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Abstract— We consider filter design of a linearly evolving
system where the system parameters are subject to uncertainty. In
contrast to robust design which focuses on a worst case analysis,
we propose a design methodology which aims to achieve a good
tradeoff between the nominal performance and robustness tothe
uncertainty. We prove that the proposed filter achieves similar
steady-state stability properties as the robust filter. Simulation
results show that unlike the robust filter and the Kalman filter,
whose performances can be significantly affected by the problem
setting, especially the relative magnitude of the admissible un-
certainty, the performance of the proposed filter is suitable for
a wider selection of parameters and hence can achieve a more
flexible fiter design.

I. I NTRODUCTION

The Kalman filter addresses the optimal linear least mean-
square-error estimation problem for linearly evolving systems,
and is widely used in numerous fields including control,
finance, communication and many others since its inception
in the early 1960s [1]. Two characteristics of the Kalman
filter contribute to its practical success. First, it is calculated
in a recursive way with a low computational cost and memory
requirement, and therefore is suitable for online application.
Second, when the system is observable (a characteristic that
can be easily verified), thie filter is guaranteed to convergeto
a stable steady state filter.

One central assumption of the Kalman filter is that the un-
derlying state-space model is exactly known. In practice, this
assumption is often violated, i.e., the parameters we use asthe
system dynamics (referred asnominal parametershereafter)
are only guesses of the unknown true parameters. It is reported
[2]–[4] that, the performance of the filter designed based on
the nominal parameters can deteriorate significantly, and the
steady state estimator can be unstable even for observable
systems.

To overcome this sensitivity to the modeling error of the
Kalman filter, several so-called “robust” Kalman filters have
been designed (e.g., [5]–[9]). Most of these designs require
checking of certain existence conditions and hence are not suit-
able for online-operation. In [10], Sayed proposed a filtering
framework based on a worst-case analysis (hereafter referred
to as therobust filter). Sayed’s algorithm is based on the
observation that the standard Kalman filter is a minimization
of the regularized residual norm at each iteration. Hence, the
robust filter is designed to minimize the worst-possible reg-
ularized residual norm over the set of admissible uncertainty
at each iteration. By doing this, the robust filter circumvents

the existence condition checking, and takes a slightly modified
recursive form comparing to the standard Kalman filter. Hence
it can be implemented in real-time applications. In addition,
under certain detectability and stabilizability conditions, the
robust filter has desirable stability and bounded error-variance
properties.

Empirical study shows that when the uncertainty is rela-
tively large, the performance (measured by the steady-state
error variance) of the robust filter is significantly better than
the Kalman filter [10]. On the other hand, when the magnitude
of the uncertainty is small, the Kalman filter can have a better
performance than the robust filter, which we believe is due to
the fact that the robust filter takes a worst-case view and hence
can be overly conservative. Furthermore, even in cases where
the steady-state error of the Kalman filter is larger, it usually
has a faster transient response. This is well expected, since
achieving robustness implies reducing sensitivity and hence
the robust filter can have a slower response. Since both the
Kalman filter and the robust filter are good in certain cases, a
filter that exhibit a similar performance as the better one under
all cases is desirable.

In this paper, we present a new filter design approach
which is essentially an interpolation of the Kalman filter
and the robust filter. To be more specific, similarly to the
standard Kalman filter and the robust filter, the proposed
filter is based on finding an one-step “optimal” smoothing
filter. The “optimality” is obtained by minimizing the con-
vex combination of the regularized residual norm under the
nominal parameter and worst-case regularized residual norm
over all admissible parameters. This approach leads to a filter
that takes a similar recursive formula as the robust filter and
hence is still online solvable. Furthermore, the proposed filter
admits a same stability property as the robust filter. Intuitively
speaking, this is due to the fact that if the worst case error
goes high, the total cost increases, hence the proposed filter
upper-bounds the worst-case error variance. Simulation results
in Section V show that the proposed filter exhibits a similar
performance to the better one between the Kalman filter and
the robust filter. That is, when the uncertainty is small where
the robust filter can be overly conservative, the performance
of proposed filter is similar to the Kalman filter. On the other
hand, when the uncertainty is large, which leads to a significant
performance deterioration of the Kalman filter, the proposed
filter has a similar performance to the robust filter. Therefore,
the proposed filter is suitable for a wider range of problem
setups compared to the Kalman filter and the robust filter.
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The paper is organized as follows. In Section II, we modify
the Robust Least Square Problem (RLSP) and show how to
solve it. Based on this modified RLSP we give the recursive
formula of the proposed filter in Section III. In Section IV we
investigate the asymptotical behavior of the proposed filter,
i.e., the stability and guaranteed error variance properties.
Simulation results and comparisons with standard and robust
Kalman filter are shown in Section V. In Section VI we give
some concluding remarks.

