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Abstract—Market mechanisms have been suggested in the lastusers do anticipate the effect of their bids. When the users are
few years as a tool for allocating shared networks resources price-anticipators, the market mechanism admits nevertheless

among several competing users. In this paper, we consider the 5 Nash equilibrium for which the efficiency loss is at most
efficiency loss of such mechanisms in the presence of a large

number of users. We model the user interactions as a game 25% for |nelqst|c supply [JT04], and f"‘t most approximately
with a heterogeneous population of players characterized by 34% for elastic supply (where supply is dictated by demand)
random utility functions. If the utility functions are bounded, [JMTO5]. Building upon these encouraging results, we show
then the non-cooperative equilibrium are nearly as efficient as that, under some standard assumptions, the loss of efficiency

the social optimum with high probability when the number of = 504411y tends to 0 when the number of potential users is large.
users is large. This efficiency result holds for a single link with

a fixed or an increasing capacity. Using a standard probabilistic . . . . )
analysis, we show that the efficiency loss incurred by the market ~Comparing socially optimal and equilibrium outcomes in
mechanism decreases almost exponentially in the number of the context of networks has attracted great interest since
users. If, however, the utility functions are not bounded, then the work of Koutsoupias and Papadimitriou [KP99]. For the
the loss of efficiency does not converge to zero. We also providerouting problem, Roughgarden and Tardos [RT02] show that
results for networks by sampling the users at random based on . . .
their paths. t_he total Iate_n_cy experienced by selfish users is _a_t rast
times the minimum total latency. Moreover, empirical study
of selfish routing in realistic environments.g, the Internet)
already suggests that the loss of efficiency is often much less
than the worst-case bound [QYZSO03]. Friedman [Fri04] shows
that the performance degradation due to selfish objectives is
I. INTRODUCTION generally small.
A fundamental challenge in the operation of large-scale
broadband communication networks is how to utilize the In this paper, we study the efficiency loss due to lack of
network resourcee(g, bandwidth) efficiently. Heterogeneouscooperation among users, which can also be attributed to price-
users with a range of demand in terms of transmission rafeticipating behavior in a market environment. Hence, we
are sharing the same network. This gives rise to the needaissume that the central agent has perfect knowledge of the
capture each user's perceived utility from its allocation of thgue utilities, and that every user has knowledge of the sum of
network resource. Furthermore, as a result of the large am@ other users’ bids and acts optimally with regards to its own
sprawling nature of modern networks, it is difficult to managiterest. Loss of efficiency can also be the result of adversarial,
the resource in a centralized fashion. An alternative approagtin-optimal, or collusive behavior among the users; these are
is to allow the users to compete for the network resource, @6t studied here. We will focus on asymptotic results for large
a commodity, through a market mechanism. and heterogeneous populations of users. Our analysis employ
We compare the efficiency of two paradigms: the first istandard probabilistic techniques from machine learning.
a centralized resource allocation mechanism where an agent
divides the network’s resource such that the aggregate utilityThe paper is organized as follows. The market-based re-
of all users is maximized, the second is a decentralizedurce allocation problem is described in SecliorwWe show
market mechanism where users receive amounts of resouteg, under some standard conditions, the loss of efficiency
proportional to their bids. In terms of the aggregate utility aends to 0 almost surely as the number of users tends to
all the network’s users, the centralized allocation mechanignfinity. We first prove this result for a single link (Sectitih),
achieves an optimal solution. Kelly [Kel97] shows that theéhen provide partial results for general networks (Sectdn
market mechanism also admits a competitive equilibrium witkor the single-link case, the result holds whether the link
an optimal solution, provided that the users do not anticipatapacity is fixed (Sectioilll-A) or scales according to the
the effect of their bids on the market price. However, fromumber of users (Sectiofil-B). Moreover, a probabilistic
a game theoretic point of view, it is natural to assume thahalysis shows that the efficiency loss vanishes at a rate
. . o that is approximately exponential (SectidittA). However,
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Il. BACKGROUND We will consider the bidding mechanism, introduced by

In this section, we present the essential model, definitioH§!ly [KeI97], where the users bid for the resource and receive
and assumptions used in the subsequent development. For r@portional shares. A general version of the mechanism is de-
we restrict our attention to a single link. In Sectitiid, we Scribed by Shubik [Shu73] and Shapley [Sha76]. Specifically,
characterize the users and their utility functions. In Secfion 1) every user submits a bid; € R,
Bl we recall the market-based resource allocation mechanisn®) if """, b; > 0, then the price for the commodity is set
based on [Kel97] and describe the resulting user interactions to
from a game theoretic perspective. In Seclibf, we specify )
the probabilistic setup for random utility functions. = &=l

A. Utility functions 3) useri receives an amount; = b;/\ of the commodity.

Consider a set of users, labeldd...,n, that share an In this setting, users can act gmice-takersor price-
amounte of a given network resource. Henceforth, we Wi|ﬂntiCipat0rS PriCe-taking users do not antiCipate the effect of
refer to this resource as tmmodity whether it is traffic, their bid on the price. Whed™" , b; > 0, every price-taking
bandwidth, time-slots, etc. User is characterized by the Useri maximizes its surplus
utility function w; : Ry — R;. We will make the following b,
assumption concerning the utility functions. U; ( ”> —b;.

Assumption 2.1:The utility functions{u,}: A
i. are concave and continuously differentiable, In contrast, every price-anticipating usérmaximizes the
ii. are strictly increasing, with;(0) = 0, following surplus wheny_""_, b; > 0:

ii. have finite slope everywheree,, for all z > 0, we have

ul(z) < oo. b;

Observe that this assumption allows linear utility functions i b; + Z#i bj ¢ = bi
(cf. [Kel97] where a strict concavity assumption is made).
Traffic that leads to such utility functions is referred to as Kelly [Kel97] shows that, when the users behave as price-
elastictraffic [She95]. taker3, there exists a competitive equilibrium, whose corre-

In general, valid utility functions need not have a closedponding allocation is an optimal solution to SYSTEM. This
form expression. We could dispense with the continuowsfectively establishes the equivalence between two interpre-
derivative assumption to the detriment of ease of analysiations of social optimum: price-taking bidding equilibrium
The strictly increasing condition ensures that the amount afid centralized allocation. Hajek and Gopalakrishnan [HG04]
resourcec is entirely allocated. The condition;(0) = 0 is showed the existence of a unique Nash equilibrium under
reflects the notion that no commodity typically implies ndAssumption2.1 when the users behave as price-anticipators.
benefit. For brevity, we will writeu(0) for the initial slope This Nash equilibrium is the solution to an optimization
of useri, i.e, for lim¢ o u;(€). Note that Assumptio@.1does problem similar to SYSTEM, with modified utility functions.
not allow constantly zero functions.

Theorem 2.1 (Hajek and Gopalakrishnan, [HG04]):

B. Optimal and equilibrium outcomes Assume that there are > 2 users, each with a concave,

We now specify the assumptions of the market mechani:%f‘rtﬁ'wy increasing, and continuously differentiable utility

model; for more details, the reader is referred to [Kel97]. F ugcrtgjs';'u:—czeg”;izrt?oﬁ );tsttieaNU;SIﬂU: llj\il|?bsrki1urer1qil2“ttk)1relzusrgllu?igcrjl
the ease of exposition, the number of users and their utili q

functions are assumed fixed (and non-random) in this su _the following optimization problem:

section. GAME
Let z; be the amount of commodity allocated to uger n 1 v
An allocation(z1, ..., z,) achieves social optimality if it is a max Z [(1 _ &) wi(ys) + ,/ wi(2) dz]
solution to the optimization problem Yooy T ¢ ¢Jo @
SYSTEM subject to X:yz <e,
n
=1
P Z“i(m yi>0, i=1,....n.
7’;1 Q) A Nash equilibrium in this setting is a set of bids such that
subject to le <ec no user can increase his utility by unilaterally changing his
= bid. Let the allocatiory,...,y, arise from bids at a Nash

equilibrium between price-anticipating users. We adopt the

o ] following notion of price of anarchy[JT04], drawn from the
We call the objective function of the problem SYSTEM the

aggr?gate Ut”'t.yA central agem with _kn0W|edge Qf the Ut'“ty IKelly's result is under the assumption that the utility functions stritly
functions can implement this allocation mechanism. concave, which is slightly stronger than Assumpii.

z; >0, 1=1,...,n.



analogy between Nash equilibrium and a state where eaclA note on the notation is due. We will generally denote

individual looks exclusively at his own interest: random variables with capital letters.g, X;, Y;), and their
n realizations with small letterse(g, =;, y;). Exceptions to this
POA £ M rule are random variables denoted by Greek letters. In the
2 imy i) following, we will allow the utility functions to be random and
It is also natural to define the more intuitive notionlogs of let n tend to infinity. Consequently, the quantities of interest,
efficiency such as the price of the commodiky the allocationsX; and

Y;, and the efficiency lossOE, are random quantities that
depend ort/(""). For sake of notation, we will simply write

Intuitively speaking, this is a measure of lost benefit to all usef3 superscript™) or make this dependence implicit when it

collectively due to lack of cooperation. Johari and Tsitsikli§ clear from the context.

