In addition, the cost function
respectively.F; and G; are the nominal system parameters7(\) and hence its optimal solutiok’ are also different.

and(6F,0G;) € (M’iAiEfmMiAiEaﬁi)‘”Ai” <1;,forsome  gefore we rewrite the recursion formula in the prediction
known matrix M;, Ey,; and Ey;, i.e., we consider the set-form (i.e, propagatindx;, P;} directly) in Algorithm 2, we
inclusive uncertainty 3, §G; given by linear transformation need the following two lemma.

of norm bounded matrixA\;. This formulation is standard

. : . . Lemma 2:
in robust filter design [7] [11]. We us&;; to denote the
estimation ofx; given observatiof{yo,--- ,y;}, and usex;
to denotex;|;_;. 1 A a
ili—1 Py = FPF ~KiR.,K; +GiQiG], @

The proposed filter is based on a correcting and propagating
process. To be more specific, suppose at tinlet x;; be the
current estimate with error varianég;, thenx; 1 ;41 is given
by the following two steps: where

Smoothing:

(Riji+1, Qgji41) := arg min {a[”xi - )A(”Z-H?fl + ||ui||é—1
X;,U4 ilé i

i éFiPiﬁ:7 R % I+ﬁipiﬁ:7
RV2H,

\/j\_iEf,i

Proof: First note

|

i+1 — Hiy1xiq1||5-1 [0F = 6Gs = 0] + (1 —
+ llyis +1X+1HRH11’ ]+ ( a)ég}%éi _—

[l =l + el + yees = Hupaxna 1 ] -
ili i i+1

Predicting:
Xit1)ir1 = FiXgjip1 + Gily)iq-
®3)
. . : P! =(P,— P;H{ R_{H;P;)""
The smoothing step finds the optimal one-step-ahead smooth- ' .
ing state estimation and noise estimation, and the predicti :(PZ- — PH; (R; +H,L-PZ-HZ-T)’1H,L-PL-) )
step computes the current-step estimation. . 1 .
Note that, the smoothing part can be converted into a Z((PflJrHi Rflﬂi)fl) = P+ H/ R H,.

modified RLSP. Using the result in Section II, with some
algebra we get the recursion formula in measurement-update
form. The readers may find that this is essentially a modified

version of the robust filter. Hence we have
Algorithm 1: Measurement-Update form
1) Initialize:
Pojo :=(Tg " + Hy Ry " Ho) ™" Py =F Py F' + GiQiG/
%ol0 :=PojoHy Ry 'yo. =F; (P,L-Tz-l + XiE;iEf,i)ilFiT + GiQ:G]
—F(p?! TR 2 NELE )R 4 GLO.CT
2) Recursion: o =F(P7'+ H R Hi+ MEf Eri)  F +GiQiG,
ConsTtrug 71and minimize  G(\) over —F (P +E—TF¢)71FI + G006,
(1M; Hi R, Hip1 M|, +00). Let the optima N
value be)\?. Compute the following values: =FiPF; —KiR.;K; +GiQiG; .
Ait=(1—a)A?
Rit1:=Riy1 — >\°71Hi+_11\{iM;HiT+1 ]
R} =aR +(1-a)Riy Lemma 3:

Q= v MBI+ MEpPyEL] T By
Py =(P! + NE]Ep)7t
=Py — P Ef (A T+ Ep i Py Ef )T Ep Py
Gi:=Gi — NiFiPy;E{ By ;
By :=(F; = \iGiQiE,] By )(I = NiPyE] Ey.;)

PH! R'=PH/'R.;.
Proof: From Equation (5) we have

Pip1 i=Fily |+ GiQiGY PN (PHTRZ)) =Pt + H R7VH)(PH] R
Rejipt =Rigs + Hip1 Pipa Hiy =H (I+ R 'H:P;H; )R}
—p ) T —1 ) ) N . ’ .
Pittivr :=Fipr = Pt Hig Re iy Higa P =HR;'(Ri + H;P,H, )R_} = H] R;"".

Xit1 1=Fif<z‘u

€11 :=yi+1 — Hip1Xit1
N s T p-1 L .
i1t =Xt + Pipaip Hip By et By left multiplying P;; on both sides, the lemma followss
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Algorithm 2: Prediction form Proof: Note that, for3 > 0, R is strictly positive definite.
1) Initialize: Hence R is also strictly positive definite. The remaining
%0:=0, Py:=1I, Ro=Ro. follows a same line as the proof of Theor&mn [10]. We

. defer the detailed f to th dix. [ ]
2) CalculatingP;; given R;, H;, P;: eler the detafled proot o the appendix

Py =P ' +H RV H) !