Notations: Given a column vectorz and a positive definite
matrix W , ‖z‖2

W stands forz⊤Wz.

II. T HE MODIFIED ROBUST LEAST-SQUARE PROBLEM

In [11], the authors addressed the following bilevel opti-
mization problem1 on x which they named asRobust Least-
Square Problem:

min
x

: R(x) , x
⊤

Qx+ max
‖y‖≤φ(x)

[

(Ax−b+Hy)⊤W (Ax−b+Hy)
]

,

(1)
where ‖ · ‖ is the Euclidean norm;Q > 0 and W ≥ 0

are Hermitian weighting matrices and the functionφ(·) is a
non-negative convex function ofx which restricts the choice
of y. Although in general, bilevel optimization problems are
NP-hard, this special case can be solved efficiently. Sayed
showed that, Problem (1) can be converted into a minimization
problem on a scalar variableλ. Furthermore, it is also proved
that this scalar optimization problem is unimodal and hencea
simple line search can solve Problem (1).

Many worst-case analysis problem can be formulated as
Problem (1). However, worst-case analysis tends to be overly
conservative. To avoid this, we consider the following modified
Robust Least-Square Problem which minimizes the convex
combination of the cost under the worst condition and the
cost under the nominal condition.

min
x

: α

{

x
⊤

Qx + (Ax− b)⊤W (Ax− b)
}

+ (1 − α)R(x), (2)

whereα ∈ [0, 1] is the weighting parameter. We show that,
similar to RLSP, Problem (2) can be converted into a unimodal
scalar optimization problem and efficiently solved.

We denote the objective function in Problem (2)byC(x),
and letλ , ‖H⊤WH‖. Further define the following matrix
functionsW (·), W (·), vector functionxo(·) and scalar func-
tion G(·) of λ ∈

[

λ, +∞
)

.

W (λ) , W + WH(λI − H
⊤

WH)†H⊤
W,

W (λ) , αW + (1 − α)W (λ),

x
o(λ) , arg min

x

{

x
⊤

Qx + (Ax− b)⊤W (λ)(Ax− b)

+ (1 − α)λφ
2(x)

}

,

G(λ) , x
o⊤(λ)Qx

o(λ) + (1 − α)λφ
2
(

x
o(λ)

)

+
(

Ax
o(λ) − b

)⊤
W (λ)

(

Ax
o(λ) − b

)

.

Here, (·)† stands for the pseudo inverse of a matrix. The
definition of x

o(λ) is valid, because the part in the curled
bracket is strictly convex onx. (Note thatQ > 0, φ(·) is
convex by assumption, andλ ≥ λ implies W (λ) ≥ 0.)

1It can also be regarded as a Stackelberg Game

Theorem 1: 1) G(λ) has a unique local minimum, and it
is also globally minimal.

2) Let λo , argminλ≥‖H⊤WH‖ G(λ), we have

arg min
x

C(x) = x
o(λo); min

x

C(x) = G(λo).

Proof: DefineR(x,y) , (Ax−b+Hy)⊤W (Ax−b+Hy).
Lemma 1 describes the property ofR(x,y); its proof can be
found in [11].

Lemma 1: (a) The functionmax‖y‖≤φ(x) R(x,y) is convex on
x.

(b) Givenx, the following equation holds

max
‖y‖≤φ(x)

R(x,y) = min
λ≥λ

(Ax−b)⊤W (λ)(Ax−b)+λφ
2(x).

