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Efficiency of market-based resource allocation
among many participants

Jia Yuan Yu and Shie Mannor

Abstract— Market mechanisms have been suggested in the last
few years as a tool for allocating shared networks resources
among several competing users. In this paper, we consider the
efficiency loss of such mechanisms in the presence of a large
number of users. We model the user interactions as a game
with a heterogeneous population of players characterized by
random utility functions. If the utility functions are bounded,
then the non-cooperative equilibrium are nearly as efficient as
the social optimum with high probability when the number of
users is large. This efficiency result holds for a single link with
a fixed or an increasing capacity. Using a standard probabilistic
analysis, we show that the efficiency loss incurred by the market
mechanism decreases almost exponentially in the number of
users. If, however, the utility functions are not bounded, then
the loss of efficiency does not converge to zero. We also provide
results for networks by sampling the users at random based on
their paths.

Index Terms— Game theory, convex optimization, games with
many players, extreme value theory, network resource allocation.

I. I NTRODUCTION

A fundamental challenge in the operation of large-scale
broadband communication networks is how to utilize the
network resource (e.g., bandwidth) efficiently. Heterogeneous
users with a range of demand in terms of transmission rate
are sharing the same network. This gives rise to the need to
capture each user’s perceived utility from its allocation of the
network resource. Furthermore, as a result of the large and
sprawling nature of modern networks, it is difficult to manage
the resource in a centralized fashion. An alternative approach
is to allow the users to compete for the network resource, as
a commodity, through a market mechanism.

We compare the efficiency of two paradigms: the first is
a centralized resource allocation mechanism where an agent
divides the network’s resource such that the aggregate utility
of all users is maximized, the second is a decentralized
market mechanism where users receive amounts of resource
proportional to their bids. In terms of the aggregate utility of
all the network’s users, the centralized allocation mechanism
achieves an optimal solution. Kelly [Kel97] shows that the
market mechanism also admits a competitive equilibrium with
an optimal solution, provided that the users do not anticipate
the effect of their bids on the market price. However, from
a game theoretic point of view, it is natural to assume that
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users do anticipate the effect of their bids. When the users are
price-anticipators, the market mechanism admits nevertheless
a Nash equilibrium for which the efficiency loss is at most
25% for inelastic supply [JT04], and at most approximately
34% for elastic supply (where supply is dictated by demand)
[JMT05]. Building upon these encouraging results, we show
that, under some standard assumptions, the loss of efficiency
actually tends to 0 when the number of potential users is large.

Comparing socially optimal and equilibrium outcomes in
the context of networks has attracted great interest since
the work of Koutsoupias and Papadimitriou [KP99]. For the
routing problem, Roughgarden and Tardos [RT02] show that
the total latency experienced by selfish users is at most4/3
times the minimum total latency. Moreover, empirical study
of selfish routing in realistic environments (e.g., the Internet)
already suggests that the loss of efficiency is often much less
than the worst-case bound [QYZS03]. Friedman [Fri04] shows
that the performance degradation due to selfish objectives is
generally small.

In this paper, we study the efficiency loss due to lack of
cooperation among users, which can also be attributed to price-
anticipating behavior in a market environment. Hence, we
assume that the central agent has perfect knowledge of the
true utilities, and that every user has knowledge of the sum of
the other users’ bids and acts optimally with regards to its own
interest. Loss of efficiency can also be the result of adversarial,
non-optimal, or collusive behavior among the users; these are
not studied here. We will focus on asymptotic results for large
and heterogeneous populations of users. Our analysis employ
standard probabilistic techniques from machine learning.

The paper is organized as follows. The market-based re-
source allocation problem is described in SectionII . We show
that, under some standard conditions, the loss of efficiency
tends to 0 almost surely as the number of users tends to
infinity. We first prove this result for a single link (SectionIII ),
then provide partial results for general networks (SectionV).
For the single-link case, the result holds whether the link
capacity is fixed (SectionIII-A ) or scales according to the
number of users (SectionIII-B ). Moreover, a probabilistic
analysis shows that the efficiency loss vanishes at a rate
that is approximately exponential (SectionIII-A ). However,
under different assumptions, we use the theory of extreme
values to show that the loss of efficiency does not tend to 0
(SectionIV). The positive and negative results are interspersed
with illustrative simulations. In SectionVI , we discuss our
work in perspective with related works in economics.
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II. BACKGROUND

In this section, we present the essential model, definitions
and assumptions used in the subsequent development. For now,
we restrict our attention to a single link. In SectionII-A , we
characterize the users and their utility functions. In SectionII-
B, we recall the market-based resource allocation mechanism
based on [Kel97] and describe the resulting user interactions
from a game theoretic perspective. In SectionII-C, we specify
the probabilistic setup for random utility functions.

A. Utility functions

Consider a set of users, labeled1, . . . , n, that share an
amountc of a given network resource. Henceforth, we will
refer to this resource as thecommodity, whether it is traffic,
bandwidth, time-slots, etc. Useri is characterized by the
utility function ui : R+ → R+. We will make the following
assumption concerning the utility functions.

Assumption 2.1:The utility functions{ui}:
i. are concave and continuously differentiable,

ii. are strictly increasing, withui(0) = 0,
iii. have finite slope everywhere,i.e., for all z > 0, we have

u′i(z) < ∞.
Observe that this assumption allows linear utility functions
(cf. [Kel97] where a strict concavity assumption is made).
Traffic that leads to such utility functions is referred to as
elastic traffic [She95].

In general, valid utility functions need not have a closed-
form expression. We could dispense with the continuous
derivative assumption to the detriment of ease of analysis.
The strictly increasing condition ensures that the amount of
resourcec is entirely allocated. The conditionui(0) = 0 is
reflects the notion that no commodity typically implies no
benefit. For brevity, we will writeu′i(0) for the initial slope
of useri, i.e., for limε↓0 u′i(ε). Note that Assumption2.1 does
not allow constantly zero functions.

B. Optimal and equilibrium outcomes

We now specify the assumptions of the market mechanism
model; for more details, the reader is referred to [Kel97]. For
the ease of exposition, the number of users and their utility
functions are assumed fixed (and non-random) in this sub-
section.

Let xi be the amount of commodity allocated to useri.
An allocation(x1, . . . , xn) achieves social optimality if it is a
solution to the optimization problem

SYSTEM

max
x1,...,xn

n∑

i=1

ui(xi)

subject to
n∑

i=1

xi ≤ c,

xi ≥ 0, i = 1, . . . , n.

(1)

We call the objective function of the problem SYSTEM the
aggregate utility. A central agent with knowledge of the utility
functions can implement this allocation mechanism.

We will consider the bidding mechanism, introduced by
Kelly [Kel97], where the users bid for the resource and receive
proportional shares. A general version of the mechanism is de-
scribed by Shubik [Shu73] and Shapley [Sha76]. Specifically,

1) every useri submits a bidbi ∈ R+,
2) if

∑n
i=1 bi > 0, then the price for the commodity is set

to

λ =
∑n

i=1 bi

c
,

3) useri receives an amountxi = bi/λ of the commodity.

In this setting, users can act asprice-takers or price-
anticipators. Price-taking users do not anticipate the effect of
their bid on the price. When

∑n
i=1 bi > 0, every price-taking

useri maximizes its surplus

ui

(
bi

λ

)
− bi.

In contrast, every price-anticipating useri maximizes the
following surplus when

∑n
i=1 bi > 0:

ui

(
bi

bi +
∑

j 6=i bj
c

)
− bi.

Kelly [Kel97] shows that, when the users behave as price-
takers1, there exists a competitive equilibrium, whose corre-
sponding allocation is an optimal solution to SYSTEM. This
effectively establishes the equivalence between two interpre-
tations of social optimum: price-taking bidding equilibrium
and centralized allocation. Hajek and Gopalakrishnan [HG04]
showed the existence of a unique Nash equilibrium under
Assumption2.1 when the users behave as price-anticipators.
This Nash equilibrium is the solution to an optimization
problem similar to SYSTEM, with modified utility functions.

Theorem 2.1 (Hajek and Gopalakrishnan, [HG04]):
Assume that there aren ≥ 2 users, each with a concave,
strictly increasing, and continuously differentiable utility
function. Then there exists a unique Nash equilibrium, and
the resource allocation at the Nash equilibrium is the solution
to the following optimization problem:

GAME

max
y1,...,yn

n∑

i=1

[(
1− yi

c

)
ui(yi) +

1
c

∫ yi

0

ui(z) dz

]

subject to
n∑

i=1

yi ≤ c,

yi ≥ 0, i = 1, . . . , n.

(2)

A Nash equilibrium in this setting is a set of bids such that
no user can increase his utility by unilaterally changing his
bid. Let the allocationy1, . . . , yn arise from bids at a Nash
equilibrium between price-anticipating users. We adopt the
following notion of price of anarchy[JT04], drawn from the

1Kelly’s result is under the assumption that the utility functions arestrictly
concave, which is slightly stronger than Assumption2.1.
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analogy between Nash equilibrium and a state where each
individual looks exclusively at his own interest:

POA ,
∑n

i=1 ui(yi)∑n
i=1 ui(xi)

.

It is also natural to define the more intuitive notion ofloss of
efficiency:

LOE , 1− POA.

Intuitively speaking, this is a measure of lost benefit to all users
collectively due to lack of cooperation. Johari and Tsitsiklis
[JT04] show that the efficiency loss is at most1/4 for a single
link and for networks.