[JT04] show that the efficiency loss is at magt. for a single It would be convenient to consider the randomization mech-

link and for networks. anism where a scalar random variable multiplies a valid utility
In the single-link discussion, a “socially optimal outcome function. In that case, we obtain

or simply “optimal outcome,” refers to a solution to SYSTEM, Ui (z) = S; w(z),

which is equivalent to a competitive equilibrium among price-

taking users. By “Nash equilibrium outcome.” or simplyvhere S; are assumed to be random scalars, ands a

“equilibrium outcome,” we mean a solution to GAME whichdeterministic utility function that satisfies Assumpti@l.

is equivalent to a Nash equilibrium among price-anticipatin?’e further assume that the sequerite. .., S, is indepen-

users. ent and identically distributed according to some discrete
Remark 1:We do not consider the resource allocation prot?" continuous probability distribution. We will call such a

lem from the perspective of the link owner. We assume thegndomization mechanism scalar modulationof the utility
the capacity: is chosen in advance. functionw. We now present a scalar modulation example that

satisfy Assumptiol®.2, followed by an example that does not
) i satisfy the assumption.

C. Modeling a population of random users Example 2.1 (Modulation satisfying Assumpt@g):

In this paper, we consider populations of random users. \Bappose thaf; has bounded support and thatz) = z. It
will study the asymptotics of the loss of efficiency. Bgymp- is easily verified thal;(x) = S; = satisfies AssumptioR.2.
totic behaviorof efficiency loss, we mean its characteristicSame holds folU;(x) = S; log(1 + x).
when the number of users having random utility functions Example 2.2 (Modulation violating Assumpti@r®): The
tends to infinity. As we will see, many of the users magase ofU;(z) = |S;| = with S; drawn from a Gaussian or
actually receive no commodity at the end of the allocatioexponential distribution violates Assumptic®.2 because
process, so by “user,” we really mean “potential user.” vV = 00.

We model heterogeneous users by a sequence of ran-
dom utility functions drawn i.i.d. from a probability spaceD. Optimality conditions
(2,B,Pr), where ) is a set of utility functions satisfying We now recap the set of conditions that characterize socially
Assumption2.1. We will useU; to denote the random utility optimal and Nash equilibrium allocations, as presented in
functions andu; for realizations ofU;. Let v denote the [Kel97] and [JTO4]. First, consider the social optimization

LOE £ 1 — POA.

supremum ofu’(0) among all functionsu € ©Q, i.e, v & SYSTEM (1) has the following optimality conditions for a

sup,cq{v'(0)}. The following is our basic assumption on thdixed n.

set of allowed utility functiong. « For all i such thatxl(") >0, we haveu;(mgn)) — A\
Assumption 2.2:The probability measurBr has a positive In other words, all active users’ utility functions have

density on{2 and the utility functions inQ have uniformly the same slopa (™) at their respective allocation levels

bounded slopes at Qg., v < co. 2™ . This condition is guaranteed by the concavity and

We will show that Assumptior.2 together with Assump- continuous first derivative o&i(xgn)).

tion 2._1 g_L!arantee _that, with h_|gh prqpablllty, no single user . For alli such thatxl(-") — 0, we haveu!(0) < A(™.
has significantly higher marginal utility at O than the rest n o (n) L .
. - . : e > . ,x; = c This is true because of the strictly
in the many-users limit. In the following, we are interested =~ = [ . .

. . 2 : increasing utility assumption.

in what happens in the many-users limit. To this end, w ‘e that o iive if and onlv if its initial sl
model an increasing sequence of populations of users by e that a usen IS active 11 and only It Its initial siope

. . i (n) ! (n)
following recursively generated sequence of sets of randdt strictly greatt.ﬁtr than\ ’t."e" _:flfl(o) f>péi\b) ' becane ﬂ?f
utility functions with increasing cardinality: € concave ulility assumption. Therelore,” represents the

shadow price of the commodity.
U =y}, U™ =u"Yu{u,}, forn>2. Similarly, let 4™ denote the solution to the Nash equi-
ibrium optimization problem GAME2). Since the modified

Observe that, here and later, when we say that the num ?i[ity function from GAME

of users tends to infinity or writes — oo, we mean that y
additional users enter the game while those users already i(y) = (1 — y) ui(y) +1/ ui(z) dz,
present remain in the game. ¢ ¢ Jo



also satisfies the criteria of Assumpti@l, we can derive Proof: The bound follows immediately from the Hoeffd-

optimality conditions in the same manner. ing Inequality for Bernoulli random variables [Hoe63]. ®
« For all i such thatyz(") > 0, we have In the following, we derive the convergence rate of the
(n) efficiency loss. We start with the following definition.
1% ul( (n)) _ (0 Definition 3.1 (Active users)Theactive usersire the users
c i\Yi He that receive non-zero allocation. We will employ this term

) ) for the socially optimal outcome or the Nash equilibrium,

taking the derivativgl)oﬂi(y). Theorem 3.2 (Exponential convergenc€onsider a
« For alli such thaty;"’ = 0, we haveu;(0) < ™). single-link resource allocation problem with random utility
¢ iy yE") =c. functions satisfying Assumption2.1 and 2.2. For a fixed

Notice the similarity between the two sets of optimalitg € (0,v), there existé > 0 and¢ > 0 such that, for
conditions for the socially optimal and equilibrium outcomes; > [¢/8] /4,

which already hints to the correspondence sought after. c
Pr (LOE(") > —) < exp {—2
14

(¢ — Lc/éJ)Z}
n
[1l. ASYMPTOTIC BEHAVIOR OF EFFICIENCY LOSS FOR A Proof: Let (™ denote the shadow price of the com-

SINGLE LINK modity in the problem GAME [2) with utility functions

In this section, we establish the convergence of the loss@f, ... U, and a fixech. We proceed in two steps. In the first
efficiency to zero under the model and conditions set forth #iep, we bound the value ebe(™ in the event than(™ is at
Sectionll. Our main theorem says that, with a broad class @fastr — . In the second step, we give a necessary condition
utility functions, selfish competition is asymptotically just asor this event and establish its high likeliness.
efficient as the best possible centrally enforced allocation. Végep 1 BoundLoE(™ in the event thap(™) > v — .
also consider the case where the link capacity scales accordingecall that, for the original problem, we denote the ag-
to the number of users. Finally, we illustrate the result througftegate utilities of the socially optimal and Nash equilibrium

simulation with randomly drawn utility functions. outcomes bE?:l U;(X;) andZ?zl U, (Y;) respectively. We
can easily verify that
A. Rate of convergence n
In this section, we investigate the rate at which the efficiency Z Ui(X;) < ve. (5)
=1

loss tends to 0 as the number of users increases. We show that
the probability that the loss of efficiency is larger than som@bserve also that ifi™ > v — ¢ for a fixede > 0, then the
positive constant decays (almost) exponentially in the numhggstimality conditions ensure that
of users. We begin with an example where the decay of this n
probability is exponential. (V) = (V) > (v —€e.