(c) The following scalar valued function

λ
o(x) , arg min

λ≥λ
(Ax− b)⊤W (λ)(Ax− b) + λφ

2(x)

is well defined and continuous.
Hence

min
x

C(x)

= min
x

{

x
⊤

Qx + α(Ax − b)⊤W (Ax− b) + (1 − α) max
‖y‖≤φ(x)

R(x,y)
}

= min
x,λ≥λ

{

x
⊤

Qx + (Ax− b)⊤W (λ)(Ax− b) + (1 − α)λφ
2(x)

}

= min
λ≥λ

min
x

{

x
⊤

Qx + (Ax− b)⊤W (λ)(Ax− b) + (1 − α)λφ
2(x)

}

= min
λ≥‖H⊤WH‖

G(λ).

We now show thatG(·) is unimodal. Denote

H(x, λ) , x
⊤

Qx + (Ax− b)⊤W (λ)(Ax− b) + (1 − α)λφ
2(x).

Note thatC(x) is strictly convex and goes to infinity whenever
‖x‖ ↑ ∞, which implies C(x) is unimodal and has a
unique global minimum. Also note,H(x, λ) has the following
property: fix one variable, then it is a unimodal function of the
other variable and achieves unique minimum on its domain.
This, combined with the continuity ofλo(x), establishes the
unimodality ofG(·) by applying Lemma C.2 in [11].

Consider the case whenφ(x) = ‖Eax + Eb‖2 for some
given Ea and Eb, which is of special interest since the
smoothing step of the filter proposed in Section III can be
converted into this form. Simple algebra yields

x
o(λ) =

(

Q+A
⊤

WA+(1−α)λE
⊤
a Ea

)−1(

A
⊤

Wb+(1−α)λE
⊤
a Eb

)

,

andx
o(λo) is the global optimal solution.

III. F ILTER DESIGN

We now consider the design of a state estimator for a
linear system where the system parameters are subject to
some uncertainties. Our goal is to achieve a good tradeoff
between both the nominal performance and the worst case
performance. Since the former can be a good indicator of
the true performance of the filter and the latter guarantees
the robustness of the filter even if the true parameters are far
from the nominal ones, the proposed filter can lead to a better
performance under the true parameters in many cases.

We consider the following system:

xi+1 =(Fi + δFi)xi + (Gi + δGi)ui, i ≥ 0,

yi =Hixi + vi.
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Here, the driving noisesui and vi are assumed to be
uncorrelated, zero mean and white, with varianceQi andRi

respectively.Fi and Gi are the nominal system parameters,
and(δFi, δGi) ∈

{

(Mi∆iEf,i, Mi∆iEg,i)
∣

∣

∣
‖∆i‖ ≤ 1

}

, for some
known matrix Mi, Ef,i and Eg,i, i.e., we consider the set-
inclusive uncertaintyδFi, δGi given by linear transformation
of norm bounded matrix∆i. This formulation is standard
in robust filter design [7] [11]. We usêxi|j to denote the
estimation ofxi given observation{y0, · · · ,yj}, and usêxi

to denotex̂i|i−1.
The proposed filter is based on a correcting and propagating

process. To be more specific, suppose at timei, let x̂i|i be the
current estimate with error variancePi|i, thenx̂i+1|i+1 is given
by the following two steps:

Smoothing:

(x̂i|i+1, ûi|i+1) := arg min
xi,ui

{

α
[

‖xi − x̂i|i‖
2

P−1

i|i

+ ‖ui‖
2

Q−1

i

+ ‖yi+1 − Hi+1xi+1‖
2

R−1

i+1

∣

∣δFi = δGi = 0
]

+ (1 − α) max
δFi,δGi

[

‖xi − x̂i|i‖
2

P−1

i|i

+ ‖ui‖
2

Q−1

i

+ ‖yi+1 − Hi+1xi+1‖
2

R−1

i+1

]

}

.

Predicting:

x̂i+1|i+1 := Fix̂i|i+1 + Giûi|i+1.
(3)

The smoothing step finds the optimal one-step-ahead smooth-
ing state estimation and noise estimation, and the prediction
step computes the current-step estimation.

Note that, the smoothing part can be converted into a
modified RLSP. Using the result in Section II, with some
algebra we get the recursion formula in measurement-update
form. The readers may find that this is essentially a modified
version of the robust filter.