In the single-link discussion, a “socially optimal outcome,”
or simply “optimal outcome,” refers to a solution to SYSTEM,
which is equivalent to a competitive equilibrium among price-
taking users. By “Nash equilibrium outcome,” or simply
“equilibrium outcome,” we mean a solution to GAME, which
is equivalent to a Nash equilibrium among price-anticipating
users.

Remark 1:We do not consider the resource allocation prob-
lem from the perspective of the link owner. We assume that
the capacityc is chosen in advance.

C. Modeling a population of random users

In this paper, we consider populations of random users. We
will study the asymptotics of the loss of efficiency. Byasymp-
totic behaviorof efficiency loss, we mean its characteristics
when the number of users having random utility functions
tends to infinity. As we will see, many of the users may
actually receive no commodity at the end of the allocation
process, so by “user,” we really mean “potential user.”

We model heterogeneous users by a sequence of ran-
dom utility functions drawn i.i.d. from a probability space
(Ω,B, Pr), where Ω is a set of utility functions satisfying
Assumption2.1. We will useUi to denote the random utility
functions andui for realizations ofUi. Let ν denote the
supremum ofu′(0) among all functionsu ∈ Ω, i.e., ν ,
supu∈Ω{u′(0)}. The following is our basic assumption on the
set of allowed utility functionsΩ.

Assumption 2.2:The probability measurePr has a positive
density onΩ and the utility functions inΩ have uniformly
bounded slopes at 0,i.e., ν < ∞.
We will show that Assumption2.2 together with Assump-
tion 2.1 guarantee that, with high probability, no single user
has significantly higher marginal utility at 0 than the rest
in the many-users limit. In the following, we are interested
in what happens in the many-users limit. To this end, we
model an increasing sequence of populations of users by the
following recursively generated sequence of sets of random
utility functions with increasing cardinality:

U (1) = {U1}, U (n) = U (n−1) ∪ {Un}, for n ≥ 2.

Observe that, here and later, when we say that the number
of users tends to infinity or writen → ∞, we mean that
additional users enter the game while those users already
present remain in the game.

A note on the notation is due. We will generally denote
random variables with capital letters (e.g., Xi, Yi), and their
realizations with small letters (e.g., xi, yi). Exceptions to this
rule are random variables denoted by Greek letters. In the
following, we will allow the utility functions to be random and
let n tend to infinity. Consequently, the quantities of interest,
such as the price of the commodityλ, the allocationsXi and
Yi, and the efficiency lossLOE, are random quantities that
depend onU (n). For sake of notation, we will simply write
the superscript(n) or make this dependence implicit when it
is clear from the context.

It would be convenient to consider the randomization mech-
anism where a scalar random variable multiplies a valid utility
function. In that case, we obtain

Ui(x) = Si w(x),

where Si are assumed to be random scalars, andw is a
deterministic utility function that satisfies Assumption2.1.
We further assume that the sequenceS1, . . . , Sn is indepen-
dent and identically distributed according to some discrete
or continuous probability distribution. We will call such a
randomization mechanism ascalar modulationof the utility
functionw. We now present a scalar modulation example that
satisfy Assumption2.2, followed by an example that does not
satisfy the assumption.

Example 2.1 (Modulation satisfying Assumption2.2):
Suppose thatSi has bounded support and thatw(x) = x. It
is easily verified thatUi(x) = Si x satisfies Assumption2.2.
Same holds forUi(x) = Si log(1 + x).

Example 2.2 (Modulation violating Assumption2.2): The
case ofUi(x) = |Si| x with Si drawn from a Gaussian or
exponential distribution violates Assumption2.2 because
ν = ∞.

D. Optimality conditions

We now recap the set of conditions that characterize socially
optimal and Nash equilibrium allocations, as presented in
[Kel97] and [JT04]. First, consider the social optimization
SYSTEM (1) has the following optimality conditions for a
fixed n.
• For all i such thatx(n)

i > 0, we haveu′i(x
(n)
i ) = λ(n).

In other words, all active users’ utility functions have
the same slopeλ(n) at their respective allocation levels
x

(n)
i . This condition is guaranteed by the concavity and

continuous first derivative ofui(x
(n)
i ).

• For all i such thatx(n)
i = 0, we haveu′i(0) ≤ λ(n).

•
∑n

i=1 x
(n)
i = c. This is true because of the strictly

increasing utility assumption.
Note that a useri is active if and only if its initial slope
is strictly greater thanλ(n), i.e., u′i(0) > λ(n), because of
the concave utility assumption. Therefore,λ(n) represents the
shadow price of the commodity.

Similarly, let y
(n)
i denote the solution to the Nash equi-

librium optimization problem GAME (2). Since the modified
utility function from GAME,

ũi(y) =
(
1− y

c

)
ui(y) +

1
c

∫ y

0

ui(z) dz,
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also satisfies the criteria of Assumption2.1, we can derive
optimality conditions in the same manner.

• For all i such thaty(n)
i > 0, we have

(
1− y

(n)
i

c

)
u′i(y

(n)
i ) = µ(n),

where µ(n) is the analogue ofλ(n). This follows from
taking the derivative of̃ui(y).

• For all i such thaty(n)
i = 0, we haveu′i(0) ≤ µ(n).

•
∑n

i=1 y
(n)
i = c.

Notice the similarity between the two sets of optimality
conditions for the socially optimal and equilibrium outcomes,
which already hints to the correspondence sought after.

III. A SYMPTOTIC BEHAVIOR OF EFFICIENCY LOSS FOR A

SINGLE LINK

In this section, we establish the convergence of the loss of
efficiency to zero under the model and conditions set forth in
SectionII . Our main theorem says that, with a broad class of
utility functions, selfish competition is asymptotically just as
efficient as the best possible centrally enforced allocation. We
also consider the case where the link capacity scales according
to the number of users. Finally, we illustrate the result through
simulation with randomly drawn utility functions.

A. Rate of convergence

In this section, we investigate the rate at which the efficiency
loss tends to 0 as the number of users increases. We show that
the probability that the loss of efficiency is larger than some
positive constant decays (almost) exponentially in the number
of users. We begin with an example where the decay of this
probability is exponential.

Let δ > 0 be fixed. Suppose that we have a set of utility
functions{wj} within which is a unique function, sayw1, that
satisfies, the condition(

1− δ

c

)
w′1(δ) > w′j(0), for all wj 6= w1. (3)

If in addition we have at leastdc/δe users with the utility
function w1, then all the capacity will be allocated to users
with utility w1 in both the price-taking and price-anticipating
outcomes by the optimality conditions. In other words, if the
loss of efficiency is greater than 0, then the number of users
with utility function w1 must be smaller thandc/δe. This
reasoning translates into:

Pr(LOE(n) > 0)

≤
bc/δc∑

k=0

(
n

k

)
Pr(Ui = w1)k

(
1− Pr(Ui = w1)

)n−k
.

As shown in the following lemma, this probability approaches
zero exponentially fast for large enoughn.

Lemma 3.1:For m,n ∈ N, q > 0, andn ≥ m/q,
m∑

k=0

(
n

k

)
qk (1− q)n−k ≤ exp

{
−2

(nq −m)2

n

}
. (4)

Proof: The bound follows immediately from the Hoeffd-
ing Inequality for Bernoulli random variables [Hoe63].

In the following, we derive the convergence rate of the
efficiency loss. We start with the following definition.

Definition 3.1 (Active users):Theactive usersare the users
that receive non-zero allocation. We will employ this term
for the socially optimal outcome or the Nash equilibrium,
depending on the context.

Theorem 3.2 (Exponential convergence):Consider a
single-link resource allocation problem with random utility
functions satisfying Assumptions2.1 and 2.2. For a fixed
ε ∈ (0, ν), there existδ > 0 and ψ > 0 such that, for
n ≥ bc/δc/ψ,

Pr
(

LOE(n) >
ε

ν

)
≤ exp

{
−2

(nψ − bc/δc)2
n

}
.

Proof: Let µ(n) denote the shadow price of the com-
modity in the problem GAME (2) with utility functions
U1, . . . , Un, and a fixedn. We proceed in two steps. In the first
step, we bound the value ofLOE(n) in the event thatµ(n) is at
leastν − ε. In the second step, we give a necessary condition
for this event and establish its high likeliness.
Step 1: Bound LOE(n) in the event thatµ(n) ≥ ν − ε.

Recall that, for the original problem, we denote the ag-
gregate utilities of the socially optimal and Nash equilibrium
outcomes by

∑n
i=1 Ui(Xi) and

∑n
i=1 Ui(Yi) respectively. We

can easily verify that
n∑

i=1

Ui(Xi) ≤ νc. (5)

Observe also that ifµ(n) ≥ ν − ε for a fixed ε > 0, then the
optimality conditions ensure that

n∑

i=1

Ui(Yi) =
∑

i active

Ui(Yi) ≥ (ν − ε)c. (6)

Combining Inequalities (5) and (6), we obtain the following,
in the event thatµ(n) ≥ ν − ε,

LOE(n) = 1−
∑n

i=1 Ui(Yi)∑n
i=1 Ui(Xi)

≤ 1− (ν − ε)c
νc

≤ ε

ν
.

