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The Bayesian Religion

Z Y

• Z – hidden process, Y – observable

• We want to infer Z from measurements of Y

• Statistical dependence between Z and Y known: P (Y |Z)

• Place prior over Z, reflecting our uncertainty: P (Z)

• Observe Y = y

• Compute posterior: P (Z|Y = y) = P (y|Z)P (Z)R
dZ′P (y|Z′)P (Z′)
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Why use GPs in RL?

• A Bayesian approach to value estimation

• Non-parametric – priors are placed and inference is performed

directly in function space (kernels).

• Domain knowledge intuitively coded into priors

• Provides full posterior, not just point estimates

• Efficient, on-line implementation, suitable for large problems on

complicated spaces

3/19



NSF ADP’06

Gaussian Processes 101

Definition: “An indexed set of jointly Gaussian random variables”

Note: The index set X may be just about any set.

Example: F (x), index is x ∈ possible inventories

F ’s distribution is specified by its mean and covariance:

IE
[

F (x)
]

= m(x) , Cov
[

F (x), F (x′)
]

= k(x,x′)

m is a function X → R, k is a function X × X → R.

Conditions on k:

Symmetric, positive definite ⇒ k is a Mercer kernel
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GP Regression

Model equation:

Y (x) = F (x) + N(x)

Prior:

F ∼ N {0, k(·, ·)}

Noise:

N ∼ N
{

0, σ2δ(· − ·)
}

Goal:

Find the posterior distribution of F ,

given a sample for Y (via Bayes’ rule)
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Example
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Markov Decision Processes

X : state space

U : action space

p: X × X × U → [0, 1], xt+1 ∼ p(·|xt,ut)

q: IR ×X × U → [0, 1], R(xt,ut) ∼ q(·|xt,ut)

A Stationary policy:

µ: U × X → [0, 1], ut ∼ µ(·|xt)

Discounted Return: Dµ(x) =
∑∞

i=0 γiR(xi,ui)|(x0 = x)

Value function: vµ(x) = IEµ[Dµ(x)]

Goal: Find a policy µ∗ maximizing vµ(x) ∀x ∈ X
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The Discounted Return

A Random Process:

Dµ(x) =

∞
∑

i=0

γiR(xi,ui)
∣

∣

∣
(x0 = x)

Therefore: Dµ(x) = R(x,u) + γDµ(x′)

Where: u ∼ µ(·|x) and x′ ∼ p(·|x,u)

Also (trivially):

Dµ(x) = vµ(x) + (Dµ(x) − vµ(x))
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Our Approach

Classical approach: look for the function vµ(x). I.e.,

Dµ(x) = vµ(x) + ∆V µ(x)

GP approach: the value is also a random variable. I.e,

Dµ(x) = V µ(x) + ∆V µ(x)

Value function vµ(x) = IEmodels [V µ
model(x)]

By assuming a Gaussian structure vµ(x) is easy to compute.
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A Generative Model for Values

The generative model:

R(xi,ui) = V (xi) − γV (xi+1) + N(xi,xi+1)

= H(xi,xi+1)V + N(xi,xi+1)

V ∼ N {0, k(·, ·)}

H is a linear integral operator defined by:

H(x,x′)V =

∫

ds (δ(s − x) − γδ(s − x′))V (s)

Goal:

Find the posterior distribution of V (·), given a sequence

of observed states and rewards
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Dynamics

Model Equations:

∑t

j=i γj−iR(xj) = D(xi) = V (xi) + ∆V (xi)

For a stationary MDP:

D(xi) = R(xi,ui) + γD(xi+1) (ui ∼ µ(·|xi), xi+1 ∼ p(·|xi,ui))

Substitute and rearrange:

R(xi,ui) = V (xi) − γV (xi+1) + N(xi,xi+1)

N(xi,xi+1)
def

= ∆V (xi) − γ∆V (xi+1)

We end up with:

Rt = Ht+1Vt+1 + Nt , with Nt ∼ N
{

0, σ2Ht+1H
⊤
t+1

}
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The GPTD Statistical Model

GP Regression GPTD

Latent GP F V

Observable Y R

Gen. model Yt = Ft + Nt Rt = Ht+1Vt+1 + Nt

Ht =















1 −γ 0 . . . 0

0 1 −γ . . . 0

...
. . .

...
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


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







Noise Stat. Gaussian, white Gaussian, correlated

Noise Cov σ2I Σt = σ2Ht+1H
⊤
t+1
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The GPTD Statistical Model (ctd.)

GP Regression graph
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The Posterior

General noise covariance: Cov[Nt] = Σt

Joint distribution:




Rt−1

V (x)



 ∼ N











0

0



 ,





HtKtH
⊤
t + Σt Htkt(x)

kt(x)⊤H⊤
t k(x,x)











Invoke the Gauss-Markov Theorem:

IE[V (x)|Rt−1] = kt(x)⊤αt

Cov[V (x), V (x′)|Rt−1] = k(x,x′) − kt(x)⊤Ctkt(x
′)

kt(x) = (k(x1,x), . . . , k(xt,x))
⊤
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A Parametric Gaussian Process Model

A linear combination of features:

V (x) = φ(x)⊤W

1 . . . .x φ ( ) φ ( )
2 n

xxφ ( )

Wn
W

W1
2

Σ

Prior on W : Gaussian, with IE[W ] = 0, Cov[W, W ] = I

Prior on V : Gaussian, with

IE[V (x)] = 0, Cov[V (x), V (x′)] = φ(x)⊤φ(x′)
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Nonparametric GPTD

Parametric Nonparametric

Parametrization V (x) = φ(x)⊤W None, V is V

Prior W ∼ N {0, I} V ∼ N {0, k(·, ·)}

IE[V (x)] 0 0

IE[V (x)V (x′)] φ(x)⊤φ(x′) k(x,x′)

We seek W |Rt−1 V (x)|Rt−1

If we can find a set of basis functions satisfying

φ(x)⊤φ(x′) = k(x,x′) then the two priors become equiv-

alent.

In fact, such a set always exists [Mercer].

However, it may be infinite!
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Relation to Monte-Carlo Estimation

In the stochastic model: Σt = σ2Ht+1H
⊤
t+1

Also, let: (Yt)i =
∑t

j=i γj−iR(xi,ui)

Then:

IE[W |Rt] =
(

ΦtΦ
⊤
t + σ2I

)−1

ΦtYt

Cov[W |Rt] = σ2
(

ΦtΦ
⊤
t + σ2I

)−1

That’s the solution to GP regression on Monte-Carlo

samples of the discounted return.
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On-Line Operation

In the parametric case:

Kalman Filter updates, without the “state” dynamics (i.e.,

Wt+1 = Wt)

Cost per time-step: O(n2)

In the nonparametric case:

Nonparametric Kalman-like updates

Cost per time-step:

With sparsification, O(m2), where m is the dictionary size.
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Wrap-up

• It’s good to be Bayesian

• Completely arbitrary state space

• Policy improvement a-la-SARSA

• Design a kernel, not basis functions

– Rich representations

– Decomposable/hierarchical kernels

• Extrinsic variance is useful (exploration, termination conditions,

etc.)

• Convergence rates

• Learning is not based on decreasing learning rates
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