Algorithm 1: Measurement-Update form
1) Initialize:

P0|0 :=(Π−1
0 + H⊤

0 R
−1
0 H0)−1

x̂0|0 :=P0|0H⊤
0 R−1

0 y0.

2) Recursion:
Construct and minimize G(λ) over
(‖M⊤

i H⊤
i+1R

−1
i+1Hi+1Mi‖, +∞). Let the optimal

value beλo
i . Compute the following values:

λ̂i :=(1 − α)λo
i ∗

Ri+1 :=Ri+1 − λo−1Hi+1MiM
⊤
i H⊤

i+1

R̂−1
i+1 :=αR−1

i+1 + (1 − α)R
−1
i+1 ∗

Q̂
−1
i :=Q

−1
i + λ̂iE

⊤
g,i

[

I + λ̂iEf,iPi|iE
⊤
f,i

]−1
Eg,i

P̂i|i :=(P−1
i|i

+ λ̂iE
⊤
f,iEf,i)

−1

=Pi|i − Pi|iE
⊤
f,i(λ̂

−1
i I + Ef,iPi|iE

⊤
f,i)

−1Ef,iPi|i

Ĝi :=Gi − λ̂iFiP̂i|iE
⊤
f,iEg,i

F̂i :=(Fi − λ̂iĜiQ̂iE
⊤
g,iEf,i)(I − λ̂iP̂i|iE

⊤
f,iEf,i)

Pi+1 :=FiP̂i|iF
⊤
i + ĜiQ̂iĜ

⊤
i

Re,i+1 :=R̂i+1 + Hi+1Pi+1H⊤
i+1

Pi+1|i+1 :=Pi+1 − Pi+1H⊤
i+1R

−1
e,i+1Hi+1Pi+1

x̂i+1 :=F̂ix̂i|i

ei+1 :=yi+1 − Hi+1x̂i+1

x̂i+1|i+1 :=x̂i+1 + Pi+1|i+1H⊤
i+1R̂

−1
i+1ei+1.

The formulas with∗ are the modifications to the recursion
formula of the robust filter. In addition, the cost function
G(λ) and hence its optimal solutionλo are also different.

Before we rewrite the recursion formula in the prediction
form (i.e, propagating{x̂i, Pi} directly) in Algorithm 2, we
need the following two lemma.

Lemma 2:

Pi+1 = FiPiF
⊤
i − KiR

−1
e,i K

⊤
i + ĜiQ̂iĜ

⊤
i , (4)

where

Ki ,FiPiH
⊤
i , Re,i , I + HiPiH

⊤
i ,

Hi ,

[

R̂
−1/2
i Hi

√

λ̂iEf,i

]

.

Proof: First note

P
−1
i|i =(Pi − PiH

⊤
i R

−1
e,i HiPi)

−1

=
(

Pi − PiH
⊤
i (R̂i + HiPiH

⊤
i )−1

HiPi

)−1

=
(

(P−1
i + H

⊤
i R̂

−1
i Hi)

−1
)−1

= P
−1
i + H

⊤
i R̂

−1
i Hi.

(5)

Hence we have

Pi+1 =FiP̂i|iF
⊤
i + ĜiQ̂iĜ

⊤
i

=Fi

(

P
−1
i|i + λ̂iE

⊤
f,iEf,i

)−1
F

⊤
i + ĜiQ̂iĜ

⊤
i

=Fi

(

P
−1
i + H

⊤
i R̂

−1
i Hi + λ̂iE

⊤
f,iEf,i

)−1
F

⊤
i + ĜiQ̂iĜ

⊤
i

=Fi

(

P
−1
i + H

⊤
i Hi

)−1
F

⊤
i + ĜiQ̂iĜi

=FiPiF
⊤
i − KiR

−1
e,i K

⊤
i + ĜiQ̂iĜ

⊤
i .

Lemma 3:

Pi|iH
⊤
i R̂

−1
i ≡ PiH

⊤
i R

−1
e,i .

