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Agenda

Allocationofdivisibleresources
(e.g.,bandwidthinanetwork)

Simple“mechanisms”
(basedonmarketclearing)

Studyefficiencyloss,w.r.t.socialoptimum
(inthepresenceofselfishusers)
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Singlelinkmodel
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Eachuser:
Ratedr−→utilityUr(dr)

Ur:concave,strictlyincreasing,nonnegative
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Capacity

UserswantmoreBW.

Supplyingfunitsincurscost$C(f).
C(f)strictlyincreasing,strictlyconvex,nonnegative

UrandCaremeasuredindollars.

Anefficientallocationmaximizesnetmonetarybenefit:

∑

r
Ur(dr)−C

(

∑

r
dr

)

Ourgoal:achieveanefficientallocation.
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TheSocialOptimum

SYSTEM:

maximize
∑

r
Ur(dr)−C

(

∑

r
dr

)

subjecttodr≥0r=1,2,...,R

Socialwelfare,netmonetarybenefit.

Observation:SYSTEMhasauniquesolution.
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Thecontrolproblem

Thesocietywantstogethighsocialwelfare.

ButUrareindividualistic:
1.Can’tknowUr.
2.Rcanbeverylarge.
3.Usersareselfish.

Resourcemanager-thevisiblehand.

NeedtodecidehowtodivideC(
∑

rdr)betweentheusers.
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APricingMechanism

Definethepricefunctionp(f)suchthatC(f)=
∫

f
0p(s)ds.

p(f)strictlyincreasing,convex,nonnegative

Weusethefollowingmechanism(Kelly,Maulloo,andTan,1998):

(1)Userrsubmitsabidwr.
(2)Themechanismchoosesf(w)to“clearthemarket”:

∑

rwr=f(w)×p(f(w))

RevenueQuantity×Price

Userr’srate:dr=wr/p(f(w))

Userr’spayoff:Ur(dr)−wr
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Typesofgames

BidsdeterminepriceofBWunit.

Dousersanticipatetheireffect?

1.No(pricetakers).
2.Yes,butonesteplookahead(priceanticipators).
3.Yes,longerlookahead.
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UsersasPriceTakers

Supposeusersassumepriceµ=p(f(w))doesnotdependontheirbid.

Eachuseroptimizes:

Pr(wr,µ)=Ur

(

wr

µ

)

−wr

Theorem1(Kelly,Maulloo,andTan,1998)

Thereexistwandµsuchthat:

1.wrisoptimalforuserrgiventhepriceµ.
2.µ=p(f(w)).

Further,d=w/µisanefficientallocation.
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UsersasPriceAnticipators

Supposeusersknowthepricesettingprocedure.

Letµ(w)bethepriceforavectorofbidsw.

Ifuserrchangeswrtow′
rheexpectsthat:

1.w−r=(ws,s6=r)willnotchange.
2.Anewpriceµ′=µ(w−r;w′

r)willbeset.
3.AllocatedBWd′

r=w′
r/µ′.

4.Theotheruserswillnotchangetheirbids.

Optimize:

max
wr≥0

Ur

(

wr

µ(w−r;wr)

)

−wr
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NashEquilibrium

Whatifallusersarepriceanticipators?

Thisisnowagame,wherethestrategyofuserristhebidwr.

InterestedinNashequilibria

Theorem2IfallusersarepriceanticipatorsthenthereexistsaNashequi-
librium.

Proofidea:Showthatwr/µ(w−r;wr)isconcaveinwrforafixedw−r.
ApplyRosen’sexistencetheorem.
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PriceAnticipatingUsers:EfficiencyLoss

Theorem3

Theefficiencylossisnomorethan≈34%:

Netmonetarybenefit

atNashequilibrium≥(4
√

2−5)×
Netmonetarybenefit

atefficientallocation

Furthermore,thisboundistight.

Proofidea:
1.ShowUr(dr)=αrdrontheworstcase.
2.f=1.
3.Forafixedpcomputeworstcaseratio.
4.Piecewiselinearpricefunctionsareenough.
5.Minimizeratio.
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TheWorstCase

f

p(f)

bp(f)

p(fG)

fG

f=1
U1(d1)=d1

Ur(dr)≈(2−
√

2)dr

p:a=2−
√

2
b→∞

R→∞

=⇒

dG
1→

√
2−1

∑

r>1

dG
r→2−

√
2
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AdditionalResults

•IfC(f)=fB,thenasB→∞,efficiencyloss→25%.
(Intuition:asiftheresourceisininelasticsupply.)

•Resultsgeneralizetonetworkcontext.
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BacktoCongestionControl

Fastertimescale
Fixedbidsw:networkprotocolallocatesrates

Slowertimescale
Usersobserveslinkpricesandadjustbids

Implicitinourmodel:
(a)Cananticipatetheeffectofabidchangeonprices
(b)Donotanticipatechanges(reactions)inbidsofotherusers
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InterestingDirections

Dynamicsofconvergencetoequilibrium

Multi-timesteplookahead

“Complexity”versusefficiencyguarantees

Differentinformationmodels

Efficiencylossforgenericcostfunctions
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