Step 2: Bound the probability of the event{µ(n) ≥ ν − ε}.
Consider a realizationu1, . . . , un of the random utility

functionsU1, . . . , Un. By Assumption2.2, for every ε1 > 0,
we havePr(U ′

i(0) ≥ ν − ε1) > 0. By the continuity of the
derivative of ui (Assumption2.1), for every ε2 > 0, there
exists aδ2 > 0, such that ifδ3 ∈ (0, δ2), then u′i(δ3) >
u′i(0) − ε2. Combining these two facts, forδ3 ∈ (0, δ2), we
have

Pr(U ′
i(δ3) ≥ ν − ε1 − ε2) ≥ Pr(U ′

i(0) ≥ ν − ε1) > 0, (7)

For a fixedε > 0, we pick aδ4 > 0 be such that

(1− δ4/c)(ν − ε1 − ε2) ≥ ν − ε, (8)

or δ4 ≤
(

1− ν − ε

ν − ε1 − ε2

)
c.
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Finally, we letδ = min(δ3, δ4) andψ = Pr
(
(1−δ/c)U ′

i(δ) ≥
ν − ε

)
. Observe that by Equations (8) and (7), we have

ψ ≥ Pr
(
(1− δ/c)U ′

i(δ) ≥ (1− δ/c)(ν − ε1 − ε2)
)

≥ Pr
(
U ′

i(δ) ≥ ν − ε1 − ε2
)

> 0.

Let Γ be the set of users whose utility functions satisfy
(1− δ/c) u′i(δ) ≥ ν − ε. Suppose that

k , |Γ| ≥ dc/δe, (9)

and that we allocatec only among the users inΓ. One way
to do so is to dividec evenly among thek users inΓ. In this
allocation, all users inΓ receivec/k units of resource and
have marginal utilitiesu′i(c/k) ≥ (1−1/k)−1(ν− ε) > ν− ε.
Hence, the Nash equilibrium price of the commodityµ(n) must
be greater thanν−ε. Note that by including the remainingn−k
users into the allocation process, the price of the commodity
can only increase. Therefore, if there are at leastdc/δe users
with high enough utility,i.e., (1− δ/c) u′i(δ) ≥ u − ε, then
µ(n) > ν − ε. It follows that

Pr(µ(n) ≥ ν − ε) ≥
n∑

k=dc/δe

(
n

k

)
ψk (1− ψ)n−k

,

⇒ Pr(µ(n) < ν − ε) ≤
bc/δc∑

k=0

(
n

k

)
ψk (1− ψ)n−k. (10)

Finally, the stated result follows from Equation (10) and
Lemma3.1.

Note that the value ofδ is a free parameter. Choosing
a smaller value forδ results in a larger factorψ in the
exponent, but the term subtracted (i.e., bc/δc) also increases.
Furthermore, the value ofδ also affects the lower bound onn
(i.e., bc/δc/ψ).

Remark 2: In the derivation of the Theorems3.2, we are not
restricted by the fact that users are added into the system one
by one asn increases. The same result holds if we sample
a distinct set ofn i.i.d. users for each value ofn, so that
U (1), . . . ,U (n) are mutually independent.

The following corollary follows from Theorem3.2 by the
Borel-Cantelli Lemma.

Corollary 3.3 (Almost sure convergence):Consider a re-
source allocation game with concave utility functions satis-
fying Assumption2.1. Suppose that the utility functions are
drawn i.i.d. from a distribution satisfying Assumption2.2.
Then the loss of efficiency tends to0 almost surely as the
number of users tends to infinity.

Remark 3:The assumptions of the preceding results can
be relaxed. Indeed, this result still holds for sets for utility
functions whereν = ∞, provided thatPr(U ′

i(0) = ∞) > 0
[YM06].

Remark 4:The related question of almost sure convergence
of the efficiency loss when the capacity is elastic (i.e., depen-
dent on demand) is studied in [YM06].

B. Increasing capacity on a single-link

In this section, we consider the effect of increasing the
link capacityc as the number of users grows. We model the

capacity as an increasing functionc : N→ R+ of the number
of usersn. We make the following assumption to exclude the
situation where bothc(n) and the allowed utility functions are
unbounded.

Assumption 3.1:For every u ∈ Ω, the limit u =
limz→∞ u(z) exists. If c(n) is not bounded, then the utility
functions u ∈ Ω are uniformly bounded,i.e., there exist
constantsβ andβ such that for allu ∈ Ω, we haveβ ≤ u ≤ β.
Moreover, for everyε > 0, there exists a finiteζ > 0 such
that for everyu ∈ Ω andz ≥ ζ, we haveu− u(z) < ε.

Theorem 3.4 (Increasing capacity):Consider a single link
with an amount of commodityc(n) that is asymptotically
sublinear (c(n) ∈ o(n)), linear (c(n) ∈ Θ(n)), or superlinear
(c(n) ∈ ω(n)). Under Assumptions2.1, 2.2 and 3.1, the loss
of efficiency converges to0 almost surely as the number of
users tends to infinity.

Proof: When c(n) is bounded,n eventually exceeds
bc(n)/δc/ψ as n increases. Therefore, Theorem3.2 and
Corollary 3.3 still hold with c replaced byc(n). We consider
the cases wherec(n) is o(n), Θ(n), andω(n) separately.
Case 1: c(n) ∈ o(n).

First, consider a sublinear capacity functionc(n) ∈ o(n).
Observe that the convergence result of Theorem3.2 does not
rely on the fact thatc is fixed. Hence, it remains valid when we
replace the hard capacityc by a capacity functionc(n) ∈ o(n),
sincen ≥ bc(n)/δc/ψ for large enoughn. Theorem3.2 is not
useful however whenc(n) is linear or superlinear, since the
conditionn ≥ bc(n)/δc/ψ no longer holds for largen.
Case 2: c(n) ∈ ω(n).

Consider a superlinear capacity functionc(n) and an arbi-
trary realizationu1, . . . , un of U1, . . . , Un. By the pigeonhole
principle, there must be a pair of users—say usersi1 andi2—
who receive at leastc(n)/n units of commodity in the socially
optimal and Nash equilibrium outcomes, respectively. By
Assumptions2.1 and3.1, asn →∞, we have

λ(n) = u′i1(x
(n)
i1

) ≤ u′i1(c(n)/n) → 0,

and µ(n) =

(
1− y

(n)
i2

c(n)

)
u′i2(y

(n)
i2

)

≤
(

1− c(n)/n

c(n)

)
u′i2(c(n)/n) → 0.

LetASO andANE denote the sets of active users for the socially
optimal and Nash equilibrium solutions, respectively. In turn,
the optimality conditions (SectionII-D) guarantee thatx(n)

i →
∞ andy

(n)
j →∞ asn →∞ for every useri ∈ ASO and every

userj ∈ ANE. It follows that for everyε > 0 and large enough
n, we haveui − ui(x

(n)
i ) < ε anduj − uj(y

(n)
j ) < ε. Finally,

we obtain that

POA(n) =
∑n

i=1 Ui(Y
(n)
i )

∑n
i=1 Ui(X

(n)
i )

≥
∑

j∈ANE
(uj − ε)∑n

i=1 ui

≥ 1−
∑

j 6∈ANE
uj∑n

i=1 ui
− nε∑n

i=1 ui

≥ 1− |Ac
NE|β
nβ

− ε

β
, (11)
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where |Ac
NE| is the number of users that are inactive in the

equilibrium solution. Letδ be a constant such thatδ ≥ µ(n)

and N (n)(δ) be the number of users withU ′
j(0) ≤ δ. Since

N (n)(δ) is the sum of i.i.d. Bernoulli random variables, we
obtain, asn →∞,

|Ac
NE|
n

≤ N (n)(δ)
n

a.s.−−→ Pr (U ′
i(0) ≤ δ) ,

which can be made arbitrarily small by choosingδ = 2µ(n)

for n large enough.
The second fraction of Inequality (11) can also be made

arbitrarily small by the choice ofε. It follows that the
efficiency loss tends to 0 almost surely.
Case 3: c(n) ∈ Θ(n).

For a linear capacity functionc(n), we adopt a different
approach since we do not expect the pricesλ(n) and µ(n)

to converge to a constant. Consider first a probability space
with a finitely many utility functions,Ω = {w1, . . . , wm}. Let
u1, . . . , un denote a realization ofU1, . . . , Un, and letN (n)

j be

the number of users whose utility function iswj , andY
(n)
i be

the amount of commodity allocated to each such user. First
by symmetry of the equilibrium allocation, and then by the
strong law of large numbers, we obtain

Y
(n)
i N

(n)
j ≤ c(n),

⇒ Y
(n)
i ≤ c(n)

N
(n)
j

a.s.−−→ c′

Pr(Ui = wj)
asn →∞,

where c′ , limn→∞ c(n)/n. Combining this result with
the conditions for social optimality and Nash equilibrium
of Section II-D, we conclude that the optimality conditions
coincide in the limit. Hence, likewise, the loss of efficiency
tends to 0 almost surely.