Proof: From Equation (5) we have

P
−1
i|i (PiH

⊤
i R

−1
e,i ) =(P−1

i + H
⊤
i R̂

−1
i Hi)(PiH

⊤
i R

−1
e,i )

=H
⊤
i (I + R̂

−1
i HiPiH

⊤
i )R−1

e,i

=H
⊤
i R̂

−1
i (R̂i + HiPiH

⊤
i )R−1

e,i = H
⊤
i R̂

−1
i .

By left multiplying Pi|i on both sides, the lemma follows.
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Algorithm 2: Prediction form
1) Initialize:

x̂0 := 0, P0 := Π0, R̂0 = R0.

2) CalculatingPi|i given R̂i, Hi, Pi:

Pi|i :=(P−1
i + H⊤

i R̂−1
i Hi)

−1

=Pi − PiH
⊤
i (R̂i + HiPiH

⊤
i )−1HiPi

3) Recursion: Construct and minimizeG(λ) over
(‖M⊤

i H⊤
i+1R

−1
i+1Hi+1Mi‖, +∞). Let the optimal

value beλo
i . Computing the following values:

λ̂i :=(1 − α)λo
i ∗

Ri+1 :=Ri+1 − λo−1Hi+1MiM
⊤
i H⊤

i+1

R̂
−1
i+1 :=αR

−1
i+1 + (1 − α)R

−1
i+1 ∗

Q̂−1
i :=Q−1

i + λ̂iE
⊤
g,i

[

I + λ̂iEf,iPi|iE
⊤
f,i

]−1
Eg,i

P̂i|i :=(P−1
i|i

+ λ̂iE
⊤
f,iEf,i)

−1

=Pi|i − Pi|iE
⊤
f,i(λ̂

−1
i I + Ef,iPi|iE

⊤
f,i)

−1Ef,iPi|i

Ĝi :=Gi − λ̂iFiP̂i|iE
⊤
f,iEg,i

F̂i :=(Fi − λ̂iĜiQ̂iE
⊤
g,iEf,i)(I − λ̂iP̂i|iE

⊤
f,iEf,i)

H
⊤
i :=

[

H⊤
i R̂

−⊤/2
i

√

λ̂i

]

Re,i :=I + HiPiH
⊤
i

Ki :=FiPiH
⊤
i

Pi+1 :=FiPiF
⊤
i − KiR

−1
e,i K

⊤
i + ĜiQ̂iĜ

⊤
i

ei :=yi − Hix̂i

x̂i+1 :=F̂ix̂i + F̂iPi|iH
⊤
i R̂

−1
i ei

=F̂ix̂i + F̂iPiH
⊤
i R−1

e,i ei.

IV. STEADY-STATE ANALYSIS

In this section we investigate steady-state features of the
proposed filter to demonstrate its robustness. We show that,
the proposed filter admits similar stability and bounded error-
variance properties as the robust filter.

A. Stability

In this subsection we restrict our discussion to uncertainty
models where all parameters are stationary, except∆i which
is allowed to vary with time. Therefore we drop the subscript
i for all stationary parameters. Further assume thatEg,i ≡ 0,
i.e., the uncertainty only appears inF matrix. Hence, we have
Q̂ = Q and Ĝ = G.2 In addition, we fix the parameterλo ,

(1 + β)‖M⊤H⊤R−1HM‖ for some positive constantβ, i.e.,
instead of choosingλo by optimizingG(λ), we approximate
it with a time-invariant constant. From the prediction formula,
we have the following theorem.

Theorem 2:Assume that {F, H} is detectable and
{F, GQ1/2} is stabilizable. Then, for any initial condition
Π0 > 0, the Riccati variablePi converges to the unique
solution of

P = FPF
⊤ − FPH

⊤
(I + HPH

⊤
)−1

HPF
⊤ + GQG

⊤
. (6)

Furthermore, the solutionP is semi-definite positive, and the
steady state closed loop matrixFp , F̂ [I − PH⊤R−1

e H ] is
stable.

2This setting is same as that of the robust filter.

Proof: Note that, forβ > 0, R is strictly positive definite.
Hence R̂ is also strictly positive definite. The remaining
follows a same line as the proof of Theorem2 in [10]. We
defer the detailed proof to the appendix.