. B. Bounded Steady-State Error Variances
=P; — P;H; (R; + H;P;H; ) ' H;P;

Further assume the system is quadratically stable, i.eg the

3) Recursion: Construct and minimiz&/(\) over exists a matrixy” > 0 such that
T .
(H]\/[ H+1RZ+1HZ+1]\/[ H +OO) Let the optima| vV — [F+MAEf]TV[F+MAEf] >0, ||A|| <1.
value be)?. Computing the following values:
. Define
Xii=(1—a)X¢ o« e Al
T ,:RM N H o MM HT Fal| F- FPTP]{ R'H F-F,— F,,TP:H ROH |
o F,PH"R™'H F,+ F,PH 'R 'H
R =aR +(1- Ry o+ g
A—1 . BT 5. T1 ' an .
2 Qi+ AfEW' [1+XBriPuiBfi] Eou ga| G —F,PH"R™'H
Py =Py + ME[ Ep) ! “ |0 FRPH'R'H
=Py; — PuEf 07 T+ Ep i Py Ef ) Ep i Py Denote
A _ NFPLET.E. L
GuimGi - MEREL B rere| 3 |ty py
Fy:=(Fi = MiGiQiE, ;Ey)(I — \i Py B} Ey.)
T o= {HTRfT/z \/)\_Z} The following result is the same as Theor8rof [10]. Again
Y we postpone the proof to the Appendix.
Re, =1+ H:PH, _ Theorem 3:Let #; be the estimation error, suppose a pos-
R —F P, itive matrix P satisfies
Pip1 i=FiPF] ~KiR,, K, +GiQiG] P FPF - [ Q 0 } GT >0, v|A|<1.
e; :=yi — Hi%;
Xip1 =Fi%; + F;P;H R e; Then
—Fiki + B PH] R ey, lim EZ;Z; < P,

i— 00

VS A whereP;; is the(1, 1) block entries ofP. Furthermore, such
- STEADY=STATE ANALYSIS P is guaranteed to exist.

In this section we investigate steady-state features of the
proposed filter to demonstrate its robustness. We show that,

' RN - V. S ON S
the proposed filter admits similar stability and boundedrerr IMULATION STUDY

variance properties as the robust filter. In this section, we investigate the performance of the
proposed filter and compare it to the robust filter and Kalman
A. Stability filter in three different parameter setups. These setu e diif

the ratio between the nominal parameter and the uncertainty

In this subsection we restrict our discussion t0 unceainfye 550 investigate the performance of differarfor different
models where all parameters are stationary, exceptvhich .. setting.

is allowed to vary with time. Therefore we drop the subscript \we use the following numerical example, which is also used

i for all stationary parameters. Further assume figf = 0, in [7] and [10], to compare the performance of the proposed

i.e., the uncertainty only appears iimatrix. Hence, we have filter with the robust filter and the standard Kalman filter:

Q = Q andG = G.2 In addition, we fix the parametey’ £ Xip1 = (F 4+ MAEf)x; + u,

(1+B)|MTHTR-*HM| for some positive constart, i.e., vi = Hxi +vi,

instead of choosing® by optimizing G(\), we approximate

it with a time-invariant constant. From the prediction faran,

we have the following theorem. e { 0.9802  0.0196 } oo { 10
Theorem 2:Assume that {F,H} is detectable and 0 0.9802 1

where

], H=[ -1],

0
{F,GQ'/?} is stabilizable. Then, for any initial condition 0.0198
II, > 0, the Riccati variableP; converges to the unique M = [ "0 }7 Ef=[0 5], E;=[0 0],
solution of

_ T opE LT E 1T e T T B ~ | 1.9608 0.0195
P=FPF' —FPH (I+HPH )"HPF' +GQG'. 6) R=1, Q= [ 0.0195 1.9608 ] , %o~ N(0,1).
Furthermore, the solutio® is semi-definite positive, and the

steady state closed loop matrhy, 2 F[I — PH' R;'H] is Observe that\; is a scalar in this example, and we have

stable. 0.9802 0.0196 + 0.099A;

F+MAE; = [ 0 0.9802

2This setting is same as that of the robust filter.
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We note that, in this case, the uncertainty only affects the (@) (b)
(1,2) entry of matrix F. Furthermore, we notice that the b 2
nominal parameter and the uncertainty are of the same ord: Kaman b
of magnitude. The tradeoff parametefor the proposed filter \ s e

is set ag).8 in the simulation. 20db

The empirical average error variance is used to compare th
performance of different filters. To be specifi©0 trajectories 144
with 1000 steps each are generated. For thé trajectory, the

10db

New Filter 5db New Filter

observation serief@ygj)} is then filtered by a particular algo-  ob" - - , ol - - .