Let 6 > 0 be fixed. Suppose that we have a set of utility ; biv) Z Uil¥y) 2 (v —e)e ©)
functions{w; } within which is a unique function, say,, that
satisfies, the condition

4 active
Combining Inequalitiesd) and ), we obtain the following,
in the event thap(™ > v —,

)
<1 — c) wi (0) > wj(0), for all w; # w. 3) Loe™ — 1 S Ui(Y;)
’ TS Ui
If in addition we have at leasfc/d| users with the utility (Zyjl_le)c( 6)
function w1y, then all the capacity will be allocated to users <1l- B < >

with utility w, in both the price-taking and price-anticipating ._
outcomes by the optimality conditions. In other words, if th&tep 2 Bound the probability of the everfu(™ > v — e}.

loss of efficiency is greater than 0, then the number of usersConsider a realization,, ..., u, of the random utility
with utility function w; must be smaller tharic/6]. This functionsUy, ..., U,. By Assumption2.2, for everye; > 0,
reasoning translates into: we havePr(U/(0) > v — ¢) > 0. By the continuity of the
(n) derivative of u; (Assumption2.1), for every e, > 0, there
Pr(Loe™ > 0) exists ad, > 0, such that ifdz € (0,82), then u(d3) >
le/o) /) . . u}(0) — e2. Combining these two facts, fak; € (0,4d2), we
< kz_o (k) Pr(U; = wl)k(l —Pr(U; = wl)) . have
- ! i
As shown in the following lemma, this probability approaches Pr(Ui(03) 2 v = e1 = €2) 2 Pr(l;(0) 2 v —e1) > 0, (7)
zero exponentially fast for large enough For a fixede > 0, we pick ad, > 0 be such that

Lemma 3.1:Form,n € N, ¢ > 0, andn > m/q, (= 60/ — 1 —e2) > v ¢ ®
— V4 — 61 =€) -6

i(g)qk(l—Q)"_kSeXp{—ZW}- 4 or 54§(1”)C.

k=0 V—e€ —€



Finally, we letd = min(d3,d4) andy) = Pr ((1-6/c) U/(6) > capacity as an increasing function N — R, of the number

v— e). Observe that by Equation8)(and (7), we have of usersn. We make the following assumption to exclude the
situation where bothk(n) and the allowed utility functions are
Y >Pr((1-6/c)Uj(0) > (1—6/c)(v—e1 — €2)) unbounded.
>Pr(Uj(0) >v—e —e) >0. Assumption 3.1For every v € Q, the limit 7 =

im, ., u(z) exists. If ¢(n) is not bounded, then the utility
unctions u € 2 are uniformly boundedj.e. there exist
constants? and3 such that for alk, € 2, we have3 < u < 3.
k20| > [c/d], (9) Moreover, for everye > 0, there exists a finit¢€ > 0 such
that for everyu € Q andz > ¢, we haveu — u(z) < e.
Theorem 3.4 (Increasing capacityConsider a single link
with an amount of commodity:(n) that is asymptotically
sublinear ¢(n) € o(n)), linear ¢(n) € ©(n)), or superlinear
A , , (c(n) € w(n)). Under Assumption2.1, 2.2 and3.1, the loss
Hence, the Nash equilibrium price of the commod;fy)_ must 0f<e¥“ficien(c32 converges t0 almost surely as the number of
be greater than—e. Note that by including the remaining-k users tends to infinity.
users into the allocation process, the price of the commodity Proof: When ¢(n) is bounded,n eventually exceeds
can only increase. T_her(_afore, if there alre at ldagb] users le(n)/6]/1¢ as n increases. There;‘ore, Theoref2 and
W('H; high enough utility,i.e., (1 —6/c) uj(d) = u — ¢, then Corollary[3.3 still hold with ¢ replaced bye(n). We consider
u™ > v —e. It follows that the cases where(n) is o(n), ©(n), andw(n) separately.

Let I' be the set of users whose utility functions satis
(1 —-46/c) u}(d) > v — e. Suppose that

and that we allocate only among the users ifi. One way
to do so is to divide: evenly among thé users inI'. In this
allocation, all users i receivec/k units of resource and
have marginal utilities:,(c/k) > (1—1/k)" (v —¢€) > v —e.

n Case 1 ¢(n) € o(n).
(n) _ Nk (1 — )" F . . . . .
Pr(pt™ 2 v —¢) 2 Z <k>¢ =)™, First, consider a sublinear capacity functiefn) € o(n).
k=[c/d] Observe that the convergence result of ThedBeEdoes not

Ly i rely on the fact that is fixed. Hence, it remains valid when we

= Pr(uW<v—e <) <k> P (1=v)""". (10) replace the hard capacityby a capacity functior(n) € o(n),

k=0 sincen > |c¢(n)/d] /v for large enoug. Theoren3.2is not

Finally, the stated result follows from EquatiodQf and useful however whem(n) is linear or superlinear, since the
Lemma3.1 m conditionn > [¢(n)/d] /v no longer holds for large.

Note that the value of is a free parameter. ChoosingCase 2 c¢(n) € w(n).
a smaller value foré results in a larger factor) in the Consider a superlinear capacity functiofr) and an arbi-
exponent, but the term subtractéce( |¢/d|) also increases. trary realizationu, . .., u, of Ui,...,U,. By the pigeonhole
Furthermore, the value d@f also affects the lower bound on principle, there must be a pair of users—say usendi,—
(i.e, |c/d] /). who receive at least(n)/n units of commodity in the socially

Remark 2:In the derivation of the Theorer®?2, we are not optimal and Nash equilibrium outcomes, respectively. By
restricted by the fact that users are added into the system éwmsumptions2.1 and3.1, asn — oo, we have
by one asn increases. The same result holds if we sample

a distinct set ofn i.i.d. users for each value af, so that A =l (&™) <l (e(n)/n) — 0,
U, .. U™ are mutually independent. Yy

The following corollary follows from Theorer8.2 by the and p™ = <1 - CE%) uj, (yg’))
Borel-Cantelli Lemma.

Corollary 3.3 (Almost sure convergenceonsider a re- < (1 _ C(n)/n) Wl (e(n)/n) — 0.
source allocation game with concave utility functions satis- - c(n) 2

fying Assumption2.1. Suppose that the utility functions are; ; ;
s S e ) et and denote the sets of active users for the sociall
drawn i.i.d. from a distribution satisfying Assumptigh?. Asoand-ve y

. optimal and Nash equilibrium solutions, respectively. In turn,
Then the loss of efficiency tends tb almost surely as the P . °d . P %/n)
AP the optimality conditions (Secticit-D) guarantee that; ' —
number of users tends to infinity. H

(n) ;
Remark 3:The assumptions of the preceding results caf’ an_dyjA _>Ito<f> ‘T‘IS” _';hoot ffOf every use(l)z € ngo and everyh
be relaxed. Indeed, this result still holds for sets for utilityserj € ine. [tTollows that for everye > U and large enoug

N () T () i
functions wherev = oo, provided thatPr(U/(0) = cc) > 0 " We haveti; —u;(z;™) < e andw; —u;(y; ™) < e Finally,

[YMOB]. we obtain that

Remar_k _4:The related question of e_alm_ost sure convergence - P Uz'(Yi(”)) > e — €)
of the efficiency loss when the capacity is elastie.(depen- POAYY = —~ (X > — S
dent on demand) is studied in [YMOS]. 2 i1 Uil i,) =1

>1- 2 g Ane Wi . ne
B. Increasing capacity on a single-link Zi:Lui D1 Wi
C
In this section, we consider the effect of increasing the >1-— [ARel 5 € (11)

link capacityc as the number of users grows. We model the B nf It}



where |Afg| is the number of users that are inactive in theet (Z;) and (y;) denote the optimal and equilibrium al-
equilibrium solution. Lets be a constant such that> n(™ locations, respectively, for users with the utility functions

and N(”)((S) be the number of users witﬁjf(o) < 4. Since y,...,4, instead ofwuy,...,u,. By definition, we have
N®)(5) is the sum of i.i.d. Bernoulli random variables, we>_;_; @;(&;) > >.7 ; 4;(2;). Combined with Equation1),
obtain, asn — oo, we obtain
ARel _ N™(©) as, / n n n
< Pr(U;(0) <§
n = 5 o rt0)=9), D wilw) < (i(xs) +€) <Y di(d) +en. (13)
which can be made arbitrarily small by choosifig= 2™ i=1 i=1 i=1

for n large enough. _ .
The second fraction of Inequalitylf) can also be made Our next goal is to bound _;_, ;(7;) from below by
arbitrarily small by the choice of. It follows that the » ;_;ui(yi)—A(e)n, whereA(e) satisfies thalim. o A(e) =

efficiency loss tends to 0 almost surely. 0. Let us consider four optimization problems. The first prob-
Case 3 ¢(n) € O(n). lem is GAME [2) as applied to the sampled utility functions
For a linear capacity function(n), we adopt a different u1,...,u,. The second problem is a modified version of

approach since we do not expect the pricéd and (™ GAME where users belonging to the same partitidp are

to converge to a constant. Consider first a probability spagenstrained to have the same allocation. In the third optimiza-
with a finitely many utility functions§2 = {w, ..., w,,}. Let tion problem, users in the same partitiOy are constrained

u1, ..., uy, denote a realization df,, ..., U,, and IetNJ(”) be to have the same allocation, and assigned the same (infimal)
the number of users whose utility functioris;, anin(") be fepresentative utility functiono,. The fourth optimization

the amount of commodity allocated to each such user. Fif§PPlem is GAME as applied to the representatives . . , iy
by symmetry of the equilibrium allocation, and then by th¥/€ Show that, for large enough the aggregate utility between
strong law of large numbers, we obtain solutions to these optimization problems cannot differ by more

than a linear factor im and a diminishing factor in.