To extend this result to a general set of functionsΩ, we will
show that the set of functions satisfying Assumptions2.1, 2.2,
and 3.1 can be closely approximated by a finite set of
functions. Fixε > 0 and letζ > 0 be a finite constant such
that for everyu ∈ Ω and everyz ≥ ζ, we have

u(z)− u(ζ) < ε,

as guaranteed by the assumptions. We pick a partition of
Ω restricted to[0, ζ], which is also anε-net2 [AB99]. Such
an ε-net exists becauseζ is finite, the members ofΩ are
uniformly Lipschitz, andΩ is uniformly bounded. Let thisε-
net be denoted byΩ1, . . . , Ω`, where` is a function ofε. Given
the ε-net Ω1, . . . , Ω`, we define the following̀ representative
functions:ωk(z) = infu∈Ωk

u(z), for k = 1, . . . , `. Sinceωk is
the infimum of concave functions, it is also a concave function,
but it may not belong toΩ. Moreover, it follows that for every
u ∈ Ωk andz ∈ R+, we have0 ≤ u(z)− ωk(z) ≤ ε.

Consider an arbitrary realizationu1, . . . , un of the random
utility functions. To eachui we associate a representative func-
tion ûi = ωk if ui ∈ Ωk. By construction and Assumption3.1,
ui and ûi are such that:

|ui(z)− ûi(z)| ≤ ε for everyz ≥ 0. (12)

2Recall that for a function classΩ : R→ R, a sup-normε-net is a partition
of Ω into Ω1, . . . , Ω` such that for every1 ≤ k ≤ ` and every pairu, v ∈ Ωk

we have thatsupz∈R |u(z)− v(z)| < ε.

Let (x̂i) and (ŷi) denote the optimal and equilibrium al-
locations, respectively, for users with the utility functions
û1, . . . , ûn instead of u1, . . . , un. By definition, we have∑n

i=1 ûi(x̂i) ≥
∑n

i=1 ûi(xi). Combined with Equation (12),
we obtain

n∑

i=1

ui(xi) ≤
n∑

i=1

(ûi(xi) + ε) ≤
n∑

i=1

ûi(x̂i) + εn. (13)

Our next goal is to bound
∑n

i=1 ûi(ŷi) from below by∑n
i=1 ui(yi)−∆(ε)n, where∆(ε) satisfies thatlimε↓0 ∆(ε) =

0. Let us consider four optimization problems. The first prob-
lem is GAME (2) as applied to the sampled utility functions
u1, . . . , un. The second problem is a modified version of
GAME where users belonging to the same partitionΩk are
constrained to have the same allocation. In the third optimiza-
tion problem, users in the same partitionΩk are constrained
to have the same allocation, and assigned the same (infimal)
representative utility functionωk. The fourth optimization
problem is GAME as applied to the representativesû1, . . . , ûn.
We show that, for large enoughn, the aggregate utility between
solutions to these optimization problems cannot differ by more
than a linear factor inn and a diminishing factor inε.

Let Π(i) denote the partition function, that is,Π(i) maps
from a sampleui to the partitionΩk that it belongs to. The
second optimization problem is

max
t1,...,t`

n∑

i=1

[(
1− tΠ(i)

c(n)

)
ui(tΠ(i)) +

1
c(n)

∫ tΠ(i)

0

ui(z) dz

]

s. t.
n∑

i=1

tΠ(i) ≤ c(n), (14)

tk ≥ 0, k = 1, . . . , `.

We claim that for large enoughn, the solutiont∗1, . . . , t
∗
` of

problem (14) must satisfy
∑n

i=1 ui(yi) ≥
∑n

i=1 ui(t∗Π(i)) −
φεn, whereφ is a positive constant. Indeed, for large enough
n, the second term of the objective function is negligible and
the term in parentheses is approximately 1. Therefore, when
solving GAME, if we restrict the solution to having the same
value if Π(i) = Π(j), each user’s utility diminishes by at most
ε. Next, we replace the utility functionui with ûi = ωΠ(i)

according to our partition. This leads to:

max
t1,...,t`

n∑

i=1

[(
1− tΠ(i)

c(n)

)
ωΠ(i)(tΠ(i))

+
1

c(n)

∫ tΠ(i)

0

ωΠ(i)(z) dz

]

subject to
n∑

i=1

tΠ(i) ≤ c(n),

tk ≥ 0, k = 1, . . . , `.

(15)

As a result, for large enoughn, the problem (15) is an ε
perturbation of problem (14) by construction. Both optimiza-
tion problems are perturbations of the followingdeterministic
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problem:

max
t1,...,t`

∑̀

k=1

pk

[(
1− tk

c(n)

)
ωk(tk) +

1
c(n)

∫ tk

0

ωk(z) dz

]

s. t.
∑̀

k=1

pktk ≤ c(n)/n, (16)

tk ≥ 0, k = 1, . . . , `,

wherepk is the probability of sampling a utility function in
Ωk when sampled usingPr.

By standard results for perturbed concave optimization
problems [Ber03], the solution to problem (15) are close to
the solutions of (14) because they are both perturbations of
problem (16). Formally, both of them are random perturbations
and we can use perturbation results only for largen. This is
justified since we eventually taken to infinity in the proof.
Therefore, the difference in the aggregate utility is bounded
by n∆1(ε) for some∆1(ε) satisfyinglimε↓0 ∆1(ε) = 0.

The final optimization problem is GAME for the modified
utility functions:

max
ŷ1,...,ŷn

n∑

i=1

[(
1− ŷi

c(n)

)
ωΠ(i)(ŷi)

+
1

c(n)

∫ ŷi

0

ωΠ(i)(z) dz

]

subject to
n∑

i=1

ŷi ≤ c(n),

ŷi ≥ 0, i = 1, . . . , n.

(17)

By the concavity of eachωk and following a similar argument,
it follows that the aggregate utility cannot decrease by more
than a linear factor inε andn when comparing problems (15)
and (17). To summarize, there exists a smooth function∆(ε)
such thatlimε↓0 ∆(ε) = 0 and:

n∑

i=1

ui(yi) ≥
n∑

i=1

ûi(ŷi)−∆(ε)n. (18)

By Equations (13) and (18), it follows that for everyε and
large enoughn,

POA(n) =
∑n

i=1 ui(y
(n)
i )

∑n
i=1 ui(x

(n)
i )

≥
∑n

i=1 ûi(ŷ
(n)
i )−∆(ε)n

∑n
i=1 ûi(x̂

(n)
i ) + εn

.

Since
n∑

i=1

ûi(x̂
(n)
i ) ≥

n∑

i=1

ûi(c(n)/n)

≥ n min
i=1,...,n

ûi(c(n)/n) > 0

and
n∑

i=1

ûi(x̂
(n)
i ) ≥

n∑

i=1

ûi(ŷ
(n)
i ),

we obtain that for everyε and large enoughn,

POA(n) ≥
∑n

i=1 ûi(ŷ
(n)
i )

∑n
i=1 ûi(x̂

(n)
i )

−∆(ε), (19)
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Fig. 1. LOE versusn for Si x utility functions andSi sampled uniformly
in (0, 1). The error bars have width equal to one standard deviation.
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Fig. 2. LOE versusn for Si x/(1 + x) utility functions andSi sampled
uniformly in (0, 1).

where∆(ε) is a smooth positive function with∆(0) = 0. As
we have established, the price of anarchy for finite types of
utilities and linearly increasing capacity—i.e., the first term
on the right-hand side of Inequality (19)—tends to 1 for every
realization ofu1, . . . , un. Since ε can be chosen arbitrarily
small, we conclude that the loss of efficiency tends to 0 almost
surely.

To validate the results, we simulate the loss of efficiency
for different numbers of users. For scalar-modulated linear
utility function, Figure1 shows that the mean loss of efficiency
decreases exponentially in the number of users. Likewise,
Figure 2 shows the simulated loss of efficiency for a type
of modulated non-linear utility functions. Since there is no
closed-form solution for these utility functions, we resort to
generic optimization algorithms, which cause prohibitively
long simulation times for large numbers of variables. For this
reason, we restrict the number of users to be small.
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IV. SITUATIONS WHERE THE LOSS OF EFFICIENCY DOES

NOT TEND TO ZERO

In this section, we show that the loss of efficiency is
bounded away from 0 with a positive probability for certain
classes of distributions for the random utility functions. In
particular, we consider the case of linear utility functions
Ui(x) = Si x, with slopesSi drawn i.i.d. from some class of
distributions with infinite support. For this task, we first relate
the loss of efficiency to a ratio of order statistics, then apply
results about the asymptotic distribution of order statistics. The
theory of order statistics is treated in [DN03] and [LLR83]
among other places.

Definition 4.1: Let S(n) , {S1, . . . , Sn}. The order statis-
tics α1(S(n)) andα2(S(n)) are the largest and second-largest
elements ofS(n). For brevity sake, we will shortenαi(S(n))
to α

(n)
i .

It can be verified that when everySi has unbounded support,
the sequences of highest slopes,α1(S(n)), α2(S(n)), and the
sequence of shadow pricesλ(S(n)) do not converge asn
tends to infinity. This prompts us to study and describe the
asymptotic behavior of the efficiency loss in terms of the ratio
of the two highest slopes:α(n)

1 /α
(n)
2 .

Lemma 4.1 (Bound on LOE as a function ofα
(n)
2 /α

(n)
1 ):

Consider a game amongn users with fixed utility functions
of the form ui(x) = si x, si > 0. For n ≥ 2, the efficiency
loss is bounded from below as follows:

LOE(n) ≥ α
(n)
2

α
(n)
1

(
1− α

(n)
2

α
(n)
1

)

(
1 + α

(n)
2

α
(n)
1

) .