. L (G 10 10 10 10 1 10 10
rithm to get the state estimation sen{esﬁ”}. The expected

error variance curve is approximated by Fig. 2. Error variance curves for large uncertainty: (a)dixmcertainty; (b)

time-varying uncertainty.
500

1 . .
Ellxi — %il* ~ £55 Y I = xP)P i =1+, 1000.
Jj=1

is relatively small. To be specific, we set
In Figure 1(a), the uncertainth is generated according 0.9802 0.3912

to a uniform distribution in[—1, 1], and is fixed for the F=1"0" 0902 |-
whole trajectory. In Figure 1(b), the uncertainty is allave
to vary at each iteration, i.e., in each iteratioh, is re- The(1,2) entry of the originalF” is enlarged0 times, which
generated (according to a uniform distribution). In boteesa Means the uncertainty is one order smaller than the nominal
the proposed filter exhibits a similar steady-state perforoe Parameter in this case. The robust filter achieves a steathy-s
to the robust filter, and a better transient performance. TREOr variance aroung2 dB, while both the Kalman filter and
transient performance of the Kalman filter is similar to théhe proposed filter achieves a steady-state error ardGii.
proposed ﬁ|ter' but its Steady_state error variance fdrwtary This shows that the Robust filter could be OVerly consereativ
uncertainty is abou? dB worse. We also observe that, for théind achieve unsatisfactory performance when uncertamty i
non-stationary case, both Kalman filter and the proposet filcomparatively small, whereas the proposed new filter does no
achieve a better performance compared to the robust filtgyffer from such conservativeness.
probably due to the fact that time varying uncertaintiescesn (a) (b)

out.
250b 25db
(@) (b) oo
PSR OERNTY

New Filter T
Kalman

Robust New Fil

15db
20db Robust

20db Robust

- 10db
15db /’/\ Kalman 15db Kalman

/ /‘
New Filter 5db Sdb

10db 10db New Filter

0db' . - , 0cb ; : ; : ; .
o 5ih 10 10 10 10 10 10 10 10

o " Fig. 3. Error variance curves for large nominal value: (agdixuncertainty;
) 3 o 3 (b) time-varying uncertainty.

1’ 10! 10 10 10° 10

1 2

10 10

Fig. 1. Error variance curves: (a) fixed uncertainty; (b) dimarying
uncertainty. To investigate the relationship between the performance of
the filter and the value ofy, we simulate the steady-state
_ ) ~error variance for € {0, 0.2, 0.4, 0.6, 0.8, 0.99, 1} 3 under
In Figure 2, we simulate the case where the uncertainty d&ferent ratio settingy € {0.01,0.05,0.25,1,4, 20, 100}.
enlarged, i.e., we se¥/ = ¢ol{0.1980, 0}. Note that, in this Here,~ = 1 is the original numerical example. For> 1 we
case, the uncertainty is one order of magnitude larger thgrease the magnitude of the uncertaihfyby ~, whereas for
the nominal parameter. In [10], the authors observed thatin_ | we increase the magnitude of the nominal parameter
such situation, the performance of the Kalman filter deglladgnL2 by 1/~. From Figure 4, we see that, whenis small,
significantly, which is also shown by our simulation restit. (j e uncertainty is relatively small), larger achieves better
contrast to the standard Kalman filter, the steady-stater erperformance. The smallest steady-state error is achieyed b
of the proposed filter is only slightly worse (abautiB) than , — 1, je., the standard Kalman filter. This shows that for
that of the robust filter in the fixed uncertainty case, and i%latively small uncertainty, focusing on robustnessifitsan
comparable to that of the Robust filter in the time-varyingeca gegrade the performance of the filter. On the other hand, for
This shows that by adding the worst-case performance infgge ~ which stands for large uncertainty, the steady-state
the cost function to minimize, the proposed filter overcomegyor for standard Kalman filter is huge. In contrast, we geoti
the sensitivity of the standard Kalman filter and achievesigat even fora = 0.99 which means the robust part plays a
comparable robustness as the robust filter.
In Figure 3, we investigate the case where the uncertaintya = 0 stands for a Robust filter, and = 1 stands for a Kalman filter.
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achieves a much better performance. And fo< 0.8 the

proposed filter achieves a similar performance as the robust

40db
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steady—state error

20db

. . ) . ) APPENDIX
filter. The overall most-balanced filter is achieved by takin .
. . Appendix
a = 0.8, which has a nearly optimal performance for both,,of of Theorem 2
smally and largey. Proof: First, from the filtering recursion, we have the following
In short, the simulation study shows that the performancessed loop formula fok
of both the Kalman filter and the robust filter is sensitivefte t %1 =Fi%i + BsPHT R Mys — H%)

e,i

relative magnitude of the uncertainty. In contrast, in htee . T .
cases, the proposed filter exhibits a performance comparati =Bl = PH R Hxi + FRH R, yie
to the better one, and therefore is suitable for a wider randéow consider the closed loop gain

of problems. F,; 2 K[l - P,H R, !H]