(n) pr(n) . . .
YN < ce(n), Let TI(i) denote the partition function, that i§l(i) maps
o oy < e(n) as, d asn from a sampleu; to the partition();, that it belongs to. The
() Pr(U; = wj) n oo, second optimization problem is
J
where ¢ £ lim,, ., c(n)/n. Combining this result with n trie) 1 [t
the conditions for social optimality and Nash equilibriummax > Kl - c(n)) u; (i) + C(n)/ u;(2) dz]
of Sectionlll-D}, we conclude that the optimality conditions =~~~ i=1 0
coincide in the limit. Hence, likewise, the loss of efficiency =
tends to O almost surely. st Z;tn(i) < ¢(n); (14)

To extend this result to a general set of functiéhyave will
show that the set of functions satisfying Assumpti@nt; 2.2,
and 3.1 can be closely approximated by a finite set of

t, >0, k=1,...,L

functions. Fixe > 0 and let¢ > 0 be a finite constant suchWe claim that for large enough, the solutiontf, . ot of
that for everyu € Q and everyz > ¢, we have problem @4) must satisfyd i, wi(y:) > d.i_; wilty,) —
¢en, whereg is a positive constant. Indeed, for large enough
u(z) —u(C) <e n, the second term of the objective function is negligible and

as guaranteed by the assumptions. We pick a partition B¢ term in parentheses is approximately 1. Therefore, when
Q restricted to[0, ¢], which is also ane-ne? [AB99]. Such solving GAME, if we restrict the solution to having the same
an e-net exists becausé is finite, the members of2 are VvalueifII(i) = II(j), each user's utility diminishes by at most
uniformly Lipschitz, andQ is uniformly bounded. Let this- €. Next, we replace the utility functiom; with @; = W,

net be denoted b§;, ..., Q,, where/ is a function ofe. Given according to our partition. This leads to:
thee-netQq, ..., Qy, we define the following representative

functions@y,(z) = inf,eq, u(z), fork = 1,..., £. Sincewy, is - tey \ _

the infimum of concave functions, it is also a concave function, oA, Z 1= c(n) One) ()

but it may not belong t62. Moreover, it follows that for every =t

triga)
u e, andz € Ry, we haved < u(z) —w(z) <e. +L/ wH(i)(Z)dZ:|
Consider an arbitrary realizatiom, . . ., u,, of the random c(n) Jo (15)
utility functions. To eachy; we associate a representative func- biect t - ; <
tion @; = wy, if u; € Q. By construction and Assumpti@, subject to Z (i) < ¢(n),
u; andd; are such that: =1
th >0, k=1,...,¢

lui(z) —u;(2)| <e foreveryz > 0. (12)

) ) ) . As a result, for large enough, the problem [15) is an ¢
Recall that for a function clag? : R — R, a sup-norne-net is a partition . . N -
of Qinto Q. ..,y such that for every < k < ¢ and every pait, v € O perturbatlon of problem1d) _by construction. I_Soth op_tlmlz_a-
we have thasup,, cg |u(z) — v(z)| < e tion problems are perturbations of the followidgterministic



problem:

max Zpk K )) wk(tk)Jrc(lm/otkwk(z)dz}

Zpktk < e¢(n)/n, (16)
k=1

te>0, k=1,....0

7

where p;, is the probability of sampling a utility function in
Q. when sampled usingr.

By standard results for perturbed concave optimization

problems [Ber03], the solution to problerii5) are close to

the solutions of14) because they are both perturbations of

0.06

0.04 B

w
O 0.03p 4
3

0.02 4

0.01f 1

_ 0 ‘ ‘ ‘ ‘ ‘
problem (@6). Formally, both of them are random perturbations 0 2000 4000 6000 8000 10000 12000

and we can use perturbation results only for largeThis is
justified since we eventually take to infinity in the proof.

Therefore, the difference in the aggregate utility is boundé:(‘P

by nA (e) for someA (e) satisfyinglim, o A;(e) = 0.

number of users

LOE versusn for S; = utility functions andS; sampled uniformly
) The error bars have width equal to one standard deviation.

The final optimization problem is GAME for the modified

utility functions:

s $2[( ) om

Y1seeesUn i—1

I
*m/() wHWdZ] 17)

n
subject to Zyl < ¢(n),
=1
gjizo, i=1,...,n.

By the concavity of eacty;, and following a similar argument,

it follows that the aggregate utility cannot decrease by more

than a linear factor ik andn when comparing problem4.5)
and L7). To summarize, there exists a smooth functid(e)
such thatlim, o A(e) = 0 and:

Zuz(yz) > Zﬂz(ﬂz) — A(e)n. (18)

By Equations 13) and (18), it follows that for everye and
large enough,

S wiy™) o X w”) — Aln
Siyuia™) T Sy () +en

POA™) =

Since

S (@) = > ai(e(n)/n)
i=1 i=1

>n min 4;(c(n)/n) >0

i=1,...,n
and > ai(a{") > > @),
=1 =1
we obtain that for every and large enough,

nooa A(n) o
POA(n) > Zz luz(y( )) A( ) (19)
iy i)

0.06

0.051 i

0.04f B E

0.03 [ 1

LOE

0

number of users

Fig. 2. LoOE versusn for S; z/(1+ z) utility functions and.S; sampled
uniformly in (0, 1).

whereA(e) is a smooth positive function witkh (0) = 0. As

we have established, the price of anarchy for finite types of
utilities and linearly increasing capacity-e:, the first term

on the right-hand side of Inequalit{9)—tends to 1 for every

realization ofuq,...,u,. Sincee can be chosen arbitrarily
small, we conclude that the loss of efficiency tends to 0 almost
surely. [ ]

To validate the results, we simulate the loss of efficiency
for different numbers of users. For scalar-modulated linear
utility function, Figurel shows that the mean loss of efficiency
decreases exponentially in the number of users. Likewise,
Figure 2 shows the simulated loss of efficiency for a type
of modulated non-linear utility functions. Since there is no
closed-form solution for these utility functions, we resort to
generic optimization algorithms, which cause prohibitively
long simulation times for large numbers of variables. For this
reason, we restrict the number of users to be small.



IV. SITUATIONS WHERE THE LOSS OF EFFICIENCY DOES
NOT TEND TO ZERO

In this section, we show that the loss of efficiency is 0.2y 1
bounded away from O with a positive probability for certain
classes of distributions for the random utility functions. In
particular, we consider the case of linear utility functions
U;(x) = S; z, with slopesS; drawn i.i.d. from some class of
distributions with infinite support. For this task, we first relate
the loss of efficiency to a ratio of order statistics, then apply
results about the asymptotic distribution of order statistics. The
theory of order statistics is treated in [DNO3] and [LLR83]  005f il
among other places.

Definition 4.1: Let S £ {S;,...,S,}. The order statis-

0.15F 4

0.1f B

Lower-bound on LOE

tics a; (S™) anday(S(™) are the largest and second-largest 0 02 o4 06 08 !
elements ofS(™). For brevity sake, we will shorten,(S(™) o

(n) ,
o a; . Fig. 3. Lower-bound onLoE as a function ofa(z"’)/ag").