Proof: The result is algebraic in nature, and will be
proved for anyn and any realization of the random quantities
involved. We lets1, . . . , sn denote realizations ofS1, . . . , Sn.
At the outset, observe that for linear utility functions, the
aggregate utility at the Nash equilibrium is highest when there
are fewest active users. For any allocation(ỹi) that assigns
positive allocation only to two users (say1 and 2) with the
highest slopesα(n)

1 andα
(n)
2 , we have

α
(n)
1 ỹ

(n)
1 + α

(n)
2 ỹ

(n)
2 ≥

n∑

i=1

siyi,

where (yi) is the equilibrium allocation for the game with
all n users. Hence, the equilibrium aggregate utility among a
group of users with slopess1, . . . , sn is less than the equi-
librium aggregate utility among only two users with maximal
slopesα

(n)
1 and α

(n)
2 . In this case, the optimality conditions

(SectionII-D) yield the set of equations:

(
1− ỹ

(n)
1

)
α

(n)
1 = µ(n),

(
1− ỹ

(n)
2

)
α

(n)
2 = µ(n),

ỹ
(n)
1 + ỹ

(n)
2 = c.
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Fig. 3. Lower-bound onLOE as a function ofα(n)
2 /α

(n)
1 .

From simple calculations, we obtain

ỹ
(n)
1 =

(
1 +

α
(n)
2

α
(n)
1

)−1

c,

ỹ
(n)
2 =

α
(n)
2

α
(n)
1

(
1 +

α
(n)
2

α
(n)
1

)−1

c.

From the observation at the outset and the definition of
efficiency loss, it follows that

POA(n) ≤
1 +

(
α

(n)
2

α
(n)
1

)2

1 +
(

α
(n)
2

α
(n)
1

) , for all n ≥ 2,

⇐⇒ LOE(n) ≥ α
(n)
2

α
(n)
1

(
1− α

(n)
2

α
(n)
1

)

(
1 + α

(n)
2

α
(n)
1

) , for all n ≥ 2. (20)

The lower-bound on the loss of efficiency from Equa-
tion (20) is plotted in Figure3.

Corollary 4.2 (Necessary condition for zero LOE):A nec-
essary condition for the loss of efficiency to tend almost surely
to 0 is:

lim inf
n→∞

Pr

(
α

(n)
2

α
(n)
1

= 0 or 1

)
= 1.

Our next aim is to derive asymptotic characteristics of the
ratio α

(n)
2 /α

(n)
1 using the theory of order statistics. The largest

and second-largest slopes,α
(n)
1 andα

(n)
2 , are said to be the first

and second maximalorder statisticsof the setS(n). Given the
deterministic sequences{ln | ln > 0} and {mn}, we define
the linearly normalized order statistics[LLR83]:

ρ
(n)
1 , ln (α(n)

1 −mn), (21a)

ρ
(n)
2 , ln (α(n)

2 −mn). (21b)
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These linear transformations are indispensable in order to
avoid degenerate distributions asn →∞. The following the-
orem, due to Gnedenko, describes the asymptotic distribution
of the suitably normalized maximal order statistic.

Theorem 4.3 (Extremal types, [LLR83]):Let Si be inde-
pendent random variables drawn from a distributionF (z)
and α

(n)
1 = max (S1, . . . , Sn). If there exist deterministic

sequences{ln | ln > 0} and {mn} such that the normalized
maximal order statisticρ(n)

1 converges in distribution,i.e.,

Pr
(
ρ
(n)
1 ≤ z

)
−−−−→
n→∞

G(z),

for some non-degenerateG, then G belongs to one of the
following three families of extreme value distributions,3 for
someθ > 0:

(Gumbel) G1(z) = e−e−z

, z ∈ R,

(Fréchet) G2(z; θ) =
{

e−z−θ

, z > 0,
0, z ≤ 0,

(Weibull) G3(z; θ) =
{

e−(−z)θ

, z ≤ 0,
1, z > 0.

Furthermore, we say thatF (z) belongs to the domain of
attraction of the corresponding extreme value distribution.

The next theorem gives the necessary and sufficient con-
ditions for a cumulative probability distribution to belong to
the domain of attraction of each of the three extreme value
distributions.

Theorem 4.4 (Domains of attraction, [LLR83]):Let F (z)
be the distribution function of the sequence of i.i.d. random
variables{Si}. Let us denote the upper-bound of the support
by zF , sup{z | F (z) < 1}. Let us writeF ∈ D(Gi) when
F belongs to the domain of attraction ofGi, i = 1, 2, 3. Then,

• F ∈ D(G1) if and only if there exists a strictly positive
function g(t) such that

lim
t↑zF

1− F (t + g(t)z)
1− F (t)

= e−z, for all z ∈ R. (22)

• F ∈ D(G2) if and only if zF = ∞ and there existsθ > 0
such that

lim
t→∞

1− F (tz)
1− F (t)

= z−θ, for all z > 0. (23)

• F ∈ D(G3) if and only if zF < ∞ and there existsθ > 0
such that

lim
t↓0

1− F (zF − tz)
1− F (zF − t)

= zθ, for all z > 0. (24)

Observe that slopesSi drawn from a distributionF ∈
D(G3) must be bounded from above (zF < ∞); hence,
Theorem3.2 holds. Furthermore, the Gumbel-type distribu-
tions have a light tail (Equation (22)), whereas Fŕechet-type
distributions have a heavy tail (Equation (23)).

Example 4.1 (Pareto distribution):Consider the Pareto dis-
tribution functionF (z) = 1−κ z−θ, with parametersθ, κ > 0,
and with support[κ1/θ,∞). If Si has a Pareto distribution,
then it is easily verified that the distribution of utility functions

3Also known as max-stable distributions.

Ui(x) = Si x does not satisfy Assumption2.2 sinceν = ∞.
If we set ln = (κn)−1/θ andmn = 0, we obtain [LLR83]:

Pr
(
(κn)−1/θ α

(n)
1 ≤ z

)
−−−−→
n→∞

G2(z; θ).

In other words,F ∈ D(G2).
For a fixed parameterθ > 0, which is suppressed to

lighten notation, we can derive the following limiting distrib-
utions characteristic of the Fréchet extreme value distribution
[LLR83]:

Fρ1(z1) = e−z−θ
1 , z1 > 0,

and the following joint, marginal, and conditional probability
density functions [LLR83]:

fρ1,ρ2(z1, z2) = θ2(z1 z2)−1−θe−z−θ
2 , 0 < z2 < z1,

fρ1(z1) = θ z−1−θ
1 e−z−θ

1 , z1 > 0, (25)

fρ2|ρ1(z2, z1) = θz−1−θ
2 e−z−θ

2 ez−θ
1 , 0 < z2 < z1.

It also follows that

Fρ2|ρ1(z2, z1) = e−z−θ
2 ez−θ

1 . (26)

By conditioning and using the above relations, we can
bound from below the probability thatα(n)

2 /α
(n)
1 is between

ε and 1 − ε in the limit n → ∞, for ε ∈ (0, 1/2). Since
ρ
(n)
i = (κn)−1/θ α

(n)
i , for i = 1, 2, we have

lim inf
n→∞

Pr

(
ε <

α
(n)
2

α
(n)
1

< 1− ε

)

= lim inf
n→∞

Pr

(
ε <

ρ
(n)
2

ρ
(n)
1

< 1− ε

)

= lim inf
n→∞

∫ ∞

0

Pr
(
εz1 < ρ

(n)
2 ≤ (1− ε)z1 | ρ(n)

1 = z1

)

d
(
Pr(ρ(n)

1 = z1)
)

(by Fatou’s Lemma)

≥
∫ ∞

0

[
Fρ2|ρ1((1− ε)z1, z1)− Fρ2|ρ1(εz1, z1)

]
fρ1(z1) dz1

(by Equations (26) and (25))

≥
∫ ∞

0

[
e−(1−ε)−θz−θ

1 − e−ε−θz−θ
1

]
ez−θ

1 θz−1−θ
1 e−z−θ

1 dz1.

Since the above integrand is positive for0 < ε < 1/2, we
conclude that in the limit asn → ∞, the ratioα

(n)
2 /α

(n)
1 is

bounded away from both 0 and 1 with some positive proba-
bility. In this case, by Corollary4.2, the expected efficiency
loss is bounded away from 0.

To obtain numerical estimates for the asymptotic lower-
bound on the loss of efficiency, we rely on simulations results
such as Figure4. We note that the standard deviation of the
loss of efficiency does not decrease to 0. This implies that
even if the number of users is large, significant variation in
the loss of efficiency is expected.

Example 4.2 (Cauchy distribution):The preceding results
for Pareto distribution readily extend to the case of one-sided
Cauchy distribution, whereF (z) = 2

π arctan(z)1[z>0], with
ln = tan

(
π
n

)
andmn = 0 [LLR83]. In this case,F ∈ D(G2)
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Fig. 4. LOE versusn for Si x utility functions andSi sampled with Pareto
distribution (θ = 2).
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Fig. 5. LOE versusn for Si x utility functions andSi sampled with Cauchy
distribution (θ = 1).

with the parameterθ = 1. Similarly to the Pareto distribution,
the loss of efficiency does not converge to 0, nor its empirical
standard deviation (see Figure5).

In fact, for every Fŕechet-type random variable (with heavy-
tail distribution), we can find a linear transformation with
mn = 0 [DN03]. Therefore, the same result as for Pareto
distribution example holds, which we summarize in the fol-
lowing corollary.