“ _ " - -1 _
VI. CONCLUDING REMARKS =F [f ~ MNP '+ H R 'H + A\E[ Ey) E;Ef} [I - Pz'HTRe,ilH}

In_ this paper, we presented a new algorithm for state esti [I _ AP +FTF)*1EJTE4 [I B PZ_HTR;;H}
mation of a linear system where the parameters are not gxactl ’
known. This filter is based on minimizing the weighted surar (P + H )" [P[l +H H- S\EJTEf} [1 - PZ-HTR;}H}
of the worst possible residual and the nominal residual. The e - - .
resulting recursive form has a computational cost comparag-F'(P; +H H)" (P, +H R H) [Pi - P H Re,iHPi:|Pi
to the robust filter, and can be ez_;\sny |mplgr_nented on-line. VlF(P[l +FTF),1(PZ_,1 FHTR )
show that, under certain technical conditions, the progose o .
filter converges to a stable steady-state estimator. Besitle X |:Pi —-PH' (Ri+HPH'") 'H Pz} P!
proposed fll_ter achleve§ guaranteed bounded error varlﬁncg P! +FTF),1P;17
the underlying system is stable.

The performance of the proposed filter is compared with th&nd
of the robust filter and the .Kalman filter. A simulation study F{I _ PZ_FTE;:E}
shows that the proposed filter overcome both the sensitivity
of the Kalman filter and the overly conservativeness of the =F {Pi - PZFTR; }FPZ}P[1
robust filter, and hence achieves good performance under a

- F{

wider range of parameters.

The main thrust of the proposed approach is to obtain more 1 =T 1
flexibility in filter design. As the simulation study showebe =F(P, +H H) P .
performance of both the Kalman filter and the robust filter camhys, we have
varied significantly under different parameter settinghafT
is, they can behave rather poor in a non-suitable problem. Ej[I - P,H"R[H] = F[I—PZFTE;F}.
Whether a problem setting is suitable for these two filters is ’
not known beforehand, except a general guildline that smaliote the positive definiteness &f guarantees that is well defined.
uncertainty favors Kalman filter and large uncertainty favoHence, detectability of , 77} and the stablizability of F, GQ'/?}
robust filter. Furthermore, the problem parameter itseffio@ guarantee that?; converges to the unique positive semi-definite
varying. The proposed filter is of interest in the sense #sat ko|ution P of Equation (6), which stabilizes the matrix
performance does not critically depend on the problemrggtti . o
and still behaves reasonably good even in a adversarial case F[I-PH (I+HPH ) 'H).

P—PH (I+ FPZFT)*FPZ} P!
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Since this matrix equals to the steady state closed loop Bgitthe
stability is established. [ ]
Proof of Theorem 3

Proof: Define estimation errok; £ x; — %;, and

oF; 2 [ MAEs MOy ]

Hence the extended state equation holds:
5{7;+1 _ : X; u;
{)A(Hl](fd‘_dfz){ﬁi}_'—g{w]' Q)

Introduce a similarity transformation:

a| I I IS Y A |
reloa]o el 7
We have,

T(F+6F)T ' = [

P 0 | [ MAE; ©
F,PH'R™'H F, 0 0 |-

Hence the first part (i.e., the nominal matrix, denote7dds stable
since F' and F), are stable.
Furthermore, the following equality

Es(zI — F)"'M = [Ef 0](2I — F)~* [ ]\04 ] :

shows that the extended system has a samenorm as the original

system, and hence the extended system is quadraticallg stédnce,
there exists a positive definite matrix such that

V — (F+6F)V(F+6F:)" >0.
Thus, by scaling’ large enough, there exists a positi#esuch that

0 R

- ~ T
A X; X;
M—E[XHX] ’

then the following recursion formula holds

Pz(]:+6fi)P(f+5fi)T+g{Q 0 ]gf (8)

Let

Mip1 = (F+8F)Mi(F+6F)" +g{ Cg 2—{ ]QT- 9

Subtracting Equation (9) from Equation (8) we get
P — Mip1 = (F +06F) (P — M) (F+6F)" + Qi

for someQ; > 0. The quadratic stability ofF + §F; implies that
P - M >0. [ |