It can be verified that when evef§f has unbounded support,
the sequences of highest slopas(S(™), ay(S™), and the
sequence of shadow pric@s(S(”)) do not converge ass From simple calculations, we obtain
tends to infinity. This prompts us to study and describe the .
asymptotic behavior of the efficiency loss in terms of the ratio @(n) _ (1 N agm)
1 - ’

of the two highest slopesi{™ /al™. RO

; , 1
Lemma 4.1 (Bound on LOE as a functioncdf” /a{™): -1

Consider a game among users with fixed utility functions ~(n) _ Q2 1+ Qg C_

of the formu;(z) = s; x, s; > 0. Forn > 2, the efficiency

loss is bounded from below as follows:

From the observation at the outset and the definition of

RO efficiency loss, it follows that
o (1-3)
LOE™) > (n) Y L+ <a?r;>>
“ (1 + aﬁm) PoOA™) < #, for all n > 2,
Proof: The result is algebraic in nature, and will be 1+ (Z?n)>
proved for anyn and any realization of the random quantities !
involved. We letsy, ..., s, denote realizations of1, ..., .S,. () (1 _ a%ﬂz>
At the outset, observe that for linear utility functions, the . | og(m > 22 0 foralln > 2. (20)
aggregate utility at the Nash equilibrium is highest when there a§"> (1 a“)
are fewest active users. For any allocatigp) that assigns oy

positive allocation only to two users (sdyand 2) with the

: (n) (n) .
highest slopesy;’ anday ', we have

The lower-bound on the loss of efficiency from Equa-
. tion (20) is plotted in Figure3.

(n) ~(n) (n)(n) . Corollary 4.2 (Necessary condition for zero LOEA nec-
Qe T 2 Z Sillis essary condition for the loss of efficiency to tend almost surely
to 0 is:

where (y;) is the equilibrium allocation for the game with aé”)
all n users. Hence, the equilibrium aggregate utility among a lir{g{ngr = Oorl|=1.
group of users with slopes,...,s, is less than the equi- &

1
2 . . . Our next aim is to derive asymptotic characteristics of the
librium aggregate utility among only two users with maXImarlatio (") 7, using the theorv of order statistics. The largest
slopesa™ anda{™. In this case, the optimality conditions > ‘2 /o g Y ' g

- n) (n) i he first
Sectionll-D) vield the set of equations: and second-largest slopeé, andas, ’, are said to be the firs
( )y a and second maximairder statisticsof the setS(™). Given the
)\ _(m) n) deterministic sequence§,, | I, > 0} and {m,,}, we define
(1 — Y ) 0 = the linearly normalized order statistich.LR83]:

(1-5") af? = v, AL (™ —my), (21a)
g+ g =c. P8 21, (ol —my,). (21b)

=1



These linear transformations are indispensable in order fg(x) = S; x does not satisfy Assumptic®.2 sincer = co.

avoid degenerate distributions as— co. The following the- If we setl,, = (xn)~/¢ andm,, = 0, we obtain [LLR83]:

orem, due to Gnedenko, describes the asymptotic distribution 16 (n)

of the suitably normalized maximal order statistic. Pr (('i n)= oy’ < Z) — = Ga(29).
Theorem 4.3 (Extremal types, [LLR83])et S; be inde- In other words,F € D(Gs).

pendent random variables drawn from a distributibiiz) For a fixed parametef > 0, which is suppressed to

(n) _ . L
and a; = max (S, ..., ). If there exist deterministic o notation, we can derive the following limiting distrib-

squences{ln | In > O,} (?L?d {mn} such th?t t'he 'nolrmallzed utions characteristic of the &chet extreme value distribution
maximal order statistip; ’ converges in distribution,e., [LLRS3]:

Pr (pgm = Z) o G, Fp (21) = e, >0,

for some non-degenerat@, then G belongs to one of the and the following joint, marginal, and conditional probability
following three families of extreme value distributichgpr density functions [LLR83]:

somed > 0: g =0
fpl’pg(zl,zg):92(zle) 1=0e=2" ()< 29 < 29,

Gumbel) Gi(z) =e ¢~ R 1.9 270
( )= —;79 e 0 fo(z1)=027""¢ 719 ’ 7921 -0 #)
(Frechet) Gy(z;0) = { € 0 ’ j i 07 foalpr (22, 21) = 92271796_22 e, 0< 29 < 2.
(Weibull) G (z; 0) = { eI 2 <0, It also follows that
s = —0 —0
1, z > 0. szlpl (22’ Zl) —e %2 51 (26)

Furthermore, we say thaf’(z) belongs to the domain of By conditioning and using the above relations, we can
attraction of the corresponding extreme value distribution. ,5und from below the probability thaié")/ag") is between
The next theorem gives the necessary and sufficient cQNzng 1 — ¢ in the limit n — oo, for ¢ € (0,1/2). Since
ditions for a cumulative probability distribution to belong to (n) _ (kn)~1/0 o™ fori=1.2. we have
the domain of attraction of each of the three extreme valué v o
distributions. . al
Theorem 4.4 (Domains of attraction, [LLR83]ket F(z) fiminfPr | e < o) <l-e
be the distribution function of the sequence of i.i.d. random ! (n)
variables{S;}. Let us denote the upper-bound of the support_ . . cp. < Pa 4 _ 6)

€< —/—=
by zr £ sup{z | F(z) < 1}. Let us write ' € D(G;) when n—o0 pi™
F belongs to the domain of attraction 6f, i = 1,2, 3. Then, o oo (n) (n)
« F e D(G,) if and only if there exists a strictly positive — lﬁfr_l,{féf/o Pr(ez <py” <(1=€)z | p" = 2)

function g(t) such that

i 1-— F(t + g(t)z)
iee  1— F(D)

d(Pr(Pgn) = 21))
—e 7 forall zeR. (22) (by Fatous Lemma

[Fﬁﬂm((l - 6)2’1, Zl) - sz\m (621721)]fp1 (Zl) dz;

o« '€ D(Gy) ifand only if zp = co and there exist8 > 0

such that (by Equations|26) and 25))
1-F(t e —o - —o_— - -
tlirgo 1_1;‘((:)) — 270’ for all z > 0. (23) > /0 |:€7(176) 0270 o€ O] 9} o1 992;1—067z1 stL
« F € D(Gs)ifand only if zr < oo and there exist§ > 0  Since the above integrand is positive for< ¢ < 1/2, we
such that conclude that in the limit as — oo, the ratioal™ /o™ is
1— F(zp — t2) bounded away from both 0 and 1 with some positive proba-

T Fer—p 2, for all z > 0. (24) bility. In this case, by Corollar4.2, the expected efficiency
Observe that slopes; drawn from a distributionF < 0SS is bounded away from 0. _
D(Gs) must be bounded from abovey < co); hence, 10O obtain numerical estimates for the asymptotic lower-
Theorem3.2 holds. Furthermore, the Gumbel-type distribubound on the loss of efficiency, we rely on simulations results
tions have a light tail (Equatior2@)), whereas Fechet-type Such as Figur@. We note that the standard deviation of the
distributions have a heavy tail (Equatic23)). loss of efficiency does not decrease to 0. This implies that
Example 4.1 (Pareto distribution)Consider the Pareto dis-€ven if the number of users is large, significant variation in
tribution functionF(z) = 1—x z~?, with parameters, » > 0, the loss of efficiency is expected. _
and with supportx!'/? o). If S; has a Pareto distribution, Example {1.2_(Ce_1uchy d|§tr|but|on7rhe preceding result.s
then it is easily verified that the distribution of utility functionsfor Pareto distribution readily extend to the case of one-sided
Cauchy distribution, wherd(z) = 2 arctan(z)1(,~q], with
3Also known as max-stable distributions. l, = tan (%) andm,, = 0 [LLR83]. In this caseF € D(Gs)
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Fig. 4. LOE versusn for S; z utility functions andS; sampled with Pareto Fig. 6. LOE versusn for S; x utility functions, S; sampled with exponential

distribution ¢ = 2). distribution.
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0.2t ] 50
0.15 B
w 0.5} : 40
o
- w
e}
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F_ig. 5. LOE versusn for S; x utility functions andS; sampled with Cauchy

distribution ¢ = 1). Fig. 7. Empirical joint relative frequency ofOE and as/a; out of
5 x 10* experiments forS; z utility functions, S; sampled with exponential
distribution, andn = 103 users.