B. Bounded Steady-State Error Variances
Further assume the system is quadratically stable, i.e, there

exists a matrixV > 0 such that

V − [F + M∆Ef ]⊤V [F + M∆Ef ] > 0, ‖∆‖ ≤ 1.

Define

F ,

[

F − FpPH⊤R̂−1H F − Fp − FpPH⊤R̂−1H

FpPH⊤R̂−1H Fp + FpPH⊤R̂−1H

]

,

and

G ,

[

G −FpPH⊤R̂−1H

0 FpPH⊤R̂−1H

]

.

Denote

F̂ , F +

[

M
0

]

∆[Ef Ef ].

The following result is the same as Theorem3 of [10]. Again
we postpone the proof to the Appendix.

Theorem 3:Let x̃i be the estimation error, suppose a pos-
itive matrix P satisfies

P − F̂PF̂⊤ − G

[

Q 0
0 R

]

G⊤ ≥ 0, ∀‖∆‖ ≤ 1.

Then
lim

i→∞
Ex̃ix̃

⊤
i ≤ P11,

whereP11 is the(1, 1) block entries ofP . Furthermore, such
P is guaranteed to exist.

V. SIMULATION STUDY

In this section, we investigate the performance of the
proposed filter and compare it to the robust filter and Kalman
filter in three different parameter setups. These setups differ in
the ratio between the nominal parameter and the uncertainty.
We also investigate the performance of differentα for different
ratio setting.

We use the following numerical example, which is also used
in [7] and [10], to compare the performance of the proposed
filter with the robust filter and the standard Kalman filter:

xi+1 = (F + M∆iEf )xi + ui,

yi = Hxi + vi,

where

F =

[

0.9802 0.0196
0 0.9802

]

, G =

[

1 0
0 1

]

, H = [1 − 1],

M =

[

0.0198
0

]

, Ef = [ 0 5 ], Eg = [ 0 0 ],

R = 1, Q =

[

1.9608 0.0195
0.0195 1.9608

]

, x0 ∼ N(0, I).

Observe that∆i is a scalar in this example, and we have

F + M∆iEf =

[

0.9802 0.0196 + 0.099∆i

0 0.9802

]

.
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We note that, in this case, the uncertainty only affects the
(1, 2) entry of matrix F . Furthermore, we notice that the
nominal parameter and the uncertainty are of the same order
of magnitude. The tradeoff parameterα for the proposed filter
is set as0.8 in the simulation.

The empirical average error variance is used to compare the
performance of different filters. To be specific,500 trajectories
with 1000 steps each are generated. For thej-th trajectory, the
observation series{y(j)

i } is then filtered by a particular algo-
rithm to get the state estimation series{x̂(j)

i }. The expected
error variance curve is approximated by

E‖xi − x̂i‖
2 ≈

1

500

500
∑

j=1

‖x
(j)
i − x̂

(j)
i ‖2

. i = 1, · · · , 1000.

In Figure 1(a), the uncertainty∆ is generated according
to a uniform distribution in[−1, 1], and is fixed for the
whole trajectory. In Figure 1(b), the uncertainty is allowed
to vary at each iteration, i.e., in each iteration,∆ is re-
generated (according to a uniform distribution). In both cases,
the proposed filter exhibits a similar steady-state performance
to the robust filter, and a better transient performance. The
transient performance of the Kalman filter is similar to the
proposed filter, but its steady-state error variance for stationary
uncertainty is about2 dB worse. We also observe that, for the
non-stationary case, both Kalman filter and the proposed filter
achieve a better performance compared to the robust filter,
probably due to the fact that time varying uncertainties cancel
out.

(a) (b)
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Fig. 1. Error variance curves: (a) fixed uncertainty; (b) time-varying
uncertainty.

In Figure 2, we simulate the case where the uncertainty is
enlarged, i.e., we setM = col{0.1980, 0}. Note that, in this
case, the uncertainty is one order of magnitude larger than
the nominal parameter. In [10], the authors observed that in
such situation, the performance of the Kalman filter degraded
significantly, which is also shown by our simulation result.In
contrast to the standard Kalman filter, the steady-state error
of the proposed filter is only slightly worse (about1 dB) than
that of the robust filter in the fixed uncertainty case, and is
comparable to that of the Robust filter in the time-varying case.
This shows that by adding the worst-case performance into
the cost function to minimize, the proposed filter overcomes
the sensitivity of the standard Kalman filter and achieves a
comparable robustness as the robust filter.