Corollary 4.5 (Non-zero asymptotic loss of efficiency):
For scalar-modulated linear utility functions of the form
Ui(x) = Si x, with Si drawn i.i.d. from some distribution
F ∈ D(G2), the loss of efficiency does not tend to 0 almost
surely asn increases to infinity.
The proof follows the same lines as Example4.1.

For Gumbel-type random variables (with light-tail distribu-
tions), such as exponential and Gaussian random variables, it
is not clear if a similar result can be proved. Difficulties arise
because the normalizing sequencesmn (cf. Equations (21))
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Fig. 6. LOE versusn for Si x utility functions,Si sampled with exponential
distribution.
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Fig. 7. Empirical joint relative frequency ofLOE and α2/α1 out of
5× 104 experiments forSi x utility functions,Si sampled with exponential
distribution, andn = 103 users.

increase withn [DN03]. Nonetheless, simulations suggest that
even for Gumbel-type random variables, a non-zero loss of
efficiency can be expected (Figure6).

Figure 7 shows the relative frequency of pairs of values
for (LOE, α1/α2) obtained from a simulation where the user
slopesSi are drawn at random according to the exponential
distribution F (z) = (1− e−z)1[z>0]. The distinctions be-
tween Gumbel-type (e.g., exponential, Gaussian) and Fréchet-
type (e.g., Pareto, Cauchy) random variables is further empha-
sized by inspecting Figures7, 8, and9. They also highlight the
empirical difference in the distribution ofα2/α1 for various
distributions of utility functions. For Fréchet-type distribu-
tions, there is a noticeably broader range of values taken by
α2/α1. In Figures7, 8 and9, we can also clearly observe the
outline of the lower-bound plotted in Figure3.
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Fig. 8. Empirical joint relative frequency ofLOE andα2/α1 out of 5×104

experiments forSi x utility functions,Si sampled with Gaussian distribution,
andn = 103 users.
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Fig. 9. Empirical joint relative frequency ofLOE andα2/α1 out of 5×104

experiments forSi x utility functions, Si sampled with Pareto distribution,
andn = 103 users.

V. NETWORKS

In this section, we give an analogue of Corollary3.3
extended to networks with arbitrary topology. We constrain
the users’ utility functions to be linear for convenience of
analysis. The case of linear utility functions is noteworthy
because it lies at the “boundary” of the class of concave
functions of Assumption2.1. The set of linear utility functions
is also rich enough to present situations where the efficiency
loss is maximal (cf. [JT04]) and asymptotically non-negligible
(SectionIV).

A. Network model

We model a network as a simple undirected graph4 G =
(N , E). The set of nodesN comprises the possible sources

4Parallel edges and self-loops are not allowed.

and destinations. The links of the network compose the set of
edgesE . To every linkek ∈ E is associated its capacityck

5.
Consider a set ofn deterministic users of the network:

{1, . . . , n}. Let ~z = (zi,k) ∈ R|E|·n+ denote an allocation
where useri receives on linkek a non-negative amountzi,k of
commodity. We are exclusively interested in feasible alloca-
tions, i.e., allocations satisfying the hard capacity constraints:∑n

i=1 zi,k ≤ ck for all ek ∈ E . For this section, we assume that
each user belongs to one of afinite number oftypesof users,
denoted byτ1, . . . , τm. In other words, the setsτ1, . . . , τm

partition the set of users{1, . . . , n}. We write i ∈ τj when
useri belongs to typeτj and we let|τj | denote the number of
users of typeτj . Moreover, we assume that all users belonging
to the same type areidentical expect for their labels. Each
type of usersτj is (completely) characterized by a function
wj : R|E|·n+ → R+, which is the utility function for the
members ofτj . Under an allocation~z, useri of type τj has
the following scalar-modulatedlinear utility function:

wj(i;~z) = s(τj) ·
(

min
ek∈πj

zi,k

)
,

whereπj is a path inG ands(τj) > 0. Observe that the utility
function captures the notion that the amount of flow that useri
can dispatch is limited to the minimum allocated commodity
along the path it employs. Observe also that the utility function
also captures the notion that every user of typeτj employs the
samefixed path πj in the network6. In the network context,
we say that useri of type τj is active if its effective flow is
positive, i.e.,

min
ek∈πj

zi,k > 0.

By extension, a type of usersτj is active if there is an active
useri ∈ τj .

An allocation~x = (xi,k) is socially optimal if
m∑

j=1

∑

i∈τj

wj(i; ~x) ≥
m∑

j=1

∑

i∈τj

wj(i;~z),

or equivalently:
m∑

j=1

∑

i∈τj

s(τj) ·
(

min
ek∈πj

xi,k

)
≥

m∑

j=1

∑

i∈τj

s(τj) ·
(

min
ek∈πj

zi,k

)
,

for every feasible allocation~z. Let τ∗ denote the set of active
types of users under the optimal allocation~x, i.e., τ∗ = {τj |
τj is active}. Hence,|τ∗| denotes the number of active types
of users.

B. A market-based allocation mechanism for networks

The market mechanism under study is the same as [JT04],
which extends the single-link version of SectionIII . The
mechanism allocates each link’s resources proportionally to
the bids on that link, except when the sum of the bids is zero.
More precisely, every useri submits a bid and request pair

5For the sake of notation, we use the subscript indexk to denote the link
ek.

6We do not consider the question of optimal routing. We also assume that
traffic flows are unsplittable.
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(bi,k, ri,k) ∈ R2
+ to every linkek in the network. Bids of zero

are permitted, so that useri may submit bids of 0 to links
outside the path that it needs. Each linkek then allocates its
commodity as follows: fori = 1, . . . , n,

if
n∑

`=1

b`,k > 0, thenzi,k =
bi,k

bi,k +
∑

6̀=i b`,k
ck,

otherwise,zi,k =
{

ri,k, if
∑n

`=1 r`,k ≤ ck,
0, otherwise.

Given the above mechanism and assuming linear utility func-
tions, a price-anticipating useri of type τj and with strategy
(bi, ri)7 has the following payoff:

payoffi(bi, ri,~b−i, ~r−i) , s(τj) ·
(

min
ek∈πj

zi,k

)
−

∑

ek∈E
bi,k.

In this section, we use the following concept instead of that
of Nash equilibria.

Definition 5.1: For a fixed ε > 0, a strategy profile
(b1, r1, . . . , bn, rn) is an ε-equilibrium if

payoffi(bi, ri,~b−i, ~r−i) ≥ payoffi(b
′
i, r

′
i,
~b−i, ~r−i)− ε,

for all (b′i, r
′
i) ∈ R2

+ and for every useri = 1, . . . , n.
We write ~x = (xi,k) and ~y = (yi,k) to denote, respectively,
a socially optimal allocation and an allocation induced by an
ε-equilibrium strategy profile.

C. Probabilistic model of random users

Finally, consider a probability space(Ω,F , Pr) over the
finite set of functionsΩ = {w1, . . . , wm}, wherewj is the
utility function of type j users. We model the users of the
network as a sequence of random utility functionsU1, . . . , Un

drawn i.i.d. over this probability space. In the same spirit as
Assumption2.2, we assume that eachUi is distributed such
that Pr(Ui = wj) > 0 for everywj . The loss of efficiency, as
in the single-link case, is defined in terms of aggregate utility
of all users in the network. However, in the network context,
ε-equilibria may not be unique. Hence, the efficiency loss is
a function of theε-equilibrium allocation~Y (n). In this paper,
we limit our comparison to thebest ε-equilibrium outcome
and the socially best outcome,

inf
ε-equilibria

LOE(~Y (n)) , inf
ε-equilibria

1−
∑n

i=1 Ui(~Y (n))∑n
i=1 Ui( ~X(n))

,

where the infimum is over allε-equilibrium strategy profiles.
In this setting, we show that the loss of efficiency tends to
zero almost surely as the number of users tends to infinity.
We begin with a lemma.

Lemma 5.1:Consider a network with a single-link of ca-
pacityc andn deterministic users. For everyε > 0, the payoff
to a useri of type τj is such that

∣∣∣payoffi(bi,~b−i)− payoffi(b̃i,~b−i)
∣∣∣ ≤ ε,

for every b̃i ∈ R+, provided that

7We use the notationbi for the vector(bi,k)ek∈E and~b−i for the strategy
profile all users other than useri; likewise for ri.

1) the strategy profile(bi,~b−i) is such that
∑

` 6=i b` > 0,
and that priceµ of the link is

n∑

`=1

b`/c =
(

1− 1
|τj |

)
s(τj), (27)

2) and the number of users of typeτj is such that

|τj | ≥ max
(
s(τj), c/ε + 1, (s(τj)c/ε)1/3 + 1

)
.

Proof: The result is algebraic. Note that
∑

` 6=i b` > 0
implies that the requestsr1, . . . , rn have no effect on the
outcome. The payoff to useri of type τj is

payoffi = s(τj)
bi

bi +
∑

6̀=i b`
c− bi.

If user i bids bi + δ, for someδ > 0, its payoff becomes

payoff+δ
i = s(τj)

bi + δ

bi + δ +
∑

` 6=i b`
c− (bi + δ)

= s(τj)
bi + δ

δ/c + µ
− (bi + δ)

≤ s(τj)
bi

µ
− bi + s(τj)

δ

δ/c + µ
− δ.