with the parametef = 1. Similarly to the Pareto distribution,

the loss of efficiency does not converge to 0, nor its empirical

standard deviation (see Figub: ) ) . .
In fact, for every Fechet-type random variable (with heavyincrease withn [DNO3]. Nonetheless, simulations suggest that

tail distribution), we can find a linear transformation wittffVen for Gumbel-type random variables, a non-zero loss of
m, = 0 [DNO3]. Therefore, the same result as for Parefo(liCiency can be expected (Figué
distribution example holds, which we summarize in the fol- Figure (7 shows the relative frequency of pairs of values
lowing corollary. for (LOE, a1 /as) obtained from a simulation where the user
Corollary 4.5 (Non-zero asymptotic loss of efficiency): slopesS; are drawn at random according to the exponential
For scalar-modulated linear utility functions of the forndistribution F(z) = (1 —e*)1.,50. The distinctions be-
Ui(z) = S;z, with S; drawn i.i.d. from some distribution tween Gumbel-typeg(g, exponential, Gaussian) andéehet-
F € D(G>), the loss of efficiency does not tend to 0 almogi/pe .9, Pareto, Cauchy) random variables is further empha-
surely asn increases to infinity. sized by inspecting Figur&s 8, and9. They also highlight the
The proof follows the same lines as Examgld. empirical difference in the distribution af,/«; for various
For Gumbel-type random variables (with light-tail distribudistributions of utility functions. For Fchet-type distribu-
tions), such as exponential and Gaussian random variablegioihs, there is a noticeably broader range of values taken by
is not clear if a similar result can be proved. Difficulties arises/«;. In Figured?7, 8 and9, we can also clearly observe the
because the normalizing sequences (cf. Equations 21)) outline of the lower-bound plotted in Figu®:
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and destinations. The links of the network compose the set of

o €dgest. To every linkey, € € is associated its capacity.®.
Consider a set ofi deterministic users of the network:

02} 1., {1,...,n}. Let 2 = (zx) € R'f"" denote an allocation

where usei receives on linke;, a non-negative amount ; of
0 commodity. We are exclusively interested in feasible alloca-
015y 1 tions, i.e., allocations satisfying the hard capacity constraints:
Yoz < ¢ foralleg, € €. For this section, we assume that
each user belongs to one ofinite number oftypesof users,
denoted byry,..., 7. In other words, the sets;,..., 7,
partition the set of user$l,...,n}. We write: € 7; when
005} useri belongs to type; and we let|7;| denote the number of
| 1™ users of typer;. Moreover, we assume that all users belonging
to the same type ar@entical expect for their labels. Each
02 0.4 06 08 1 type of usersr; is (completely) characterized by a function
2% w; :+ RIE™ — Ry, which is the utility function for the
members ofr;. Under an allocatiort, user: of type 7; has
the following scalar-modulatelihear utility function:

w35 2) = s(ry) - (nin ).

eLET;

0.25F 3

LOE

30
0.1r 1

20

Fig. 8. Empirical joint relative frequency afoE andas /vy out of 5 x 104
experiments foiS; z utility functions, S; sampled with Gaussian distribution,
andn = 103 users.

025r ] wherer; is a path inG ands(7;) > 0. Observe that the utility

function captures the notion that the amount of flow that user
can dispatch is limited to the minimum allocated commodity
along the path it employs. Observe also that the utility function
also captures the notion that every user of typemploys the
samefixed path 7; in the network. In the network context,
we say that usei of type 7; is activeif its effective flow is

%0 positive, i.e.,

60

50

0.5} 40

LOE

0.1r

min z; , > 0.
20 eRET; ik

0051 By extension, a type of users is active if there is an active

useri € ;.
An allocationz = (z; ) is socially optimal if

110

m

SN w3 = 30w 2),

Fig. 9. Empirical joint relative frequency afoE andas /a1 out of 5 x 10% Jj=lier; j=lier;
experiments forS; x utility functions, .S; sampled with Pareto distribution, or equivalently:

andn = 103 users.
m m
> % st (i i) = 35 st (i ).
V. NETWORKS j=1li€T; j=li€eT;

In this section, we give an analogue of CorolleéB/3 for every feasible allocation. Let 7* denote the set of active
extended to networks with arbitrary topology. We constraitypes of users under the optimal allocatigni.e, 7 = {7; |
the users’ utility functions to be linear for convenience of; is active;. Hence,|7*| denotes the number of active types
analysis. The case of linear utility functions is noteworthgf users.
because it lies at the “boundary” of the class of concave
funcnons of Assumptio2.1 The s_et of linear utility funcnc_ms B. A market-based allocation mechanism for networks
is also rich enough to present situations where the efficiency.

X . . i _ The market mechanism under study is the same as [JT04],
I(%Sesciisomil/);lmahﬁ. [JT04]) and asymptotically non negllglblewhich extends the single-link version of Sectidh. The

mechanism allocates each link's resources proportionally to
the bids on that link, except when the sum of the bids is zero.
A. Network model More precisely, every user submits a bid and request pair

We model a network as a simple undirected gfagh=

. . 5For the sake of notation, we use the subscript inklém denote the link
(N, E). The set of nodegV' comprises the possible sources, P

5We do not consider the question of optimal routing. We also assume that
4parallel edges and self-loops are not allowed. traffic flows are unsplittable.
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(big,Tike) € R%r to every linkey, in the network. Bids of zero 1) the strategy profile(bi,l;_i) is such thatzé,# by > 0,

are permitted, so that usérmay submit bids of 0 to links and that priceu of the link is
outside the path that it needs. Each linkthen allocates its
commodity as follows: fof =1,...,n, n 1
n ) }:wﬁ=<1—hw>qqy (27)
if bo >0, thenz; , = ———2 ¢ =1 !
; 2,k & bk + 5o bk k
_ Ti ks it S ek < o, 2) and the number of users of type is such that
otherwise,z; . = ’ 175
' 0, otherwise
Given the above mechanism and assuming linear utility func- |7j| > max (S(Tj)a c/e+1, (s(ry)efe)’® + 1) .
tions, 3 price—anticipat.ing userof type 7; and with strategy Proof: The result is algebraic. Note thaT,; b, > 0
(bi, ;)" has the following payoff: implies that the requests,,...,r, have no effect on the
R outcome. The payoff to userof type 7; is
payoff; (bi, 7i,b—s, i) = s(7;) - (minv Zi,k) = > bix. ’
eRET; en€E b,
In this section, we use the following concept instead of that payoff; = S(Tj)bi + 30 béc — bi.

of Nash equilibria.

Definition 5.1: For a fixed e > 0, a strategy profile If user bids b; + , for somed > 0, its payoff becomes

(b1,71,...,by, 1) is ane-equilibrium if
ayoff; biv ivgfiv _‘71' > payoff; b/a /'7572'7 _Li -6 bz )
payoff; (bi, rs, bi, ™) > payoff; (b, ri, bi, i) — € payofft® = s(r;); 5—% o (b +9)

for all (b],7) € R? and for every usef =1,...,n. i 0+ i be

We write ¥ = (z;,) and§ = (y; 1) to denote, respectively, — s(7) bi+o (b + 6)

a socially optimal allocation and an allocation induced by an 75)c+ !

e-equilibrium strategy profile. b;
<s(r;)— —b; + s(1;) —— — 4.
_S(TJ)M 5(71)5/6_1_”

C. Probabilistic model of random users

Finally, consider a probability spacg?, F,Pr) over the
finite set of functions? = {wy,...,w,}, wherew; is the

Suppose, on the one hand, thdat ¢, then

utility function of type j users. We m_odel tht_a users of the | > s(r;) = s(75) <1< 0

network as a sequence of random utility functiéns. .., U, - |71 — c

drawn i.i.d. over this probability space. In the same spirit as ) s(1)
Assumption2.2, we assume that ead; is distributed such = s(m) < - +s(7) il ¢ TH
that Pr(U; = w;) > 0 for everyw;. The loss of efficiency, as S

in the single-link case, is defined in terms of aggregate utility = S(Tj)m -4 <0,

of all users in the network. However, in the network context,
e-equilibria may not be unique. Hence, the efficiency loss is = = s
a function of thee-equilibrium allocationy' (™). In this paper, Which implies that payoff® < payoff,. Suppose, on the other
we limit our comparison to thdest e-equilibrium outcome hand, thaw (0, ¢], then, for everye > 0,

and the socially best outcome,

. c ) |75
. rU(Y™ i > +1 = €e> > > 4 1)5
it Log(P) & e 1 2= U)o ml = el 22 (R
e-equilibria e-equilibria Z?" L Ui(X(n)) S(T ) S
= i) _ N
where the infimum is over all-equilibrium strategy profiles. - €2 < 1 1) 02 S(Tj)é/c + ’