In Figure 3, we investigate the case where the uncertainty
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Fig. 2. Error variance curves for large uncertainty: (a) fixed uncertainty; (b)
time-varying uncertainty.

is relatively small. To be specific, we set

F =

[

0.9802 0.3912
0 0.9802

]

.

The(1, 2) entry of the originalF is enlarged20 times, which
means the uncertainty is one order smaller than the nominal
parameter in this case. The robust filter achieves a steady-state
error variance around22 dB, while both the Kalman filter and
the proposed filter achieves a steady-state error around16 dB.
This shows that the Robust filter could be overly conservative
and achieve unsatisfactory performance when uncertainty is
comparatively small, whereas the proposed new filter does not
suffer from such conservativeness.
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Fig. 3. Error variance curves for large nominal value: (a) fixed uncertainty;
(b) time-varying uncertainty.

To investigate the relationship between the performance of
the filter and the value ofα, we simulate the steady-state
error variance forα ∈ {0, 0.2, 0.4, 0.6, 0.8, 0.99, 1} 3 under
different ratio settingγ ∈ {0.01, 0.05, 0.25, 1, 4, 20, 100}.
Here,γ = 1 is the original numerical example. Forγ > 1 we
increase the magnitude of the uncertaintyM by γ, whereas for
γ < 1 we increase the magnitude of the nominal parameter
F1,2 by 1/γ. From Figure 4, we see that, whenγ is small,
(i.e., uncertainty is relatively small), largerα achieves better
performance. The smallest steady-state error is achieved by
α = 1, i.e., the standard Kalman filter. This shows that for
relatively small uncertainty, focusing on robustness itself can
degrade the performance of the filter. On the other hand, for
large γ which stands for large uncertainty, the steady-state
error for standard Kalman filter is huge. In contrast, we notice
that even forα = 0.99 which means the robust part plays a

3α = 0 stands for a Robust filter, andα = 1 stands for a Kalman filter.
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Fig. 4. Effect ofα on steady-state error.

very small part in the objective function, the proposed filter
achieves a much better performance. And forγ ≤ 0.8 the
proposed filter achieves a similar performance as the robust
filter. The overall most-balanced filter is achieved by taking
α = 0.8, which has a nearly optimal performance for both
small γ and largeγ.

In short, the simulation study shows that the performances
of both the Kalman filter and the robust filter is sensitive to the
relative magnitude of the uncertainty. In contrast, in all three
cases, the proposed filter exhibits a performance comparative
to the better one, and therefore is suitable for a wider range
of problems.

VI. CONCLUDING REMARKS

In this paper, we presented a new algorithm for state esti-
mation of a linear system where the parameters are not exactly
known. This filter is based on minimizing the weighted sum
of the worst possible residual and the nominal residual. The
resulting recursive form has a computational cost comparable
to the robust filter, and can be easily implemented on-line. We
show that, under certain technical conditions, the proposed
filter converges to a stable steady-state estimator. Besides, the
proposed filter achieves guaranteed bounded error varianceif
the underlying system is stable.

The performance of the proposed filter is compared with that
of the robust filter and the Kalman filter. A simulation study
shows that the proposed filter overcome both the sensitivity
of the Kalman filter and the overly conservativeness of the
robust filter, and hence achieves good performance under a
wider range of parameters.

The main thrust of the proposed approach is to obtain more
flexibility in filter design. As the simulation study showed,the
performance of both the Kalman filter and the robust filter can
varied significantly under different parameter settings. That
is, they can behave rather poor in a non-suitable problem.
Whether a problem setting is suitable for these two filters is
not known beforehand, except a general guildline that small
uncertainty favors Kalman filter and large uncertainty favors
robust filter. Furthermore, the problem parameter itself can be
varying. The proposed filter is of interest in the sense that its
performance does not critically depend on the problem setting,
and still behaves reasonably good even in a adversarial case.
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APPENDIX

Appendix
Proof of Theorem 2
Proof: First, from the filtering recursion, we have the following
closed loop formula for̂x

x̂i+1 =F̂ix̂i + F̂iPiH
⊤

R
−1
e,i [yi − Hx̂i]

=F̂i[I − PiH
⊤

R
−1
e,i H ]x̂i + F̂iPiH

⊤
R

−1
e,i yi.