Suppose, on the one hand, thatδ > c, then

|τj | ≥ s(τj) ⇒ s(τj)
|τj | ≤ 1 <

δ

c

⇒ s(τj) ≤ δ

c
+ s(τj)− s(τj)

|τj | =
δ

c
+ µ

⇒ s(τj)
δ

δ/c + µ
− δ < 0,

which implies that payoff+δ
i < payoffi. Suppose, on the other

hand, thatδ ∈ (0, c], then, for everyε > 0,

|τj | ≥ c/ε + 1 ⇒ ε ≥ c

|τj | − 1
≥ δ

|τj | − 1
≥

( |τj |
|τj | − 1

− 1
)

δ

⇒ ε ≥
(

s(τj)
µ

− 1
)

δ ≥ s(τj)
δ

δ/c + µ
− δ,

which implies that payoff+δ
i ≤ payoffi + ε.

Next, if useri bids bi − δ, for someδ ∈ (0, bi], its payoff
becomes

payoff−δ
i = s(τj)

bi − δ

bi − δ +
∑

` 6=i b`
c− (bi − δ)

= s(τj)
bi − δ

µ− δ/c
− (bi − δ)

≤ s(τj)
bi

µ
− bi + s(τj)

bi

µ

δ/c

µ− δ/c
− s(τj)

δ

µ− δ/c
+ δ.
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Therefore,

payoff−δ
i − payoffi ≤

δ

µc− δ

(
s(τj)

µ
bi − s(τj)c + (µc− δ)

)

≤ δ

µc− δ

( |τj |
|τj | − 1

bi − s(τj)c
|τj | − δ

)

≤ 1
|τj | − 1

(
bi − s(τj)c

|τj | +
bi

|τj | − 1
− δ

)

≤ 1
|τj | − 1

bi

|τj | − 1

≤ 1
|τj | − 1

1
|τj | − 1

s(τj)c
|τj | ≤ ε,

since|τj | ≥ (s(τj)c/ε)1/3+1. We have thus shown that useri
cannot improve its payoff by more thanε.

Theorem 5.2 (Efficiency loss in networks):Within the net-
work setting described in this section, for everyε > 0, we
have

Pr
(

lim
n→∞

inf
ε-equilibria

LOE(~Y (n)) = 0
)

= 1.

Remark 5:Although ε-equilibria and Nash equilibria are
not unique in the network game, for large enoughn, we can
construct anε-equilibrium starting from a socially optimal
allocation. Since the price-taking competitive equilibrium also
gives the socially optimal allocation [Kel97], it somewhat
justifies our particular choice ofε-equilibrium studied. This
price-taking equilibrium is arguably the most natural outcome
of the game because additional costs may be incurred to find
a more profitable strategy.

Note that this theorem does not subsume those from pre-
vious sections due to the fact that we assume that there is a
finite number of types of users and these users are limited to
having linear utility functions.

Proof: We proceed in five steps. In the first step,
we describe a symmetric socially optimal solution. In the
second step, we construct a candidate strategy profile for an
ε-equilibrium. In the third and fourth steps, we verify the
equilibrium conditions for the constructed strategy profile. In
the fifth step, we identify the event for which our claims hold
and show that it occurs with high probability.
Step 1: Find a particular socially optimal allocation (with
symmetry and other properties).

Consider a realizationu1, . . . , un of the linear utility func-
tions. First, an optimal social allocation exists and is the
solution to the following linear program:

max
{xi,k},{xi}

m∑

j=1

∑

i∈τj

s(τj)xi,

subject to xi ≤ xi,k, ek ∈ πj , i ∈ τj ,
n∑

i=1

xi,k ≤ ck, ek ∈ E ,

xi,k ≥ 0, i = 1, . . . , n, ek ∈ E ,

xi ≥ 0, i = 1, . . . , n.

Next, observe that there exists a solution such that
• if i ∈ τj , thenxi,k = xi, for all ek ∈ πj ,
• xi,k = 0 for all ek 6∈ πj ,

• if i1 and i2 belong to the same typeτj , thenxi1 = xi2 .

In other words, no user is allocated more resource than
necessary, users receive zero allocation on links outside their
path, and users of the same type receive the same allocation.
Letting x(τj) =

∑
i∈τj

xi, we can find such a solution by
solving the following linear program:

max
x(τ1),...,x(τm)

m∑

j=1

s(τj) x(τj),

subject to
∑

τj :ek∈πj

x(τj) ≤ ck, ek ∈ E ,

x(τj) ≥ 0, j = 1, . . . , m,

(28)

Step 2: Construct a candidate strategy profile for which we
will verify the ε-equilibrium conditions.

Given such an allocation(xi,k) that solves the linear pro-
gram (28), we can construct the following strategy profile:

bi,k = ζk xi,k, for every useri and link ek, (29)

ri,k = xi,k, for every useri and link ek, (30)

where{ζk} satisfies the following constraints:

ζk ≥ 0, for every link ek, (31a)

ζk = 0, for all ek 6∈ τ∗, (31b)
∑

ek∈πj

ζk =
(

1− 1
|τj |

)
s(τj), for all τj ∈ τ∗, (31c)

∑
ek∈πj

ζk ≥ s(τj), for all τj 6∈ τ∗. (31d)

We shall use facts from linear programming8 and the con-
tinuity of solutions to linear equations to show the existence
of a set{ζk} satisfying the constraints (31). Consider the dual
of the linear program (28):

min
ζ1,...,ζ|E|

|E|∑

k=1

ck ζk,

subject to
∑

ek∈πj

ζk ≥ s(τj), j = 1, . . . ,m,

ζk ≥ 0, for all ek ∈ E .

Since the primal linear program has an optimal solution, its
dual also has an optimal solution. Furthermore, the optimal
solution satisfies the primal feasibility, dual feasibility, and
complementary slackness conditions. It follows that there exist
vectors~x and~ζ that solve the following system of equations.
(Primal feasibility)

∑
τj :ek∈πj

x(τj) ≤ ck, for all ek ∈ E , (32a)

x(τj) ≥ 0, j = 1, . . . ,m, (32b)

(Dual feasibility)
∑

ek∈πj

ζk ≥ s(τj), j = 1, . . . , m, (32c)

ζk ≥ 0, for all ek ∈ E , (32d)

8Necessary results can be found in [Chv83] and the references therein.
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(Complementary slackness)

∑
ek∈πj

ζk = s(τj), τj ∈ τ∗, (32e)

ζk = 0, for all ek such that
∑

τj :ek∈πj

x(τj) < ck.

(32f)

Note that Equations (32e) and (32f) form only part of the
complementary slackness conditions.

By perturbing the terms(τj) in Equation (32e) and remov-
ing the constraints forτj ∈ τ∗ in Equations (32c), we obtain

∑
ek∈πj

ζk ≥ s(τj), τj 6∈ τ∗, (33a)

∑
ek∈πj

ζk =
(

1− 1
|τj |

)
s(τj), τj ∈ τ∗. (33b)

Let us replace Equations (32c) and (32e) by Equations (33a)
and (33b) in the system of equations (32). By continuity of
the solution to Equations (32a), there exists aδ > 0 small
enough such that for|τj | > s(τj)/δ, there exists a solution
(~x′, ~ζ ′) to the new system of equations. Hence, there exists a
set of variables{ζk} that satisfy the system of equations (31).

Next, let us verify that that the allocation induced by the
strategy profile (29)-(30) is socially optimal. Observe that by
construction of the candidate strategy profile (Equation (29)),
we have

n∑

`=1

r`,k =
n∑

`=1

x`,k ≤ ck.

Hence, in the event that
∑n

`=1 b`,k = 0, the allocation of each
link ek is

zi,k = ri,k1[
Pn

`=1 r`,k≤ck] = xi,k, i = 1, . . . , n.

When
∑n

`=1 b`,k 6= 0, the allocation of each linkek is

zi,k =
bi,k

bi,k +
∑

6̀=i b`,k
ck =

ζk xi,k∑n
`=1 ζk x`,k

ck = xi,k, i = 1, . . . , n.

In sum, by construction of bothbi,k andri,k (Equations (29)
and (30)), the allocation resulting from the strategy profile is
(zi,k) = (xi,k).

Note that the allocation(zi,k) induced by the given strategy
profile is the same as the optimal allocation(xi,k). Hence,
active users are the same in both allocations. For the same
realizationu1, . . . , un, we now proceed to show that the above
strategy profile is a Nash equilibrium by showing that the
payoffs to both inactive and active users cannot be improved
unilaterally.
Step 3: Verify equilibrium conditions for active users.