In this setting, we show that the loss of efficiency tends to
zero almost surely as the number of users tends to inﬁniWhich implies that payoff5 < payoff. + .
We begin with a lemma. ) o - i ,

Lemma 5.1:Consider a network with a single-link of ca- Next, if useri bids b; — 9, for somed & (0, b;], its payoff
pacity ¢ andn deterministic users. For eveey> 0, the payoff becomes
to a useri of type 7; is such that

b, — 0
o - - ayoff % = J————c—(b; =6
payoff;(b;, b_;) — payoff,(b;,b_;)| <, Payom S(Tj)bz‘ =0+ D g b’ (b =)
N b, — 0
for everyb; € R, provided that = S(Tj)m — (b = 9)
"We use the notatioh; for the vector(bi,k)ekgg andllz- for the strategy < S(Tj)@ — b + S(Tj) b; 5/0 S(Tj) 1) s

profile all users other than usérlikewise for r;. W — d/c B uw—2a/c
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Therefore, o if i; andiy belong to the same typs, thenz;, = z;,.
s s(15) In other words, no user is allocated more resource than
payoff; * — payoff; < e—o\ 1 bi = s(rj)e+ (ne =9) | necessary, users receive zero allocation on links outside their
s I7] s(7;)e path, and users of the same type receive the same allocation.
P <T.|]_ 70— \7-?\ 5) Letting x(7;) = >.;c, @i we can find such a solution by
H J J solving the following linear program:
1 S(Tj)C bl
ST\ Tyl T S
Til — 7 Til — max s(1i) z(75),
1 b; &(71)seest(Tm) ; (73) 2(75)
=l 1nl -1 subjectto 3 a(r) < eccs @O
1 1 S(Tj)c TjiepET;
Tnl=1nl -1 gyl T 2(r;) >0, j=1,....m,

since|r;| > (s(r)c/e)'/* +1. We have thus shown that user Step 2 Construct a candidate strategy profile for which we
cannot improve its payoff by more than B ill verify the e-equilibrium conditions.
Theorem 5.2 (Efficiency loss in networks)ithin the net-  Given such an allocatiofiz; ;,) that solves the linear pro-
\r/]VOVk setting described in this section, for every> 0, we gram 8), we can construct the following strategy profile:
ave

. bir =Cwxik, forevery user and linkey, (29)
Pr &Lh_{folo e_eé{}iﬁbria'-.o_E(?/(")) = 0) =1 o rix = T, forevery user and link e, (30)
Remark 5 Ithough e-equilibria and Nash equilibria arewhere{(k.} satisfies the following constraints:
not unique in the network game, for large enoughwe can
construct ane-equilibrium starting from a socially optimal (. >0, for every link e, (31a)
allocation. Since the price-taking competitive equilibrium also Ce =0, foralles¢r", (31b)
gives the socially optimal allocation [Kel97], it somewhat 1
justifies our particular choice of-equilibrium studied. This Z (= (1 — ) s(r;), forall 7 € 77, (31c)
price-taking equilibrium is arguably the most natural outcome e, en; 751
of the game because additional costs may be incurred to find Z G > s(r;), forallm; & . (31d)
a more profitable strategy. =
5

Note that this theorem does not subsume those from pre- .
vious sections due to the fact that we assume that there is Ve shall use facts from linear programrrﬁmgnd the con-
finite number of types of users and these users are limitedtifauity of solutions to linear equations to show the existence

having linear utility functions.
Proof:

and show that it occurs with high probability.

Step 1 Find a particular socially optimal allocation (with

symmetry and other properties).
Consider a realizatiom, ..., u, of the linear utility func-

of a set{(}} satisfying the constraint81). Consider the dual

We proceed in five steps. In the first step9f the linear program2g):
we describe a symmetric socially optimal solution. In the
second step, we construct a candidate strategy profile for an
e-equilibrium. In the third and fourth steps, we verify the
equilibrium conditions for the constructed strategy profile. In
the fifth step, we identify the event for which our claims hold

1]
min c ,
Ciseeslg) ; k G
subjectto > G >s(ry), j=1,...,m,
eLE™;
(>0, forallegeéf.

Since the primal linear program has an optimal solution, its
dual also has an optimal solution. Furthermore, the optimal

tions. First, an optimal social allocation exists and is theolution satisfies the primal feasibility, dual feasibility, and

solution to the following linear program:

, SN s(r) @i,

j=liecT;

max

{zi K}t {z:
subject to z; < z; 1,

n
> @ik <on, ex €L,

i=1
Ti k Z Oa
Zg Z Oa

e €T, 1€ T,

i=1,...
1=1
Next, observe that there exists a solution such that

o if i € 7, thenz; , = a;, for all e, € 75,
o z;; =0forall e, &mj,

y 1y ekegv

n.

ey

complementary slackness conditions. It follows that there exist
vectors¥ and( that solve the following system of equations.
(Primal feasibility)

S a(r) <, foralle €, (322)
Tji€RET
w(r) 20, j=1,...,m, (32b)
(Dual feasibility)
Z Ck > S(T]‘), 7=1...,m, (32C)
eREM;
¢ >0, foralle,eé, (32d)

8Necessary results can be found in [Chv83] and the references therein.



(Complementary slackness)

Z Ce =s(my), 75€7, (32e)
e EM;
(=0, foralle, suchthat Y a(r;) < cx.
Tji€RET
(32f)

Note that Equations3Re) and B2f) form only part of the
complementary slackness conditions.
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its payoff by more than some> 0, that is,
Ck cems
<bé:> — Z bik + e,

eLET;

s(75) Jnin

> s(7;) er:lei%

where (;, denotes the resultant pric(ezeﬂ oy + Bi’k) /cx
of link e;. Clearly,

By perturbing the terns(r;) in Equation 82€) and remov-
ing the constraints for; € 7* in Equations82¢), we obtain

726'“67” bik > min bf’k )
ZEkEﬂ'j Ck' ek'ewj Ck

moreover, by construction, we have

26: G2 s(r), g (332) in (bi,k) ZEkeﬂ'j bi,k
CkET; = =

o ! ) 33b wems \ Gk 2 en; Sk
e;» Gk = ( - |Tj> s(y), mET 335) Hence, we get a contradiction with Lemifial

In addition, useri cannot improve its payoff by adjusting
bids among the links on its path while keeping the sum
and B3K) in the system of equation$2). By continuity of 2_e,cx, Vit fixed. The reason is that if some bid . de-
the solution to Equations32g, there exists & > 0 small creases, the overall flow decreases as well. It is optimal for
enough such that fopr;| > s(r;)/6, there exists a solution @ active user to requestr;, as specified in the given
(z',¢7) to the new system of equations. Hence, there existSHategy profile. 1f¢; > 0, then all requests are ignored.
set of variableg¢; } that satisfy the system of equatioigly, !f ¢+ = 0 and all othgr users request their socially optimal

Next, let us verify that that the allocation induced by thgllocanon acgord|_r|1_g a, Lhen _requcra]stmﬁhk > Tik do%s not
strategy profile[29)-(30) is socially optimal. Observe that by'Ncréase user's utility (otherwise, the allocation’ would not

construction of the candidate strategy profile (Equatig))( °€ OPtimal). Obviously, neither does requesting. < =i
we have benefit uset.

Step 4 Verify equilibrium conditions for inactive users.

Let us replace Equation82¢) and B2€) by Equations33g)

n n Consider an inactive user € 7;, and a strategy profile
Z Tek = Z Tgp < Cke where usei alone deviates fronb; ;) to (b; x). Its new payoff
=1 =1 becomes

Hence, in the event that;_, b, , = 0, the allocation of each
link ¢y, is

C Y b

e €E

payoff,(b;, b_;) = s(7;) (min m)

e ET;

- by i
oo T where Zi7k:~l—7
bie + 0z bek

Observe that usei's optimal bidding strategy must be such
thatz; , = z; for a constang; for all e;, € 7; and that; ;, = 0
i=1,..fopall ex ¢ ;. Hence,

payOffZ-(i)i,g_i) < S(Tj) Zi — Z Z; gka

e e,

Zig =ik 1T i=1

n_iree<cr] = ik, Ck-

When "), bex # 0, the allocation of each link, is

_ bik
bi,k + ZZ#L bf,k

Ck Ti k

> ke

In sum, by construction of botb; ;, andr; , (Equations|29)

a%@i))(,éhke).allocat|on resulting from the strategy profile I?/vherefk is the_ new price of IinI@k._Since user's bi_ds(Bi,;C)
Note that the allocatiofy; ;) induced by the given strategyare non-negatwe, we havg > ¢ Finally, by Equation$1a),

S 7 . . we find that

profile is the same as the optimal allocatigp; ;). Hence,

active users are the same in both allocations. For the same

realizationuy, . .., u,, we now proceed to show that the above

strategy profile is a Nash equilibrium by showing that the

payoffs to both inactive and active users cannot be improvgdfollows that an inactive usei cannot improve its payoff

unilaterally. unilaterally. By the same reasoning as for active users, it is

Step 3 Verify equilibrium conditions for active users. optimal for each inactive userto request; ,, = 0 as in the
Consider an active user of type 7;. Suppose thatr;| candidate strategy profile.

satisfies the assumption of Lemnfal Suppose, on the Step 5 Identify the probabilistic event for which Steps 2, 3,

contrary, that user pIays(Ei}k) instead of(b; 1) and improves and 4 hold.