Now consider the closed loop gain

Fp,i , F̂i[I − PiH
⊤

R
−1
e,i H ]

=F

[

I − λ̂
(

P
−1
i + H

⊤
R̂

−1
H + λ̂E

⊤
f Ef

)−1
E

⊤
f Ef

][

I − PiH
⊤

R
−1
e,i H

]

=F

[

I − λ̂(P−1
i + H

⊤
H)−1

E
⊤
f Ef

][

I − PiH
⊤

R
−1
e,i H

]

=F (P−1
i + H

⊤
H)−1

[

P
−1
i + H

⊤
H − λ̂E

⊤
f Ef

][

I − PiH
⊤

R
−1
e,i H

]

=F (P−1
i + H

⊤
H)−1(P−1

i + H
⊤

R̂
−1

H)
[

Pi − PiH
⊤

R
−1
e,i HPi

]

P
−1
i

=F (P−1
i + H

⊤
H)−1(P−1

i + H
⊤

R̂
−1

H)

×
[

Pi − PiH
⊤(R̂i + HPiH

⊤)−1
HPi

]

P
−1
i

=F (P−1
i + H

⊤
H)−1

P
−1
i ,

and

F

[

I − PiH
⊤

R
−1
e,i H

]

=F

[

Pi − PiH
⊤

R
−1
e,i HPi

]

P
−1
i

=F

[

Pi − PiH
⊤

(I + HPiH
⊤

)−1
HPi

]

P
−1
i

=F (P−1
i + H

⊤
H)−1

P
−1
i .

Thus, we have

F̂i[I − PiH
⊤

R
−1
e,i H ] = F

[

I − PiH
⊤

R
−1
e,i H

]

.

Note the positive definiteness of̂R guarantees thatH is well defined.
Hence, detectability of{F, H} and the stablizability of{F, GQ1/2}
guarantee thatPi converges to the unique positive semi-definite
solutionP of Equation (6), which stabilizes the matrix

F [I − PH
⊤

(I + HPH
⊤

)−1
H].
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Since this matrix equals to the steady state closed loop gainFp, the
stability is established.
Proof of Theorem 3
Proof: Define estimation error̃xi , xi − x̂i, and

δFi ,

[

M∆iEf M∆iEf

0 0

]

.

Hence the extended state equation holds:
[

x̃i+1

x̂i+1

]

= (F + δFi)

[

x̃i

x̂i

]

+ G

[

ui

vi

]

. (7)

Introduce a similarity transformation:

T ,

[

I I
0 I

]

, T −1 =

[

I −I
0 I

]

.

We have,

T (F+δFi)T
−1 =

[

F 0

FpPH⊤R̂−1H Fp

]

+

[

M∆iEf 0
0 0

]

.

Hence the first part (i.e., the nominal matrix, denote asF̃ ) is stable
sinceF andFp are stable.

Furthermore, the following equality

Ef (zI − F )−1
M = [Ef 0](zI − F̃)−1

[

M
0

]

,

shows that the extended system has a sameH∞-norm as the original
system, and hence the extended system is quadratically stable. Hence,
there exists a positive definite matrixV such that

V − (F + δFi)V(F + δFi)
⊤

> 0.

Thus, by scalingV large enough, there exists a positiveP such that

P ≥ (F + δFi)P(F + δFi)
⊤ + G

[

Q 0
0 R

]

G⊤
. (8)

Let

Mi , E

[

x̃i

x̂i

][

x̃i

x̂i

]⊤

,

then the following recursion formula holds

Mi+1 = (F + δFi)Mi(F + δFi)
⊤ + G

[

Q 0
0 R

]

G⊤
. (9)

Subtracting Equation (9) from Equation (8) we get

P −Mi+1 = (F + δFi)(P −Mi)(F + δFi)
⊤ + Qi,

for someQi ≥ 0. The quadratic stability ofF + δFi implies that
P −M∞ ≥ 0.