Consider an active useri of type τj . Suppose that|τj |
satisfies the assumption of Lemma5.1. Suppose, on the
contrary, that useri plays(b̃i,k) instead of(bi,k) and improves

its payoff by more than someε > 0, that is,

s(τj) min
ek∈πj

(
b̃i,k

ζ̃k

)
−

∑
ek∈πj

b̃i,k

> s(τj) min
ek∈πj

(
bi,k

ζk

)
−

∑
ek∈πj

bi,k + ε,

where ζ̃k denotes the resultant price
(∑

6̀=i b`,k + b̃i,k

)
/ck

of link ek. Clearly,
∑

ek∈πj
b̃i,k∑

ek∈πj
ζ̃k

≥ min
ek∈πj

(
b̃i,k

ζ̃k

)
,

moreover, by construction, we have

min
ek∈πj

(
bi,k

ζk

)
=

∑
ek∈πj

bi,k∑
ek∈πj

ζk

Hence, we get a contradiction with Lemma5.1.
In addition, useri cannot improve its payoff by adjusting

bids among the links on its path while keeping the sum∑
ek∈πj

bi,k fixed. The reason is that if some bidbi,k de-
creases, the overall flow decreases as well. It is optimal for
an active useri to requestri,k as specified in the given
strategy profile. Ifζk > 0, then all requests are ignored.
If ζk = 0 and all other users request their socially optimal
allocation according to~x, then requestingri,k > xi,k does not
increase useri’s utility (otherwise, the allocation~x would not
be optimal). Obviously, neither does requestingri,k ≤ xi,k

benefit useri.
Step 4: Verify equilibrium conditions for inactive users.

Consider an inactive useri ∈ τj , and a strategy profile
where useri alone deviates from(bi,k) to (b̃i,k). Its new payoff
becomes

payoffi(b̃i,~b−i) = s(τj)
(

min
ek∈πj

z̃i,k

)
−

∑

ek∈E
b̃i,k,

where z̃i,k =
b̃i,k

b̃i,k +
∑

6̀=i b`,k

ck.

Observe that useri’s optimal bidding strategy must be such
that z̃i,k = z̃i for a constant̃zi for all ek ∈ πj and that̃bi,k = 0
for all ek 6∈ πj . Hence,

payoffi(b̃i,~b−i) ≤ s(τj) z̃i −
∑

ek∈πj

z̃i ζ̃k,

whereζ̃k is the new price of linkek. Since useri’s bids (b̃i,k)
are non-negative, we havẽζk ≥ ζk. Finally, by Equation (31d),
we find that

payoffi(b̃i,~b−i) ≤ z̃i


s(τj)−

∑
ek∈πj

ζk


 ≤ 0.

It follows that an inactive useri cannot improve its payoff
unilaterally. By the same reasoning as for active users, it is
optimal for each inactive useri to requestri,k = 0 as in the
candidate strategy profile.
Step 5: Identify the probabilistic event for which Steps 2, 3,
and 4 hold.
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Recall that |τ1| , . . . , |τm| are random quantities that de-
pend on the random utility functionsU1, . . . , Un. For a
fixed δ > 0 and every n, we define the eventEn ={ |τj | (U1, . . . , Un) ≤ 1/δ for somej ∈ {1, . . . ,m}}. Let
q , maxj=1,...,m Pr(Ui = wj). By Lemma3.1, we have
∑

n≥0

Pr(En) ≤
∑

n≥0

m max
j=1,...,m

Pr(|τj | (U1, . . . , Un) ≤ 1/δ)

≤ m
∑

n≥0

b1/δc∑

k=0

(
n

k

)
qk(1− q)n−k

≤ m

b1/(δq)c∑
n=0

(
n

k

)
qk(1− q)n−k

+ m
∑

n≥d1/(δq)e
exp

{
−2

(nq − b1/δc)2
n

}
< ∞.

Therefore, by the Borel-Cantelli Lemma, the probability that
infinitely many eventsEn occur is 0. Therefore, for large
enoughn, we have|τj | > 1/δ with probability 1 for every
type τj . We have shown that this event guarantees that there
is an optimal allocation that maps to anε-equilibrium with the
same allocation. The claimed result follows.

VI. RELATED WORKS IN ECONOMICS

The subject of games with many players, and particularly
markets with many traders, has been extensively studied in
economic theory and game theory. The idea that price-taking
behavior is characteristic of large markets has been around
for a long time. It is often observed that non-cooperative
equilibria of markets tend to be inefficient in the presence of
few participants, but efficient when there are many comparable
participants. The notion of perfect competition among a large
number of producers dates back to Cournot’s 1838 work
[Cou38]. In this section, we situate our contributions with
respect to some related works.

There are predominantly two approaches for modeling a
large number of participants. The first approach assumes a
continuum of participants. This does not give any information
about what happens with few or moderately many users.
In a market with a continuum of traders,e.g., represented
by an interval of the real line, Dubeyet al. [DMCS80]
show that, under conditions of convexity of strategy sets,
continuity of outcomes with respect to strategies, anonymity of
traders, and aggregation of other traders’ strategies, every non-
cooperative equilibrium of continuum markets is Walrasian,
and hence, efficient. However, an important question is the
extent to which the continuum-of-participants assumption re-
flects markets with large, but finite, numbers of participants.
This question is addressed in [HM72], [DMCS80], [Gre80],
[Gre84], and [Car03], among other works. Hildenbrand and
Mertens [HM72], Dubeyet al. [DMCS80], and Green [Gre84]
show that the limit of a sequence of equilibria of finite markets
is an equilibrium in a continuum market if the equilibrium
correspondence is upper hemicontinuous. However, there exist
sequences of finite games whose Nash equilibria differ greatly
from those of the corresponding continuum-of-agents games
[Car03]. We do not rely on the continuum of participants

idealization. We consider a countable number of partici-
pants, whereas using the continuum model inherently ensures
that each individual participant is strategically insignificant
[Aum64].

The second approach involves replicating a finite set of
participants, without explicit regard for capturing heterogene-
ity. In a sequence of replica markets, where increasingly
large market are created by adjoining a copy of an original
finite market, individual rationality is compatible with social
rationality (i.e., price-taking behavior) in the limit [RP76],
[Gre80], [Rob80]. Green [Gre80] shows that if a sequence of
equilibria converges, the limit is a price-taking equilibrium of
the corresponding continuum representation. In dynamic mar-
kets, however, Green [Gre80] gives counter-examples where
non-cooperative equilibria fail to be efficient even with a
large number of participants. Roberts [Rob80] examines when
individual rationality is compatible with social rationality and
price-taking behavior. In more general sequences of economies
(not necessarily generated by replication), Roberts and Postle-
waite [RP76] show that the incentive for one participant to
deviate from price-taking behavior becomes arbitrarily small
in the limit, as long as each participant’s relative endowment
become arbitrarily small as well.

For finite markets, Postlewaite and Schmeidler [PS78] show
that under additional conditions on the initial distribution of
resources, any allocation resulting from a Nash equilibrium is
approximately efficient for a large enough economy. Our work
differs from [PS78] in that we relax their restrictions on the
initial distribution of resources and that we consider efficiency
with respect toaggregateutility.

The present work offers a new take on an old problem.
The resource allocation problem that we consider is a special
case of markets (or exchange economies) described in the
literature. In terms of motivation, modeling, and analysis,
our work is very different. Our emphasis lies in modeling
heterogeneity, and not only the effect of large numbers. We
adopt a probabilistic line of analysis. An important distinc-
tion is that we consider a random sampling of a countable
number of participants with a continuous set of characteristics
(i.e., utility functions in our case). This allows us to derive
convergence results applicable to finite markets. Our method
of sampling random participants is similar in spirit to that of
Palfrey and Srivastava [PS86]. They consider an economy with
“stochastically replicated” agents possessing random private
information, and show that the incentive to conceal one’s
private information decreases to zero as the number of agents
increases. In contrast to our work, part of their results rely on
the assumption that each agent’s private information is drawn
from a finite probability space. Furthermore, we also consider
the possibility that amount of commodity available varies with
the number of users.

VII. C ONCLUSION

In this paper, we studied the efficiency loss in two market
mechanisms proposed by Kelly [Kel97] for the allocation of
network resources. Not only is the loss of efficiency bounded
[JT04], it also converges to zero exponentially under some
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standard assumptions in the single-link case (SectionIII ).
We further showed almost sure convergence of the efficiency
loss in the case where the capacity is a function of the
number of users. A similar result for the case of elastic
capacity is presented in [YM06]. There are, however, cases
where the efficiency loss provably does not converge to zero
(SectionIV). We have established that the loss of efficiency
also converges to zero in general network topologies when
users have linear utility functions (SectionV). Therefore,
bigger—more populous—networks are usually more efficient.
Analogies can be drawn with works in the economics literature
(SectionVI).

We conclude that the lack of central regulation, or of
cooperation among users, does not result in efficiency loss
as long as no single user enjoy the commodity much more
than the rest. Interpreted differently, we can also conclude that
price-anticipating (i.e., individually optimal) behavior is not
considerably more advantageous than price-taking behavior in
the presence of many comparable users.

This work is an initial step toward understanding the be-
havior of large and random competitive networks. Our setup
requires combining tools from probability, optimization, and
game theory, which is reminiscent of the machine learning
methodology. The methods developed here can possibly be
adapted to other setups (e.g., selfish routing) to draw sim-
ilar conclusions. By sampling the utility functions from a
dependentrandom process, it is further possible to model
user-responseto a certain network situation. Another natural
extension is the inclusion of users that are not self-optimizing.
Further important research directions include studying the
effect of network topology on the loss of efficiency. It would be
interesting to see whether some topologies exhibit a reduced
loss by design. Another related problem that may, perhaps,
be approached using a probabilistic model are games where
routing is part of the strategic decision, as opposed to our
assumption of fixed routing given the network topology. Fi-
nally, as we observed in experiments, even for linear utility
functions modulated by a random variable with heavy-tail
distribution, there is significant asymptotic efficiency loss.
Characterizing the asymptotic distribution of this efficiency
loss is a challenging problem.
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