Ck Ck = Tik,

Zik

payoffi(l;i,l;_,») S 21 S(Tj) — Z Ck S 0.

eLET;
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Recall that|r|,..., || are random quantities that de-idealization. We consider a countable number of partici-

pend on the random utility functiong/;,...,U,. For a pants, whereas using the continuum model inherently ensures
fixed 6 > 0 and everyn, we define the eventr,, = that each individual participant is strategically insignificant
{|m(Un,...,U,) < 1/5for somej € {1,...,m}}. Let [AumG4].

A

q = Hlanzl

..m Pr(U; = w;). By Lemmal3.1, we have The second approach involves replicating a finite set of
participants, without explicit regard for capturing heterogene-
ZPY(E") < Zm j:I?aXmPr(hﬂ (U1, Un) < 1/9) ity. In a sequence of replica markets, where increasingly

.....

n=0 n20 large market are created by adjoining a copy of an original
/o), X . finite market, individual rationality is compatible with social
=< mz Z (k>q (1-q)" rationality (.e., price-taking behavior) in the limit [RP76],
n20 k=0 [Gre80], [Rob80]. Green [Gre80] shows that if a sequence of
/6ol equilibria converges, the limit is a price-taking equilibrium of
=m Z (k) FQ—gn* the corresponding continuum representation. In dynamic mar-
n=0 kets, however, Green [Gre80] gives counter-examples where

+m Z exp{Q (ng — L1/5J)2} < 0. Non-cooperative equilibria fail to be efficient even with a
> (17060)] n !arge_ number of p_art|_0|pants. R_obert_s [Rob_80] examines when
) - individual rationality is compatible with social rationality and
Therefore, by the Borel-Cantelli Lemma, the probability thg{rice-taking behavior. In more general sequences of economies
infinitely many eventsk, occur is 0. Therefore, for large ot necessarily generated by replication), Roberts and Postle-
enoughn, we have|r;| > 1/5 with probability 1 for every aite [RP76] show that the incentive for one participant to
type 7;. We have shown that this event guarantees that thef&iate from price-taking behavior becomes arbitrarily small
is an optimal allocation that maps to aquilibrium with the i, the limit, as long as each participant’s relative endowment
same allocation. The claimed result follows. become arbitrarily small as well.
For finite markets, Postlewaite and Schmeidler [PS78] show
that under additional conditions on the initial distribution of
The subject of games with many players, and particulartgsources, any allocation resulting from a Nash equilibrium is
markets with many traders, has been extensively studiedapproximately efficient for a large enough economy. Our work
economic theory and game theory. The idea that price-takidifers from [PS78] in that we relax their restrictions on the
behavior is characteristic of large markets has been arounifial distribution of resources and that we consider efficiency
for a long time. It is often observed that non-cooperatiwith respect toaggregateutility.
equilibria of markets tend to be inefficient in the presence of The present work offers a new take on an old problem.
few participants, but efficient when there are many comparaltie resource allocation problem that we consider is a special
participants. The notion of perfect competition among a largase of markets (or exchange economies) described in the
number of producers dates back to Cournot’s 1838 wolikerature. In terms of motivation, modeling, and analysis,
[Cou38]. In this section, we situate our contributions witlour work is very different. Our emphasis lies in modeling
respect to some related works. heterogeneity, and not only the effect of large numbers. We
There are predominantly two approaches for modelinga@lopt a probabilistic line of analysis. An important distinc-
large number of participants. The first approach assumesidgn is that we consider a random sampling of a countable
continuum of participants. This does not give any informationumber of participants with a continuous set of characteristics
about what happens with few or moderately many usefse. utility functions in our case). This allows us to derive
In a market with a continuum of traders,g, represented convergence results applicable to finite markets. Our method
by an interval of the real line, Dubegt al. [DMCS80] of sampling random participants is similar in spirit to that of
show that, under conditions of convexity of strategy setPalfrey and Srivastava [PS86]. They consider an economy with
continuity of outcomes with respect to strategies, anonymity &ftochastically replicated” agents possessing random private
traders, and aggregation of other traders’ strategies, every npiformation, and show that the incentive to conceal one’s
cooperative equilibrium of continuum markets is Walrasiaprivate information decreases to zero as the number of agents
and hence, efficient. However, an important question is thtcreases. In contrast to our work, part of their results rely on
extent to which the continuum-of-participants assumption réne assumption that each agent’s private information is drawn
flects markets with large, but finite, numbers of participantrom afinite probability space. Furthermore, we also consider
This question is addressed in [HM72], [DMCS80], [Gre80}he possibility that amount of commodity available varies with
[Gre84], and [Car03], among other works. Hildenbrand antle number of users.
Mertens [HM72], Dubeyet al. [DMCS80], and Green [Gre84]
show that the limit of a sequence of equilibria of finite markets
is an equilibrium in a continuum market if the equilibrium
correspondence is upper hemicontinuous. However, there exidin this paper, we studied the efficiency loss in two market
sequences of finite games whose Nash equilibria differ greathechanisms proposed by Kelly [Kel97] for the allocation of
from those of the corresponding continuum-of-agents gamestwork resources. Not only is the loss of efficiency bounded
[Car03]. We do not rely on the continuum of participantf)T0O4], it also converges to zero exponentially under some

VI. RELATED WORKS IN ECONOMICS

VII. CONCLUSION



standard assumptions in the single-link case (Sectibh [Gres0]
We further showed almost sure convergence of the efficien%y 84
loss in the case where the capacity is a function of ttﬁere ]
number of users. A similar result for the case of elastieiGo4]
capacity is presented in [YMO06]. There are, however, cases
e FHM72]
where the efficiency loss provably does not converge to zelro
(SectionlV). We have established that the loss of efficiency
also converges to zero in general network topologies whétpe63]
users have linear utility functions (Sectidwl). Therefore,
bigger—more populous—networks are usually more efficienimMTos]
Analogies can be drawn with works in the economics literature
(SectionVI).
We conclude that the lack of central regulation, or qgfiTo4]
cooperation among users, does not result in efficiency loss
as long as no single user enjoy the commodity much MOf&197]
than the rest. Interpreted differently, we can also conclude that
price-anticipating i(e., individually optimal) behavior is not [KP99]
considerably more advantageous than price-taking behaviof)ifkgs
the presence of many comparable users.
This work is an initial step toward understanding the be-
. . PS78]
havior of large and random competitive networks. Our setup
requires combining tools from probability, optimization, and
game theory, which is reminiscent of the machine learningS8el
methodology. The methods developed here can possibly (897503
adapted to other setupg.g, selfish routing) to draw sim-
ilar conclusions. By sampling the utility functions from
dependentrandom process, it is further possible to mod
user-respons¢o a certain network situation. Another naturalrrP76]
extension is the inclusion of users that are not self-optimizing.
Further important research directions include studying thergo
effect of network topology on the loss of efficiency. It would be
interesting to see whether some topologies exhibit a redudé@’®l
loss by design. Another related problem that may, perhaps,
be approached using a probabilistic model are games whgig95]
routing is part of the strategic decision, as opposed to our
assumption of fixed routing given the network topology. Fi[Shu73]
nally, as we observed in experiments, even for linear utility
functions modulated by a random variable with heavy-tailMO6]
distribution, there is significant asymptotic efficiency loss.
Characterizing the asymptotic distribution of this efficiency
loss is a challenging problem.

Rob8o]
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